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M/ bBHB+QM@HBi?BmK 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BH- BM Q`/2` iQ 2tTH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iBQMbX "v bim/vBM; G2MM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kXR U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iBp2 mMBi +2HHb Q7 i?2 bi`m+im`2b MHvx2/ Uv2HHQr bT?2`2b `2
aB iQKb M/ Tm`TH2 bT?2`2b GB iQKbVX U#V p2`;2 7Q`KiBQM 2M2`;v b 
7mM+iBQM Q7 GB +QM+2Mi`iBQMX 6BHH2/ +B`+H2b +Q``2bTQM/ iQ i?2 +QM+2Mi`iBQMb
i r?B+? i?2 bi`m+im`2b `2 b?QrM BM UVX h?2 BMb2i BM U#V b?Qrb i?2 pQHmK2
`2HiBp2 iQ i?2 BMBiBH pQHmK2 Q7 @aBX h?2 `2bmHib `2 p2`;2 pHm2b Qp2` Ry
bi`m+im`2b i 2+? pHm2 Q7 xX h?2 biM/`/ /2pBiBQM 7Q` 2+? TQBMi Bb bKHH2`
i?M i?2 K`F2` bBx2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN
kXk UV sY /2MQi2b i?2 MmK#2` Q7 M2`2bi M2B;?#Q`b Q7 ivT2 u 7Q` iQK ivT2
s Us- u 4 aB- GBV- b  7mM+iBQM Q7 GB +QM+2Mi`iBQM xX U#V h?2 MmK#2` Q7
aB M/ GB `BM;b T2` iQKX Ui?2 MmK#2` Q7 aB `BM;b Bb KmHiBTHB2/ #v 9 iQ Tmi
QM  b+H2 bBKBH` iQ i?2 MmK#2` Q7 GB `BM;bVX AM 2+? +b2 i?2 MmK#2` `2T@
`2b2Mib M p2`;2 Qp2` Ry bKTH2bc i?2 biM/`/ /2pBiBQM 7Q` 2+? TQBMi
Bb bKHH2` i?M i?2 K`F2` bBx2X X X X X X X X X X X X X X X X X X X X X X X X kR
pBB
kXj UV oHm2b 7Q` b?T2 K2bm`2b Q7 i2i`?2/`H Q`/2` /m`BM; HBi?BiBQM, GQr2`
pHm2b +Q``2bTQM/ iQ ?B;?2` Q`/2` UbKHH2` /2pBiBQM 7`QK B/2H b?T2VX h?2
/b?2/ HBM2 `2T`2b2Mib i?2 +miQz 7Q` ;QQ/ i2i`?2/`B+Biv- b 2tTHBM2/ BM i2tiX
h?2 BMb2i b?Qrb  `2;mH` i2i`?2/`QM 7Q`K2/ #v 7Qm` M2`2bi M2B;?#Q`b Q7
 aB iQK UχD = 0VX U#V aQHB/ K`F2`b `2T`2b2Mi i?2 pHm2b Q7 i2i`?2/`B+@
Biv Q7 .2HmMv i2i`?2/` rBi? QM2 Q` irQ aB iQKbX >QHHQr K`F2`b `2T@
`2b2Mi i?2 7`+iBQM Q7 aB iQKb i?i `2 BM i H2bi QM2 ;QQ/ .2HmMv i2i`@
?2/`QM rBi? QMHv QM2 aB U?QHHQr b[m`2bV Q` mT iQ irQ aB iQKb U?QHHQr +B`@
+H2bVX h?2 BMb2i b?Qrb  ;QQ/ i2i`?2/`QM rBi? QM2 aB iQK M/ i?`22 GB
iQKbX h?2 MmK#2`b THQii2/ `2T`2b2Mi K2/BM pHm2b Qp2` HH i2i`?2/` M/
HH bKTH2b r2 BMp2biB;i2/ i 2+? pHm2 Q7 GB +QM+2Mi`iBQMX X X X X X X k9
kX9 a+?2KiB+ Q7 i?2 T2`72+i i2i`?2/` 7Q` i?2 2+? b?T2 K2bm`2 U7`QK H27i
iQ `B;?iV, χD-χT M/ χOX h?2b2 /2MQi2 i?2 b?T2 K2bm`2 7Q` /BKQM/@K2bm`2-
i2i`?2/`B+Biv- M/ Q+i?2/`B+Biv- `2bT2+iBp2HvX h?2 i#H2 BM+Hm/2b i?2 p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Mv iQKb UirQ iQKb 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M/ ;`22MV- bi`i@
BM; rBi? iQKB+ +QQ`/BMi2b r?B+? `2 i`Mb7Q`K2/ iQ bvKK2i`v 7mM+iBQMb
Q7 `/BH U`2T`2b2Mi2/ 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H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M2Hb 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p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p2`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Hm2 Bb bQ7iX h?2
p2`iB+H /b?2/ HBM2b 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`2 M2;HB;B@
#H2VX U#V h?2 `2bmHi Q7 mbBM; M aoJ i`BM2/ i  i2KT2`im`2 T UT = 0.1, 0.2, 0.3
M/ 0.4 b?QrM BM /Bz2`2Mi +QHQ`b V iQ +HbbB7v /i i i?2 bK2 i2KT2`im`2
7Q` i?2 d = 2 GC ;HbbX U+-/V _2bmHib 7Q` bT2+B2b  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`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i 7Qm` bQ7iM2bb2b 7`QK −4 U#Hm2V iQ 4 U`2/VX U#V i?2 p@
2`;2 Qp2`HT i HH i2KT2`im`2b 7`QK T = 0.45 U#Hm2V iQ T = 0.70 U`2/VX NR
8XRN *`Qbb@pHB/iBQM ++m`+v b  7mM+iBQM Q7 γ M/ *X X X X X X X X X X X X X Nj
8Xky h?2 /2pBiBQM Q7 i?2 2M2`;v b+H2 ∆E(S) 7`QK HBM2` #2?pBQ` BM S i T =
0.47 M/ ρ = 1.20X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N9
8XkR h?2 7`+iBQM Q7 `2``M;2K2Mib i?i `2 B``2p2`bB#H2- fBrrev UV b  7mM+iBQM
Q7 bQ7iM2bb 7Q` i2KT2`im`2b 7`QK T = 0.47 U#Hm2V iQ T = 0.63 U`2/Vc U#V
b  7mM+iBQM Q7 i2KT2`im`2X X X X X X X X X X X X X X X X X X X X X X X X X X N8
eXR UV p2`;2 bQ7iM2bb pbX +QQ`/BMiBQM MmK#2` Bb b?QrM rBi? #H+F b[m`2b-
rBi? i?2 +Q``2bTQM/BM; t tBb i i?2 iQTX p2`;2 bQ7iM2bb b  7mM+iBQM Q7
HQ+H 2M2`;v Bb +H+mHi2/ rBi?  }t2/ #BM bBx2 Q7 3yyy TQBMib- /`rM rBi?
 bQHB/ `2/ HBM2- rBi? i?2 t tBb i i?2 #QiiQKX h?2 `2/ M/ #H+F 2``Q` #`b
`2T`2b2Mi i?2 biM/`/ /2pBiBQM Q7 bQ7iM2bb 7Q` +Q``2bTQM/BM; TQBMib b 
7mM+iBQM Q7 HQ+H 2M2`;v M/ +QQ`/BMiBQM MmK#2`- `2bT2+iBp2HvX U#V GQ+H
2M2`;v pbX +QQ`/BMiBQM MmK#2`X h?2 2``Q` #`b `2T`2b2Mi i?2 biM/`/ /2@
pBiBQM Q7 HQ+H 2M2`;v Q7 T`iB+H2b rBi? +Q``2bTQM/BM; +QQ`/BMiBQM MmK#2`XRyj
eXk h?2 T`Q##BHBiv Q7 `2``M;2K2Mi pbX +QQ`/BMiBQM MmK#2`- HQ+H 2M2`;v M/
bQ7iM2bbX p2`;2 T`Q##BHBiB2b `2 +H+mHi2/ rBi?  }t2/ #BM bBx2 Q7 106 TQBMibXRy9
tp
eXj p2`;2 bQ7iM2bb 7Q` T`iB+H2b i?i `2 QM NT `2;mH` i2i`?2/`X h?2 p@
2`;2b `2 b?QrM 7Q` T`iB+H2b i?i `2 QM /Bz2`2Mi MmK#2`b Q7 `2;mH` [m`i2`@
Q+i?2/` NOX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryd
eX9 >2`2 r2 THQi i?2 bTiBH +Q``2HiBQM 7mM+iBQMb 7Q` bQ7iM2bb U#Hm2V M/ `2`@
`M;2K2Mib U;`22MVX q2 Qp2`Hv i?2 #2bi 2tTQM2MiBH }ib rBi? ξ = 1.2 7Q`
bQ7iM2bb M/ ξ = 1.1 7Q` `2``M;2K2MibX X X X X X X X X X X X X X X X X X X Ry3
eX8 UV h?2 p2`;2 M;H2 #2ir22M i?2 `2``M;2K2Mi p2+iQ` 7Q`  T`iB+H2 i- ∆ri
M/ i?2 ;`/B2Mi Q7 Bib bQ7iM2bb ∇Si b  7mM+iBQM Q7 i?2 T`Q/m+i Q7 i?2 MQ`Kb
|∆r||∇S|X q2 b22 i?i T`iB+H2b i?i 2t?B#Bi bB;MB}+Mi `2``M;2K2Mib BM
 `2;BQM Q7 ?B;? ;`/B2Mi i2M/ iQ KQp2 BM i?2 /B`2+iBQM Q7 i?2 ;`/B2MiX U#V
h?2 /Bbi`B#miBQM- P (cos θ)- Q7 i?2 M;H2 #2ir22M `2``M;2K2Mib M/ i?2 bQ7i@
M2bb ;`/B2Mi i i?2 `2``M;BM; T`iB+H2X q2 THQi /Bz2`2Mi /Bbi`B#miBQMb 7Q`
T`iB+H2b rBi? /Bz2`2Mi |∆r||∇S| 7`QK HQr U#Hm2V iQ ?B;? U`2/VX X X X X X RRy
eXe h?2 r2B;?ib b  7mM+iBQM Q7 `/BmbX UV@U#V i?2 `/BH /Bbi`B#miBQM 7mM+iBQMb
7Q` i?2 i?`22@/BK2MbBQMH EQ#@M/2`b2M bvbi2K- gAA(r) M/ gAB(r) `2bT2+@
iBp2HvX U+V@U/V i?2 r2B;?ib b  7mM+iBQM Q7 `/Bmb 7Q` i?2b2 irQ TB`b Q7 bT2+B2b
U#Hm2V b r2HH b 2tTQM2MiBH }ib iQ i?2b2 r2B;?ib U;`22MVX X X X X X X X X RRk
tpB
eXd lMbmT2`pBb2/ H2`MBM; QM /4k UH27iV M/ /4j U`B;?iV G2MM`/ CQM2b HB[mB/b,
iQT TM2Hb `2T`2b2Mi i?2 bi`m+im`2 7mM+iBQMb 7i2` /BK2MbBQMHBiv `2/m+iBQMX
S`iB+H2b i?i `2 #Qmi iQ `2``M;2 Q` MQi #Qmi iQ `2``M;2 `2 +QHQ`2/
`2/ M/ #Hm2- `2bT2+iBp2HvX "QiiQK TM2Hb `2T`2b2Mi i?2 T`Q##BHBiv Q7 `2@
``M;2K2Mi- 7Q` #BMb Q7 }t2/ bBx2 U8yy TQBMibV bTMMBM; i?2 irQ@/BK2MbBQMH
bT+2b b?QrM BM i?2 mTT2` TM2HbX _2/ T`iB+H2b `2 HQ+HBx2/ iQ i?2 +2Mi2`
BM i?2 iQT H27i TM2Hc i?2b2 T`iB+H2b ?p2  ?B;?2` T`Q##BHBiv Q7 `2``M;@
BM; U#QiiQK H27iVX aBKBH`Hv- i?2 T`Q##BHBiv Q7  `2``M;2K2Mi Bb +H2`Hv
/Bz2`2Mi 7Q` /Bz2`2Mi `2;BQMb Q7 i?2 irQ@/BK2MbBQMH bT+2X X X X X X X X RRd
tpBB
.2/B+i2/ iQ Kv bBbi2`- 1+2 .Qįm Ém#mF
tpBBB
+FMQrH2/;K2Mib
h?2 rQ`F `2T`2b2Mi2/ BM i?Bb i?2bBb rQmH/ MQi ?p2 #22M TQbbB#H2 rBi?Qmi i?2 ?2HT
Q7 KMv T2QTH2X A ?p2 H2`M2/  i`2K2M/Qmb KQmMi 7`QK i?2 T2QTH2 A BMi2`+i2/
rBi? i?`Qm;? ;`/mi2 b+?QQH M/ A +MMQi HBbi HH i?2B` MK2b ?2`2X
6B`bi Q7 HH- A rQmH/ HBF2 iQ i?MF Kv /pBbQ`- 17i?BKBQb EtB`bX >2 im;?i K2 
HQi #Qmi b+B2M+2- T`2b2MiiBQM M/ r`BiBM;X A /KB`2 ?Bb `B;Q`Qmb- +`2iBp2- M/ ?QM@
2bi TT`Q+? iQ b+B2M+2c M/ A ?QT2 iQ #2 b /22T M/ /Bp2`b2 b ?BK BM Kv +/2KB+
+`22`X A K HbQ ;`i27mH iQ ?BK 7Q` ;BpBM; K2 Dmbi i?2 `B;?i KQmMi Q7 7`22/QK- H@
HQrBM; K2 iQ i`v i?BM;b i?i MQ#Q/v ?/ i`B2/ #27Q`2- #mi HbQ biQTTBM; K2 r?2M A
Tm`bm2/ /B`2+iBQMb i?i /B/ MQi KF2 b2Mb2X >2 bmTTQ`i2/ K2 r?2M2p2` A M22/2/ T2`@
bQMH Q` +/2KB+ ?2HT- M/ A TT`2+Bi2 ?Qr FBM/ M/ +HK ?2 ?b #22M MQi Dmbi iQ
K2 #mi HbQ iQ i?2 `2bi Q7 i?2 ;`QmTX A rQmH/ HbQ HBF2 iQ i?MF ?BK 7Q` i?2 KxBM;
;`QmT i?i ?2 #mBHi Qp2` i?2 v2`bX Ai rQmH/ #2 ?`/ iQ }M/ bQ KMv iH2Mi2/ M/ MB+2
T2QTH2 rQ`FBM; bQ ?`KQMBQmbHv iQ;2i?2`- #mi Bi rb TQbbB#H2 BM EtB`b ;`QmTX
q2B GB qM; BMi`Q/m+2/ K2 iQ i?2 aB2bi +Q/2 T+F;2 M/ GB@BQM #ii2`B2b- M/
TiB2MiHv Mbr2`2/ HH Kv [m2biBQMb b A rb i`vBM; iQ H2`M #Qmi +QKTmiiBQMH
bQHB/ bii2 T?vbB+bX Ai rb  TH2bm`2 iQ rQ`F rBi? "`/ JHQM2 M/ bi`i `2b2`+?
BMiQ K+?BM2 H2`MBM; TTHB+iBQMb BM Qm` ;`QmTX "`/ ?b #22M  ;`2i 7`B2M/- M/
rQ`FBM; rBi? ?BK K/2 Bi 2bB2` iQ /2H rBi? i?2 BMb M/ Qmib Q7 +/2KBX q2B *?2M
?b HbQ #22M  ;`2i 7`B2M/- M/ Bi rb  TH2bm`2 bT2M/BM; iBK2 BM bQ KMv /Bz2`2Mi
tBt
+QmMi`B2b iQ;2i?2`X A rQmH/ HBF2 iQ i?MF ?BK 7Q` Mbr2`BM; HH Kv [m2biBQMb TiB2MiHv-
QM iQTB+b `M;BM; 7`QK oaS- k. Ki2`BHb M/ iQ *?BM2b2 +mBbBM2X AM //BiBQM- Bi
?b #22M `2r`/BM; iQ H2`M 7`QK Jii?2r JQMi2KQ`2 #Qmi i?2 +QKTH2t b+B2M+2 Q7
bm`7+2 +iHvbBbX hBM GM M/ A rQ`F2/ QM b2p2`H K+?BM2 H2`MBM; T`QD2+ib BM bQHB/
bii2 T?vbB+bX A rb bmTTQb2/ iQ K2MiQ` ?BK BM i?2 ;`QmT- #mi A 2M/2/ mT H2`MBM;
 HQi 7`QK ?BK QM KMv /Bz2`2Mi iQTB+bX Ai rb ;`2i rQ`FBM; rBi? ?BK BM i?2 Hbi
irQ v2`b- M/ A K bm`2 ?2 rBHH KF2 BKTQ`iMi +QMi`B#miBQMb iQ r?B+?2p2` `2b2`+?
/B`2+iBQM ?2 2M/b mT iFBM;X "2`F PMi M/ A rQ`F2/ iQ;2i?2` QM M2m`H M2irQ`F TQ@
i2MiBHb- M/ Bi rb ;`2i rQ`FBM; rBi? bm+?  ?`/rQ`FBM; M/ FBM/ T2`bQMX A rQmH/
HbQ HBF2 iQ +FMQrH2/;2 HB`2x Pbi/?Qbb2BM- 7Q` HH i?2 /Bb+mbbBQMb QM GB@BQM #i@
i2`B2bX AM //BiBQM- A rQmH/ HBF2 iQ i?MF Pb+` :`Mb- :`B;Q`v EQH2bQp- M/ E2DB2
w?Q- a?BM; 6M- M/ .2MMBb >mM; 7Q` i?2 +QMp2`biBQMb M/ /Bb+mbbBQMbX
A rQmH/ HbQ HBF2 iQ i?MF Kv +QKKBii22, _vM /Kb- HM bTm`m@:mxBF- M/
CQQbi oHbbFX h?2v r2`2 Hrvb pBH#H2 iQ K22i M/ ;Bp2 K2 /pB+2 QM b+B2M+2-
/2bTBi2 i?2B` #mbv b+?2/mH2b- 7Q` r?B+? A K ;`i27mHX
aKm2H a+?Q2M?QHx ?b #22M Kv #2bi 7`B2M/ 7Q` i?2 Tbi Ry v2`b M/ Qm` rQ`F iQ@
;2i?2` BM i?2 Hbi 72r rb i?2 KQbi 7mM T`i Q7 ;`/mi2 b+?QQH `2b2`+?X A rQmH/ HBF2
iQ i?MF ?BK 7Q` BMi`Q/m+BM; K2 iQ ;Hbbv HB[mB/b M/ bQ7i Kii2` T?vbB+b BM ;2M2`HX
ǳaQ7iM2bbǴ rQ`F bi`i2/ rBi?  Hi2 MB;?i +QMp2`biBQM ?2 M/ A ?/ BM S?BH/2HT?B-
M/ r2 ?p2 #22M 7b+BMi2/ #v Bi bBM+2 i?2MX h?`Qm;? aK- A K2i M/`2 GBm- ?Bb
/pBbQ`X M/`2 ?b #22M 2ti`2K2Hv ;2M2`Qmb rBi? ?2` iBK2 M/ ii2MiBQM- M/ A
rQmH/ HBF2 iQ i?MF ?2` 7Q` HH i?i b?2 ?b im;?i K2- M/ +`BM; i?Bb Km+? #Qmi
i?2 bQ7iM2bb K2i?Q/ M/ b+B2M+2 BM ;2M2`HX Ai ?b #22M  T`BpBH2;2 +QHH#Q`iBM; rBi?
?2` BM i?2 b2+QM/ ?H7 Q7 ;`/mi2 b+?QQH- M/ A ?QT2 i?i r2 +M rQ`F iQ;2i?2` 7Q`
KMv KQ`2 v2`b iQ +QK2X
tt
KQb qi2`HM/ ?b #22M  ;`2i 7`B2M/ bBM+2 A K2i ?BK i i?2 T`QbT2+iBp2 ;`/@
mi2 bim/2Mib pBbBi i >`p`/ lMBp2`bBivX J22iBM; KQb M/ ?2`BM; #Qmi ?Bb K@
#BiBQmb T`QD2+i rb i?2 #2bi T`i #Qmi i?2 pBbBi- M/ A 722H p2`v Hm+Fv iQ #2  T`i Q7
?Bb T`QD2+iX >2 im;?i K2 bQ Km+? Qp2` i?2 v2`b- 7`QK +QKTmi2` b+B2M+2 iQ TTHB2/
Ki? iQ T?vbB+bc M/ ?2 rb i?2 }`bi T2`bQM iQ BMi`Q/m+2 K2 iQ i?2 QmibiM/BM; TQ@
i2MiBH K+?BM2 H2`MBM; ?b BM +QMi`B#miBM; iQ T?vbB+bX >Bb /2/B+iBQM M/ +m`BQbBiv
7Q` b+B2M+2 Bb p2`v /KB`#H2- M/ A ?QT2 iQ F22T H2`MBM; 7`QK ?BK 7Q` i?2 `2bi Q7 Kv
+`22`X
A bT2Mi HQib Q7 iBK2 BM lMBp2`bBiv Q7 a+B2M+2 M/ h2+?MQHQ;v BM >272B- *?BMX A
rQmH/ HBF2 iQ i?MF w?2Mvm w?M; M/ q2M;mM; w?m 7Q` i?2B` ?QbTBiHBivX h?2v
?p2 BMi`Q/m+2/ K2 iQ /Bz2`2Mi /B`2+iBQMb BM +QKTmiiBQMH bQHB/ bii2 T?vbB+b M/
Ki2`BHb b+B2M+2X A rQmH/ HbQ HBF2 iQ i?MF i?2 KMv 7`B2M/b A ?p2 K/2 BM >272B
Qp2` i?2 v2`b- 7Q` i2+?BM; K2 #Qmi i?2B` `2b2`+?- *?BM2b2 +mHim`2 M/ +mBbBM2X
PmibB/2 Q7 `2b2`+?- A rb p2`v T`BpBH2;2/ iQ ?p2 ;`2i 7`B2M/b BM *K#`B/;2 i?i
K/2 ;`/mi2 b+?QQH 7mM- M/ A K ;`i27mH 7Q` i?2B` 7`B2M/b?BTX HB+2 sBM; F2Ti
K2 bM2 M/ ?TTv- M/ i?Bb rQ`F rQmH/ MQi ?p2 #22M TQbbB#H2 rBi?Qmi ?2` bmTTQ`iX
6BMHHv- A rQmH/ HBF2 iQ +FMQrH2/;2 Kv 7i?2` ExøK Îm#mF- Kv KQi?2` L2xF2i
Îm#mF- M/ Kv bBbi2` 1+2 .QĴm Îm#mF- 7Q` i?2v K/2 K2 r?Q A K iQ/vX Jv T`@
2Mib r2`2 i?2 QM2b r?Q im;?i K2 i?2 pHm2 Q7 b+B2MiB}+ i?BMFBM; M/ +m`BQbBiv 7`QK




*QKTmi2` bBKmHiBQMb `2 2tT2+i2/ iQ THv M BKTQ`iMi `QH2 BM i?2 MHvbBb M/ /2@
bB;M Q7 Ki2`BHbX lT iQ MQr- mb27mH Ki2`BHb ?p2 KQbiHv #22M /2bB;M2/ BM i?2 H#-
mbBM;  i`BH@M/@2``Q` TT`Q+?k-jX 6Q` i?Bb `2bQM- M2r Ki2`BHb Q7i2M iF2 b2p2`H
/2+/2b iQ ;Q 7`QK i?2 BMBiBH /2bB;M BM i?2 H# iQ +QKK2`+BH TTHB+iBQMb9X Ji2`BHb
:2MQK2 AMBiBiBp2 UJ:AV bi`Bp2b iQ /2THQv M2r Ki2`BHb irB+2 b 7bi- i  7`+iBQM
Q7 i?2 +QbiX *QKTmiiBQM Bb ;Bp2M M BKTQ`iMi `QH2 BM i?2 bi`i2;B+ THM 7Q` +?B2p@
BM; i?Bb K#BiBQmb ;QH8X .2T2M/BM; QM i?2 bBx2 Q7 i?2 bvbi2K UMmK#2` Q7 iQKbV M/
i?2 /2;`22 Q7 ++m`+v /2bB`2/- [mMimK K2+?MB+H UZJV +H+mHiBQMb +M iF2 7`QK
KBMmi2b iQ b2p2`H /vb iQ +QKTmi2 +2`iBM T`QT2`iB2b Q7 +2`iBM Ki2`BHbX aBM+2 i?Bb
iBK2b+H2 Bb bB;MB}+MiHv 7bi2` i?M i?2 iBK2 Bi iF2b iQ bvMi?2bBx2- T`Q+2bb M/ +?`@
R
+i2`Bx2 Ki2`BHb BM i?2 H#- KMv b+B2MiBbib `2 ?QT27mH i?i +QKTmiiBQMH K2i?Q/b
+M bB;MB}+MiHv bT22/ mT i?2 /2bB;M M/ /2THQvK2Mi Q7 M2r Ki2`BHbe-dX h?2 B/2 Bb
iQ mb2 bBKmHiBQM iQQHb BM  ?B;?@i?`Qm;?Tmi 7`K2rQ`F- M/ b+`22M i?QmbM/b Q7 K@
i2`BHb BM bBHB+Q [mB+FHv- #27Q`2 +?QQbBM;  72r iQ 7#`B+i2 M/ i2bi BM i?2 H#X q2 rBHH
+HH i?Bb K#BiBQM i?2 +QKTmiiBQMH `2pQHmiBQM Q7 Ki2`BHb /2bB;M U*_J.VX
h?2`2 `2 irQ KBM Q#bi+H2b iQ Qp2`+QK2 #27Q`2 `2+?BM; i?2 *_J.X 6B`bi Bb i?2
/B{+mHiv Q7 /QBM; ZJ +H+mHiBQMb QM  +HbbB+H +QKTmi2`X S`QT2`iB2b Q7 bQHB/b `2
;Qp2`M2/ #v i?2 ZJ BMi2`+iBQMb #2ir22M BQMb M/ 2H2+i`QMb- r?B+? Bb +QKTmiiBQM@
HHv +?HH2M;BM; iQ bBKmHi2- b /Bb+mbb2/ #2HQrX 6Q` i?Bb `2bQM- 2{+B2Mi M/ +@
+m`i2 TT`QtBKiBQMb iQ i?2 >KBHiQMBM `2 M22/2/X 6m`i?2`KQ`2- iQ TTHv ?B;?@
i?`Qm;?Tmi b+`22MBM; U>haV iQ +M/B/i2 Ki2`BHb- i?2 ++m`+v Q7 i?2 +H+mHiBQMb
M22/b iQ #2 +QMbBbi2Mi +`Qbb HH +M/B/i2 Ki2`BHbX h?Bb T`Q#H2K Bb #2BM; ii+F2/
7`QK KMv /Bz2`2Mi /B`2+iBQMb- BM+Hm/BM; # BMBiBQ K2i?Q/b bm+? b /2MbBiv 7mM+@
iBQMH i?2Q`v U.6hV3ĜRy M/ 2t+?M;2@+Q``2HiBQM 7mM+iBQMHbRRĜRe- >`i`22@6Q+F
K2i?Q/RdĜRN- :qkyĜk9- [mMimK JQMi2 *`HQk8Ĝk3- iB;?i #BM/BM;kNĜjR- +HbbB+H 7Q`+2
}2H/bjkĜj3- `2+iBp2 7Q`+2 }2H/bjN-9y- M/ 2pQHmiBQM`v H;Q`Bi?Kb9R-9k- 2i+c Hi?Qm;? Bi
Bb MQi TQbbB#H2 7Q` mb iQ HBbi HH i?2 /Bz2`2Mi TT`Q+?2b iQ KQ/2HBM; i?2 2M2`;v HM/@
b+T2 U3 × Nat /BK2MbBQMH bT+2 r?2`2 Nat Bb i?2 MmK#2` Q7 iQKbV Q7 bQHB/bX aQK2
Q7 i?2b2 K2i?Q/b `2 7bi 2MQm;? 7Q` +2`iBM TTHB+iBQMb M/ Ki2`BHb- M/ bBKBH`Hv
bQK2 Q7 i?2b2 K2i?Q/b `2 ++m`i2 2MQm;? 7Q` +H+mHiBM; +2`iBM T`QT2`iB2b Q7 bQK2
+Hbb Q7 Ki2`BHbX
h?2 b2+QM/ Q#bi+H2 Bb `2;`/BM; i?2 +QKTH2tBiv rBi?BM i?2b2 2M2`;v HM/b+T2bX
1p2M B7 r2 +QmH/ +H+mHi2 i?2 >KBHiQMBM 7Q`  bQHB/- i?2 K2ibi#H2 bii2b M/ i?2
/vMKB+b `2 iQQ +QKTH2t 7Q` mb iQ KF2 T`2/B+iBp2 bii2K2Mib #Qmi r?B+? T?b2b
+QmH/ #2 7#`B+i2/ BM i?2 H#- M/ ?Qr i?2 Ki2`BH T`QT2`iB2b rQmH/ +?M;2 b ;Q2b
k
i?`Qm;? /Bz2`2Mi K2ibi#H2 T?b2bX hQ /2KQMbi`i2 i?2 +QKTH2tBiv Q7 i?2 /vMKB+b
QM ǳbBKTH2Ǵ 2M2`;v HM/b+T2b- +QMbB/2` i?2 G2MM`/@CQM2b TQi2MiBH- Q` i?2 ?`/fbQ7i
bT?2`2 KQ/2HbX .2bTBi2 i?2 bBKTHB+Biv Q7 i?2b2 iQKB+ BMi2`+iBQMb- M/ i?2 2ti2MbBp2
`2b2`+? QM i?Bb iQTB+R-9jĜ9d- KMv 7mM/K2MiH bT2+ib Q7 Bib /vMKB+b `2 biBHH MQi
FMQrM 7`QK }`bi T`BM+BTH2bX Zm2biBQMb HBF2, Bb i?2`2  T?b2 i`MbBiBQM mM/2`HvBM; i?2
;Hbb i`MbBiBQM- Q` r?v /Q i?2 /vMKB+b bHQr /QrM 7bi2` i?M 2tTQM2MiBHHv BM i2K@
T2`im`2 b i?2 ;Hbbv HB[mB/ Bb +QQH2/ /QrM- +MMQi #2 Mbr2`2/ 7`QK }`bi T`BM+BTH2b
Ubi`iBM; 7`QK i?2 iQKB+ BMi2`+iBQMbV 2p2M 7Q` i?2 bBKTH2bi 2M2`;v HM/b+T2bX aBK@
BH`Hv- }M/BM; bi#H2 /BbQ`/2`2/ bii2b 7Q` i?2b2 bBKTH2 2M2`;v HM/b+T2b Bb M +iBp2
`2 Q7 `2b2`+?93-9NX 6Q` KQ`2 +QKTH2t iQKB+ BMi2`+iBQMb UHBF2 .6hV- }M/BM; i?2
;HQ#H KBMBKmK Q7  ;Bp2M 2M2`;v HM/b+T2 Bb  +?HH2M;2- r?2`2 irQ Q7 i?2 H2/@
BM; K2i?Q/b `2 i?2 `M/QK ;m2bbBM; K2i?Q/ i?2 # BMBiBQ `M/QK bi`m+im`2 b2`+?
UA_aaV8y- ;2M2iB+ H;Q`Bi?Kb8R- M/ #bBM@?QTTBM;8kX
Ai Bb +H2` i?i i?2 irQ Q#bi+H2b `2 `2Hi2/ iQ irQ p2`v /Bz2`2Mi iBK2b+H2bX h?2
}`bi Q#bi+H2- BM r?B+? r2 bbmK2 i?i i?2 BQMb `2 }t2/ M/ i?2 2H2+i`QM@BQM BMi2`+@
iBQMb M/ 2H2+i`QM@2H2+i`QM BMi2`+iBQMb `2 i?2 +mb2 Q7 +QKTH2tBiv- i?2 iBK2b+H2 Bb
#2ir22M 10−18 iQ 10−15 b2+QM/bX 6Q` KMv Ki2`BHb T`QT2`iB2b- Bi Bb bm{+B2Mi iQ +QM@
bB/2` QMHv i?2 ;`QmM/ bii2 Q7 2H2+i`QMb ;Bp2M i?2 BQMb +QM};m`iBQMX AM i?i +b2- i?2
/vMKB+b Q7 2H2+i`QMb `2 B;MQ`2/- M/ QMHv i?2 HQr2bi 2M2`;v 2H2+i`QM /Bbi`B#miBQM Bb
mb2/X _2;`/BM; i?2 b2+QM/ Q#bi+H2- i?2 iBK2 b+H2 +M #2 b H`;2 b ?Qm`b Q` /vbX
6Q` i?Bb `2bQM- KQH2+mH` /vMKB+b Bb MQi Hrvb M QTiBQMX >Qr2p2`- 2p2M 7Q` bvb@
i2Kb r?2`2 2p2Mib Q++m` BM b?Q`i2` iBK2b+H2b UHBF2 THbiB+Biv BM bmT2`+QQH2/ HB[mB/b-
b22 *?Ti2` 9 M/ 8V- i?2 +QKTH2tBiv Q7 BQM /vMKB+b +M #2 iQQ +QKTH2t 7Q` bBKTH2
TT`Q+?2b 7`22 pQHmK2 Q` HQ+H 2M2`;vX AM i?2 M2ti b2+iBQM- r2 rBHH /2b+`B#2 i?2 }`bi
Q#bi+H2 BM KQ`2 /2iBHX
j
RXR ZmMimK K2+?MB+H /2b+`BTiBQM Q7 bQHB/b
aBM+2 [mMimK i?2Q`v rb BMp2Mi2/- T?vbB+Bbib i`B2/ iQ }M/ TT`QtBKiBQMb iQ i?2
bQHmiBQM Q7 +QKTH2t [mMimK K2+?MB+H +H+mHiBQMbX .B`+ 7KQmbHv `2K`F2/8j,
h?2 ;2M2`H i?2Q`v Q7 [mMimK K2+?MB+b Bb MQr HKQbi +QKTH2i2- ĘX
h?2 mM/2`HvBM; T?vbB+H Hrb M2+2bb`v 7Q` i?2 Ki?2KiB+H i?2Q`v Q7
 H`;2 T`i Q7 T?vbB+b M/ i?2 r?QH2 Q7 +?2KBbi`v `2 i?mb +QKTH2i2Hv
FMQrM- M/ i?2 /B{+mHiv Bb QMHv i?i i?2 2t+i TTHB+iBQM Q7 i?2b2 Hrb
H2/b iQ 2[miBQMb Km+? iQQ +QKTHB+i2/ iQ #2 bQHm#H2X Ai i?2`27Q`2 #2@
+QK2b /2bB`#H2 i?i TT`QtBKi2 T`+iB+H K2i?Q/b Q7 TTHvBM; [mMimK
K2+?MB+b b?QmH/ #2 /2p2HQT2/- r?B+? +M H2/ iQ M 2tTHMiBQM Q7 i?2
KBM 72im`2b Q7 +QKTH2t iQKB+ bvbi2Kb rBi?Qmi iQQ Km+? +QKTmiiBQMX
hQ/v- KMv b+B2MiBbib biBHH rQ`F QM +?B2pBM; i?2 ;QH b2i #v .B`+, }M/BM; TT`QT`B@
i2 TT`QtBKiBQMb iQ i?2 [mMimK K2+?MB+H BMi2`+iBQMb #2ir22M iQKbX .2MbBiv
7mM+iBQMH i?2Q`v- r?B+? i`B2b iQ +H+mHi2 i?2 T`QT2`iB2b Q7 iQKB+ bvbi2Kb #b2/ QMHv
QM i?2 2H2+i`QM /2MbBiv- Bb i?2 KQbi +QKKQMHv mb2/ TT`Q+? iQ/vX h?2 B/2 rb
Q`B;BMHHv T`QTQb2/ #v h?QKb89 M/ 62`KB88-8e- M/ 7m`i?2` /2p2HQT2/ #v .B`+8dX
h?2 KQ/2`M 7Q`KmHiBQM Q7 .6h +M #2 i`+2/ #+F iQ >Q?2M#2`; M/ EQ?M3- r?Q
b?Qr2/- KQM; Qi?2` i?BM;b- i?i i?2`2 Bb  QM2@iQ@QM2 +Q``2bTQM/2M+2 #2ir22M i?2
>KBHiQMBM Q7  bvbi2K M/ Bib ;`QmM/ bii2 +?`;2 /2MbBiv83X h?2 7QmM/iBQM HB/
Qmi #v >Q?2M#2`;- EQ?M- M/ a?K3-Nc +QK#BM2/ rBi? i?2 H;Q`Bi?KB+- bQ7ir`2 M/
?`/r`2 /2p2HQTK2Mib BM i?2 Hbi 7Qm` /2+/2b HHQr mb iQ mb2 TQTmH` .6h T+F;2b
iQ bBKmHi2 i?2 #2?pBQ` Q7 bQK2 bQHB/b rBi? bQK2 ++m`+vX

































r?2`2 MI - ZI - M/ _I `2 i?2 Kbb- pH2M+2 +?`;2- M/ i?2 TQbBiBQM Q7 i?2 BQM I-
`2bT2+iBp2HvX me Bb i?2 Kbb Q7 M 2H2+i`QM- `i Bb i?2 TQbBiBQM Q7 i?2 2H2+i`QM i- M/ e Bb
i?2 +?`;2 Q7 M 2H2+i`QMX h?2 }`bi i2`K Bb i?2 bmK Q7 i?2 FBM2iB+ 2M2`;v Q7 2H2+i`QMbX
h?2 b2+QM/ i2`K Bb i?2 2H2+i`QbiiB+ TQi2MiBH 2M2`;v #2ir22M i?2 2H2+i`QMb- M/ i?2
i?B`/ i2`K Bb i?2 TQi2MiBH 2M2`;v #2ir22M BQMb M/ 2H2+i`QMbX h?2 Hbi irQ i2`Kb `2
i?2 FBM2iB+ 2M2`;v Q7 i?2 BQMb M/ i?2 TQi2MiBH 2M2`;v #2ir22M i?2 BQMbX h?2 KMv@
#Q/v a+?`ƺ/BM;2`Ƕb 2[miBQM Bb ;Bp2M #v
HΨ (_I , `i) = EΨ (_I , `i) ,
r?2`2 Ψ (_I , `i) Bb i?2 rp27mM+iBQM Q7 i?2 bQHB/- M/ 1 Bb i?2 2M2`;v 2B;2MpHm2X AM
T`BM+BTH- i?2 bQHmiBQM Q7 i?Bb 2B;2MpHm2 2[miBQM ;Bp2b mb HH i?2 BQMB+ M/ 2H2+i`QMB+
T`QT2`iB2b Q7 i?2 bQHB/X >Qr2p2`- i?2 MmK#2` Q7 BQMb M/ 2H2+i`QMb (∼1023) BM  ivTB+H
bQHB/ KF2b i?Bb +H+mHiBQM BMi`+i#H2X h?2 ?B;?2bi `MF2/ bmT2`+QKTmi2` QM i?2
kyR8 hQT8yy HBbi Bb hAL>1@k- r?B+? ?b  iQiH K2KQ`v Q7 1.34 × 1015 #vi2beyX h?2
T`QbT2+ib `2 MQi #`B;?i2` 7Q` [mMimK +QKTmi2`b- b i?2 H`;2bi [mMimK +QKTmi2`b
iQ /i2 b22K iQ ?p2 deR iQ k3ek [m#BibX
 +QKKQMHv mb2/ TT`QtBKiBQM iQ ;2i `QmM/ i?Bb T`Q#H2K Bb iQ bbmK2 i?i i?2
bQHB/ Bb +QMbi`m+i2/ #v  Km+? bKHH2` mMBi +2HH `2T2i2/ bTiBHHv BM j /BK2MbBQMbX
8
h?Bb +M #2  p2`v ;QQ/ TT`QtBKiBQM 7Q`  T2`72+i +`vbiH- bBM+2 KQbi +`vbiHb +M
#2 +QMbi`m+i2/ #v iBHBM;  R@Ry iQK mMBi +2HHX h?Bb TT`QtBKiBQM ?Qr2p2` +MMQi
/B`2+iHv #2 TTHB2/ iQ /BbQ`/2`2/ bQHB/b M/ +`vbiHb rBi? /272+ibX h?2 mMBi +2HHb M22/
iQ #2 H`;2 2MQm;? bm+? i?i i?2 /272+ib /Q MQi BMi2`+i rBi? i?2B` BK;2b- B7 T2`BQ/B+
+2HHb `2 iQ #2 mb2/ iQ bim/v /272+ibX 6Q` /BbQ`/2`2/ bQHB/b- i?2 mMBi +2HH M22/b iQ #2
H`;2 2MQm;? bQ i?2 i?2 T`QT2`iB2b Q7 i?2 bQHB/ `2 MQi bB;MB}+MiHv z2+i2/ #v i?2
T2`BQ/B+BivX
RXRXR "Q`M@PTT2M?2BK2` TT`QtBKiBQM
"v mbBM; `2T2iBM; mMBi +2HHb- i?2 T`Q#H2K bBx2 +M #2 `2/m+2/ 7`QK 1023 iQ i2Mb Q`
?mM/`2/b Q7 iQKbX 1[X RXR Bb biBHH iQQ /B{+mHi iQ bQHp2 mbBM; i?2 +QKTmi2`b Q7 iQ@
/vX 6Q` i?Bb `2bQM- MQi?2` TT`QtBKiBQM Bb +QKKQMHv 2KTHQv2/- 7Q` bim/vBM; i?2
;`QmM/ bii2 Q7 Ψ (_I , `i)- +HH2/ i?2 "Q`M@PTT2M?2BK2` TT`QtBKiBQMX
me Bb Km+? bKHH2` i?M  ivTB+H BQM KbbX 6Q` 2tKTH2- i?2 Kbb Q7  bBHB+QM
iQK Bb KQ`2 i?M 8y-yyy iBK2b H`;2` i?M i?2 Kbb Q7 M 2H2+i`QMX 6Q` i?Bb `2@
bQM- 2H2+i`QMb +M #2 2tT2+i2/ iQ KQp2 Km+? 7bi2` i?M BQMbc i?2 /vMKB+b Q7 BQMb
M/ i?2 /vMKB+b Q7 2H2+i`QMb Q++m` i /Bz2`2Mi iBK2b+H2bX lbBM; i?Bb Q#b2`piBQM-
r2 bbmK2 i?i i?2 KMv@#Q/v rp27mM+iBQM +M #2 b2T`i2/ BMiQ  T`Q/m+i Q7 i?2
rp27mM+iBQM 7Q` 2H2+i`QMb M/ i?2 rp27mM+iBQM Q7 i?2 BQMbX 6m`i?2`KQ`2- r2 HbQ b@
bmK2 i?i i?2 BQMb +M #2 bim/B2/ b +HbbB+H T`iB+H2b- /m2 iQ i?2B` H`;2` bBx2X h?Bb
TT`QtBKiBQM Bb MQi pHB/ 7Q` BQMb r?Qb2 KQiBQM M22/b iQ #2 bim/B2/ [mMimK K2@
+?MB+HHv- r?B+? +M #2 i?2 +b2 7Q` HB;?i iQKb HBF2 ?v/`Q;2M8NX
AM i?Bb TB+im`2- BQMb `2 KQ/2H2/ b +HbbB+H T`iB+H2bX 6Q` Mv ;Bp2M +QM};m`iBQM
Q7 BQMb- i?2 2H2+i`QMb BMbiMiM2QmbHv `2Ht iQ i?2B` ;`QmM/ bii2- r?B+? /2i2`KBM2b
i?2 2M2`;v Q7 i?2 bvbi2K M/ i?2 7Q`+2b QM i?2 BQMbX AQMb KQp2 ++Q`/BM; iQ i?Qb2
e
7Q`+2b- 7i2` r?B+? 2H2+i`QMb }M/ i?2B` M2r ;`QmM/ bii2X h?mb- i?2`2 Bb  Bi2`iBp2 `2@
HiBQMb?BT #2ir22M i?2 BQMb M/ i?2 2H2+i`QMb- r?B+? Bb /B`2+iHv K2M#H2 iQ Bi2`iBp2
































r?2`2 r2 `2KQp2/ i?2 FBM2iB+ 2M2`;v Q7 BQMb M/ i?2 2H2+i`QbiiB+ BMi2`+iBQMb #2ir22M
BQMb- r?B+? rBHH #2 +QMbB/2`2/ +HbbB+HHv b /2b+`B#2/ #Qp2X AM 1[X RXk- r2 `2r`Qi2
i?2 BMi2`+iBQM #2ir22M BQMb M/ 2H2+i`QMb b  TQi2MiBH 2M2`;v QMHv b  7mM+iBQM Q7
2H2+i`QM TQbBiBQMb- bBM+2 Bi Bb bbmK2/ i?i i?Bb 2[miBQM rBHH #2 bQHp2/ 7Q` }t2/ BQMbX
h?Bb Bb i?2 7Q`K Q7 i?2 >KBHiQMBM i?i r2 rBHH bQHp2 BM i?Bb i?2bBb- r?2`2 QMHv i?2
;`QmM/ bii2 T`QT2`iB2b Q7 i?2 2H2+i`QMb `2 +QMbB/2`2/X
Ai im`Mb Qmi i?i 1[X RXk Bb biBHH +QKTmiiBQMHHv iQQ /mMiBM; rBi?BM iQ/vǶb +QK@
TmiiBQMH `2bQm`+2b 7Q` KQ`2 i?M b2p2`H /Qx2Mb Q7 2H2+i`QMbX h?2 `2bQM b22Kb iQ
#2 i?2 /BK2MbBQMHBiv Q7  KMv@#Q/v rp27mM+iBQMX Ψ (`i) = Ψ (`1, `2, . . . `N ) Bb 
3 × N /BK2MbBQMH 7mM+iBQM r?B+? Bb MiB@bvKK2i`B+ rBi? `2bT2+i iQ i?2 2t+?M;2 Q7
2H2+i`QMb- r?2`2 L Bb i?2 MmK#2` Q7 2H2+i`QMbX  bB;MB}+Mi bBKTHB}+iBQM +QK2b 7`QK
`2/m+BM; i?2 /BK2MbBQMHBiv Q7 i?Bb T`Q#H2K iQ QMHv j /BK2MbBQMb- b 2tTHBM2/ BM i?2
M2ti b2+iBQMX
RXRXk >Q?2M#2`;@EQ?M i?2Q`2Kb
JQ/2`M .6h ?b Bib i?2Q`2iB+H #bBb QM i?2 irQ TT2`b #v >Q?2M#2`;- EQ?M- M/
a?K3-NX >2`2 r2 rBHH /Bb+mbb i?2 }`bi >Q?2M#2`;@EQ?M i?2Q`2K- r?B+? 2bi#HBb?2/
d
i?i i?2`2 Bb  QM2@iQ@QM2 +Q``2bTQM/2M+2 #2ir22M i?2 rp27mM+iBQM Ψ (`i) M/ i?2
+?`;2 /2MbBiv n (`)3- r?2`2
n (`) = N
∫
Ψ∗ (`1, `2, . . . `N )Ψ (`1, `2, . . . `N ) d`2d`3 . . . d`N URXjV
q2 rBHH T`Qp2 i?Bb i?2Q`2K #v }`bi b?QrBM; i?i i?2`2 Bb  QM2@iQ@QM2 +Q``2bTQM/2M+2
#2ir22M 2ti2`MH TQi2MiBH V (`) M/ n (`)X amTTQb2 i?i irQ /Bz2`2Mi 2ti2`MH TQi2M@
iBHb- V1 (`) M/ V2 (`) H2/b iQ i?2 bK2 ;`QmM/ bii2 +?`;2 /2MbBiv n (`)X q2 /2}M2
H1 M/ H2 b i?2 >KBHiQMBMb M/ Ψ1 M/ Ψ2 b i?2 ;`QmM/ bii2 rp27mM+iBQMb
;Bp2M #v i?2 TQi2MiBH 2M2`;B2b V1 (`) M/ V2 (`)- `2bT2+iBp2HvX .2}M2 E1 M/ E2 b,
E1 = ⟨Ψ1|H1|Ψ1⟩
E2 = ⟨Ψ2|H2|Ψ2⟩
AMpQFBM; i?2 p`BiBQMH T`BM+BTH2,
E1 < ⟨Ψ2|H1|Ψ2⟩ = ⟨Ψ2|H2 −V2 +V1|Ψ2⟩
= ⟨Ψ2|H2|Ψ2⟩+ ⟨Ψ2|V1 −V2|Ψ2⟩
= E2 + ⟨Ψ2|V1 −V2|Ψ2⟩ URX9V
3
aBKBH`Hv,
E2 < ⟨Ψ1|H2|Ψ1⟩ = ⟨Ψ1|H1 −V1 +V2|Ψ1⟩
= ⟨Ψ1|H1|Ψ1⟩+ ⟨Ψ1|V2 −V1|Ψ1⟩
= E1 + ⟨Ψ1|V2 −V1|Ψ1⟩ URX8V
q2 // 1[X RX9 rBi? 1[X RX8- iQ ;2i,
E1 + E2 < E1 + E2 + ⟨Ψ1|V2 −V1|Ψ1⟩+ ⟨Ψ2|V1 −V2|Ψ2⟩ URXeV
aBM+2 r2 bbmK2/ i?i #Qi? >KBHiQMBMb ?b i?2 bK2 ;`QmM/ bii2 +?`;2 /2MbBiv
n (`),
⟨Ψ1|V2 −V1|Ψ1⟩ = ⟨Ψ2|V2 −V1|Ψ2⟩ =
∫
n (`) [V2(`)−V1(`)] d` URXdV
h?mb 1[X RXe #2+QK2b E1 + E2 < E1 + E2- r?B+? T`Qp2b #v +QMi`/B+iBQM i?i Qm`
BMBiBH bbmKTiBQM +MMQi #2 +Q``2+iX aBM+2 i?2`2 Bb HbQ  QM2@iQ@QM2 +Q``2bTQM/2M+2
#2ir22M 2ti2`MH TQi2MiBH M/ ;`QmM/ bii2 rp27mM+iBQM- i?Bb T`Qp2b i?i i?2 rp2@
7mM+iBQM Kmbi #2  mMB[m2 7mM+iBQMH Q7 i?2 +?`;2 /2MbBivX
h?Bb bB;MB}+MiHv bBKTHB}2b Qm` T`Q#H2K- r?B+? Bb iQ +H+mHi2 i?2 T`QT2`iB2b Q7
bQHB/b mbBM; [mMimK K2+?MB+bX Ai HbQ b?Qrb i?i i?2 [mMimK K2+?MB+H mMBp2`b2
Bb MQi M2+2bb`BHv 2tTQM2MiBHHv H`;2`- b Bb Q7i2M +HBK2/- bBM+2 HH T`QT2`iB2b +M #2
+H+mHi2/ b  7mM+iBQMH Q7 n (`)- r?B+? HBp2b BM R3X >Qr2p2`- r2 rBHH b22 i?i r2 /Q
MQi FMQr ?Qr iQ +H+mHi2 T`QT2`iB2b Q7 2H2+i`QMb 7`QK n (`) /B`2+iHvX q2 +M `2r`Bi2
N
1[X RXk b,
H = F [n(`)] +
∫
V(`)n(`)d` URX3V
r?2`2 F [n(`)] Bb i?2 bmK Q7 FBM2iB+ 2M2`;v M/ 2H2+i`QM@2H2+i`QM TQi2MiBH 2M2`;v- M/
i?2 Hbi i2`K Bb i?2 BQM@2H2+i`QM TQi2MiBH 2M2`;vX F [n(`)] Bb +HH2/ i?2 mMBp2`bH 7mM+@
iBQMH Q7 +?`;2 /2MbBiv- bBM+2 i?2 FBM2iB+ 2M2`;v Q7 2H2+i`QMb M/ i?2 2H2+i`QM@2H2+i`QM
TQi2MiBH 2M2`;v QMHv /2T2M/ QM n(`)X h?2 Hbi i2`K BM 1[X RX3 Bb 2bv iQ +H+mHi2
bBM+2 V(`) Bb ;Bp2M #v i?2 *QmHQK# `2TmHbBQM 7`QK i?2 BQMbX F [n(`)]- ?Qr2p2`- T`Qp2/
p2`v /B{+mHi iQ }M/ 7Q` KQ`2 i?M 3 /2+/2b89-8eX h?mb- Hi?Qm;? HH i?2 BM7Q`KiBQM
Bb +QMiBM2/ BM n (`)- r2 /Q MQi FMQr ?Qr iQ 2pHmi2 i?2 ?KBHiQMBM QM i?i +?`;2
/2MbBivX
RXRXj aBM;H2 T`iB+H2 TB+im`2
M BKTQ`iMi bi2T iQ TT`QtBKi2 i?2 >KBHiQMBM BM 1[X RX3 Bb iQ `2/m+2 i?2 KMv@
#Q/v rp27mM+iBQM Ψ (`i) iQ  b2i Q7 bBM;H2 T`iB+H2 2[miBQMbX LQi2 i?i 1[X RX3 Bb 2t@
+iX "v /2b+`B#BM; Ψ (`i) b  b2i Q7 bBM;H2 T`iB+H2 2[miBQMb- ?Qr2p2`- i?2 +H+mHiBQM





r?2`2 φi(`) `2 i?2 bBM;H2 T`iB+H2 2[miBQMb UQ`#BiHbVX h?2M F [n(`)] +M #2 r`Bii2M
b
F [n(`)] = Ts[n(`)] + EH [n(`)] + Exc[n(`)], URXRyV
r?2`2 Ts[n(`)] Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 MQM@BMi2`+iBM; 2H2+i`QMb- EH [n(`)] Bb i?2
+HbbB+H 2H2+i`QbiiB+ TQi2MiBH 2M2`;v- M/ Exc[n(`)] Bb i?2 2t+?M;2@+Q``2HiBQM 2M@
Ry
2`;vX Exc[n(`)] Bb /2}M2/ iQ KF2 F [n(`)] TT`QtBKi2Hv ++m`i2X 6Q` 2tKTH2-
Ts[n(`)] /Q2b MQi BM+Hm/2 HH i?2 FBM2iB+ 2M2`;v bBM+2 i?2b2 2H2+i`QMb /Q BMi2`+i pB
i?2 +?`;2 /2MbBiv- M/ HH i?2 FBM2iB+ 2M2`;v i?i rb MQi BM+Hm/2/ BM Ts[n(`)] Bb BM@





∇2` +Veff (`, n(`))
]
|φi⟩ = ϵiφi(`), URXRRV
r?2`2 QM i?2 H27i ?M/ bB/2- i?2 }`bi i2`K Bb i?2 FBM2iB+ 2M2`;v Q7 M 2H2+i`QM M/ i?2
b2+QM/ i2`K Bb i?2 2z2+iBp2 TQi2MiBH 2M2`;v i?2 2H2+i`QM 722Hb /m2 iQ i?2 BQMb- Qi?2`
2H2+i`QMb- M/ i?2 2t+?M;2 +Q``2HiBQM 7mM+iBQM,







r?2`2 i?2 Hbi i2`K Bb i?2 p`BiBQMH 7mM+iBQMH /2`BpiBp2 Q7 i?2 2t+?M;2@+Q``2HiBQM
7mM+iBQMHX h?2b2 bBM;H2 T`iB+H2 bii2b- φi(`) `2 +HH2/ EQ?M@a?K UEaV Q`#BiHbX
h?2v `2 MQi 2H2+i`QMb- bBM+2 i?2v r2`2 /2`Bp2/ #v }`bi bbmKBM; MQ BMi2`+iBQMbX
>Qr2p2`- BM KMv Ki2`BHb- i?2v /Q KBMiBM b2p2`H Q7 i?2 F2v T`QT2`iB2b Q7 i?2
+imH 2H2+i`QMb8NX 1[X RXRk ;Bp2b i?2 bBM;H2 T`iB+H2 2M2`;v Q7 M ǳ2H2+i`QMǴ- r?B+? BM@
+Hm/2b Bib FBM2iB+ 2M2`;v M/ TQi2MiBH 2M2`;v /m2 iQ BQMb Uii`+iBp2V M/ i?2 +?`;2
/2MbBiv U`2TmHbBp2VX h?2 +?`;2 /2MbBiv- BM im`M- Bb K/2 Q7 HH i?2 2H2+i`QMbX h?mb-
i?Bb TT`QtBKiBQM Mim`HHv H2M/b Bib2H7 iQ M Bi2`iBp2 bQHmiBQM, RV bi`i rBi? BMBiBH
;m2bb2b 7Q` i?2 Ea Q`#BiHb- kV +H+mHi2 n(`) M/ Veff 7`QK Ea Q`#BiHb- jV bQHp2 i?2
2B;2MpHm2 2[miBQM RXRk- r?Qb2 2B;2Mp2+iQ`b rBHH #2 i?2 M2r Ea Q`#BiHb- 9V ;Q #+F
iQ Bi2K UkVX h?Bb Bi2`iBQM Bb +QMiBMm2/ mMiBH i?2 Ea Q`#BiHb +H+mHi2/ 7`QK Bi2K UjV
`2 i?2 bK2 b i?2 Ea Q`#BiHb i?i r2`2 mb2/ BM Bi2K UkV- i r?B+? TQBMi i?2 +?`;2
RR
/2MbBiv Bb +QMp2`;2/X
q2 ?p2 QKBii2/ i?2 /Bb+mbbBQM Q7 ?Qr i?2 2t+?M;2@+Q``2HiBQM 7mM+iBQMH Bb +QM@
bi`m+i2/X h?2`2 Bb MQ 2t+i 7Q`K 7Q` i?2 Exc[n(`)] v2i- M/ i?Bb i2`K +QMiBMb HH i?2
TT`QtBKiBQMb Q7 i?2 KQ/2`M .6h +H+mHiBQMbX AMbi2/- 2KTB`B+H 7mM+iBQMHb ?p2
#22M mb2/ i?i ;Bp2 `2bQM#Hv ++m`i2 `2bmHib 7Q` +2`iBM Ki2`BHbX
RXk PTTQ`imMBiB2b 7Q` K+?BM2 H2`MBM; K2i?Q/b
b /2b+`B#2/ BM i?2 T`2pBQmb b2+iBQM- Hi?Qm;? .6h Bb +QMbB/2`2/ M # BMBiBQ K2i?Q/-
Bi ?b M 2KTB`B+H i2`K 7Q` 2t+?M;2@+Q``2HiBQM 7mM+iBQMHX :Bp2M i?2 +QKTH2tBiv
Q7 TT`QtBKiBM; i?Bb 7mM+iBQMH- +QK#BM2/ rBi? i?2 KbbBp2 .6h /ib2ib i?i `2
#2BM; pBH#H2 BM `2+2Mi v2`bk-ej-e9c K+?BM2 H2`MBM; +M #2  pB#H2 TT`Q+? iQ
BKT`QpBM; i?2 bT22/ M/ ++m`+v Q7 .6hX h?2`2 `2 KMv /Bz2`2Mi TT`Q+?2b iQ
K+?BM2 H2`MBM; .6h 2M2`;B2bX JQbi +QKKQM TT`Q+? iQ /i2 Bb iQ H2`M i?2 KT@
TBM; 7`QK R3Nat iQ TQi2MiBH 2M2`;vX h?Bb TT`Q+? Bb Q7i2M HBKBi2/ iQ bT2+B}+ bQHB/b-
rBi? i KQbi k@j ivT2b Q7 iQKbX 1tKTH2b BM+Hm/2 "2?H2` M/ S``BM2HHQǶb M2m`H M2i@
rQ`F `+?Bi2+im`2e8- :mbbBM TT`QtBKiBQM SQi2MiBHbee- M/ HBM2`- bT`b2 KQ/2Hb
#v a2FQ 2i HXedX MQi?2` TT`Q+? Bb iQ mb2 K+?BM2 H2`MBM; 7Q` i?2 mMBp2`bH 7mM+@
iBQMH BM .6he3- F [n(`)]X aBM+2 i?Bb 7mM+iBQMH Bb i?2 bK2 7Q` Mv +?`;2 /2MbBiv-
Bi +M BM T`BM+BTH2 #2 TTHB2/ iQ Mv .6h +H+mHiBQM- r?B+? KF2b Bi H2bb `2bi`B+iBp2
i?M i?2 T`2pBQmb TT`Q+?X
PM i?2 Qi?2` ?M/- K+?BM2 H2`MBM; ?b MQi #22M 2KTHQv2/ BM HBi2`im`2 iQ /@
/`2bb i?2 +QKTH2tBiv i?i `Bb2b 7`QK BQMB+ +QM};m`iBQMbX .m2 iQ i?2 +QKTH2tBiv Q7
BQMB+ +QM};m`iBQMb- i?2 ;Hbb i`MbBiBQM M/ ;Hbbv /vMKB+b `2 Q7i2M bim/B2/ BM
?B;? /BK2MbBQMb- b  K2M }2H/ TT`QtBKiBQM- r?2`2 i?2 bi`m+im`2 Bb MQi BKTQ`@
iMi9e-9dX >Qr2p2`- BM i?`22 /BK2MbBQMb- bi`m+im`2 Bb Km+? KQ`2 BM~m2MiBH QM i?2
Rk
/vMKB+b- M/ i?2 +QKTH2tBiB2b Q7 i?2 bi`m+im`2 M22/ iQ #2 BM+Q`TQ`i2/ BMiQ i?2 i?2@
Q`2iB+H KQ/2HbX 6Q` i?Bb `2bQM- r2 ?p2 BMp2biB;i2/ TTHB+iBQMb Q7 K+?BM2 H2`MBM;
BM ;Hbbv HB[mB/b BM *?Ti2`b 9X q2 b?Qr i?i  T`2/B+iBp2 KQ/2H Q7 `2``M;2K2Mib
BM /BbQ`/2`2/ HB[mB/b Bb BM?2`2MiHv p2`v +QKTH2t- T`2pBQmbHv mb2/ T?vbB+H K2bm`2b
`2 MQi bm{+B2MiX >Qr2p2`- #v mbBM; K+?BM2 H2`M2/ `2T`2b2MiiBQMb- Bi Bb TQbbB#H2 iQ
BM+Q`TQ`i2 i?2 bi`m+im`H +QKTH2tBiB2b BM i?2Q`2iB+H KQ/2HbX
h?2`2 `2 KMv T?vbB+H T`Q+2bb2b i?i ?p2 #22M /B{+mHi iQ bim/v /m2 iQ i?2
+QKTH2t ``M;2K2Mi Q7 iQKbX 1tKTH2b BM+Hm/2 MQM@2[mBHB#`BmK ;BM; Q7 ;Hbb2b-
KQ/2HBM; Q7 ;Hbb 7Q`KBM; #BHBiv- Ki2`BHb 7BHm`2 HBF2 7`+im`2- M2+FBM;- M/ b?2`
#M/b- 2i+X q2 #2HB2p2 i?i  /i@b+B2MiB}+ TT`Q+? i?i BM+Hm/2b i?2 bi`m+im`H b@
T2+ib Q7 /BbQ`/2`2/ bQHB/b +M T`QpB/2 M2r BMbB;?ibX
RXj Pp2`pB2r
AM *?Ti2` k- r2 bim/v i?2 HBi?BiBQM Q7 KQ`T?Qmb bBHB+QM- mbBM; .6h M/ ;2QK2i@
`B+ MHvbBbX q2 mb2 i?Bb bvbi2K b M 2tKTH2 7Q` i?2 irQ Q#bi+H2b /2b+`B#2/ #Qp2,
RV.6h +H+mHiBQMb ?p2 iQ #2 /QM2 QM H`;2 bvbi2Kb rBi? b KMv b j8y iQKb- M/
kV i?2 /BbQ`/2`2/ Mim`2 Q7 iQKB+ +QM};m`iBQMb M22/ iQ #2 bim/B2/ iQ mM/2`biM/
K+`Qb+QTB+ #2?pBQ` Q#b2`p2/ BM 2tT2`BK2MibeNX AM *?Ti2` j- r2 T`2b2Mi  M2m`H
M2irQ`F #b2/ 2KTB`B+H TQi2MiBH 7Q` bBHB+QM iQKbX q2 BMp2biB;i2 i?2 `2T`2b2Mi@
iBQMb Q7 bBHB+QM iQKb BM i?2 M2m`H M2irQ`F- iQ mM/2`biM/ ?Qr K+?BM2 H2`MBM; +M
#2 mb2/ iQ `2T`Q/m+2 .6h +H+mHiBQMbX
AM *?Ti2` 9- r2 7Q+mb QM  Km+? bBKTH2` 2M2`;v HM/b+T2, i?2 G2MM`/@CQM2b
bmT2`+QQH2/ HB[mB/X q2 b?Qr i?i- Hi?Qm;? i?2 iQKB+ BMi2`+iBQMb `2 p2`v bBK@
TH2- #mBH/BM; T`2/B+iBp2 KQ/2Hb `2 /B{+mHi- M/ K+?BM2 H2`MBM; K2i?Q/b `2 `2@
[mB`2/ iQ KF2 +Q``2+i T`2/B+iBQMbdyX AM *?Ti2` 8- r2 mb2 i?2 `2T`2b2MiiBQM 7`QK
Rj
*?Ti2` 9 iQ bim/v i?2 ;Hbbv /vMKB+b Q7 G2MM`/@CQM2b HB[mB/X q2 b?Qr i?i #v
+QK#BMBM; K+?BM2 H2`M2/ `2T`2b2MiiBQMb rBi? i?2Q`2iB+H T?vbB+b iQQHb- QM2 +M
2tTHBM i?2 Kvbi2`BQmb bTiBHHv ?2i2`Q;2M2Qmb /vMKB+b M/ bmT2`@2tTQM2MiBH `2Ht@
iBQM iBK2bdRX 6BMHHv- BM *?Ti2` e- r2 +QKT`2 Qm` K+?BM2 H2`M2/ `2T`2b2MiiBQM
iQ Qi?2` K2bm`2b mb2/ 7Q` bBKBH` TTHB+iBQMbX q2 b?Qr i?i i?2 K+?BM2 H2`M2/
KQ/2H Bb T`2/B+iBp2- r?2`2b Qi?2` K2bm`2b `2 MQiX "v mbBM; mMbmT2`pBb2/ H2`M@




h?2Q`v Q7 bi`m+im`H i`Mb7Q`KiBQM BM
HBi?Bi2/ KQ`T?Qmb bBHB+QM
kXR Pp2`pB2r
.2i2`KBMBM; bi`m+im`H i`Mb7Q`KiBQMb BM KQ`T?Qmb bQHB/b Bb +?HH2M;BM; /m2 iQ i?2
Tm+Biv Q7 bi`m+im`H bB;Mim`2bX h?2 2z2+i Q7 i?2 i`MbBiBQMb QM i?2 T`QT2`iB2b Q7 i?2
bQHB/ +M #2 bB;MB}+Mi M/ BKTQ`iMi 7Q` TTHB+iBQMbX JQ`2Qp2`- bm+? i`MbBiBQMb
Kv MQi #2 /Bb+2`MB#H2 BM i?2 #2?pBQ` Q7 i?2 iQiH@2M2`;v Q` i?2 pQHmK2 Q7 i?2 bQHB/
b  7mM+iBQM Q7 i?2 p`B#H2b i?i B/2MiB7v Bib T?b2bX h?2b2 Bbbm2b `Bb2 BM i?2 +QMi2ti
Q7 HBi?BiBQM Q7 KQ`T?Qmb bBHB+QM U@aBV-  T`QKBbBM; MQ/2 Ki2`BH 7Q` ?B;?@2M2`;v@
R8
/2MbBiv #ii2`B2b #b2/ QM HBi?BmK BQMbX _2+2Mi 2tT2`BK2Mib bm;;2bi i?2 bm`T`BbBM; `2@
bmHi i?i i?2 HBi?BiBQM Q7 @aB Bb  irQ@T?b2 T`Q+2bbX >2`2- r2 T`2b2Mi }`bi@T`BM+BTH2b
+H+mHiBQMb Q7 i?2 bi`m+im`2 Q7 @aB i /Bz2`2Mi HBi?BiBQM H2p2HbX h?`Qm;?  /2iBH2/
MHvbBb Q7 i?2 b?Q`i M/ K2/BmK@`M;2 T`QT2`iB2b Q7 i?2 KQ`T?Qmb M2irQ`F- mbBM;
oQ`QMQB@.2HmMv K2i?Q/b M/ `BM; biiBbiB+b- r2 b?Qr i?i @GBxaB ?b  7mM/K2M@
iHHv /Bz2`2Mi bi`m+im`2 #2HQr M/ #Qp2  HBi?BiBQM H2p2H +Q``2bTQM/BM; iQ x ∼ 2X
kXk AMi`Q/m+iBQM
Ji2`BHb `2 bHi2/ iQ THv  F2v `QH2 BM //`2bbBM; 7mim`2 +?HH2M;2b BM 2M2`;v mb2X
b  +b2 BM TQBMi- ?B;?@2M2`;v /2MbBiv #ii2`B2b- Q7i2M #b2/ QM GB@BQM i2+?MQHQ;v-
`2 BKTQ`iMi 7Q` KMv KQ#BH2 TTHB+iBQMbX AM+`2bBM; i?2 +T+Biv M/ /m`#BHBiv Q7
GB@BQM #ii2`B2b Bb M2+2bb`v 7Q` 2M#HBM; bQHmiBQMb BM p`BQmb 2M2`;v b2+iQ`b- bm+? b
i`MbTQ`iiBQMdj-d9X aBHB+QM Bb  T`QKBbBM; MQ/2 Ki2`BH 7Q` GB@BQM #ii2`B2b rBi? 
?B;? i?2Q`2iB+H +T+Biv- #2+mb2 Bi +M #bQ`# KQ`2 i?M 9 GB iQKb T2` aB iQK- b
+QKT`2/ iQ i?2 +T+Biv Q7 ;`T?Bi2-  +QKKQM MQ/2 Ki2`BH- r?B+? #bQ`#b mT iQ
R GB iQK T2` e * iQKbd8-deX h?Bb ?b 7m2H2/ M BMi2Mb2 `2b2`+? 2zQ`i 7Q` BMi2;`i@
BM; aB BM GB@BQM #ii2`v /2bB;Md8ĜdNX lM/2`biM/BM; i?2 HBi?BiBQMf/2HBi?BiBQM T`Q+2bb
Q7 aB MQ/2b Bb p2`v BKTQ`iMi 7Q` /2bB;MBM; i?2 M2ti@;2M2`iBQM GB@BQM #ii2`B2b- #2@
+mb2 i i?2 ?B;? HBi?BiBQM HBKBi i?2 Ki2`BH 2tTM/b #v mT iQ 9yyW M/ i?2 MQ/2
7`+im`2b M/ +MMQi bmbiBM KMv +?`;BM; +v+H2bX h?2 7`+im`2 #2?pBQ` /2T2M/b
b2MbBiBp2Hv QM i?2 HBi?BiBQMf/2HBi?BiBQM T`Q+2bb3yX
h?2 HBi?BiBQM `2+iBQM Q7 +`vbiHHBM2 aB U+@aBV ?b #22M bim/B2/ 2ti2MbBp2Hv M/ ?b
#22M /2b+`B#2/ BM /2iBH- #Qi? i?2Q`2iB+HHv M/ 2tT2`BK2MiHHv3RĜNyX +@aB #2+QK2b
KQ`T?Qmb 7i2` i?2 }`bi +v+H2 Q7 HBi?BiBQM M/ /2HBi?BiBQMX Jm+? H2bb Bb FMQrM
#Qmi i?2b2 T`Q+2bb2b BM KQ`T?Qmb aB U@aBV- r?B+? ?b #2ii2` HBi?BiBQM +?`+i2`@
Re
BbiB+b i?M +@aB3yX GBi?BiBQM Q7 +@aB Bb  irQ@T?b2 `2+iBQM- BM r?B+? +@aB Bb HBi?Bi2/
Hv2` #v Hv2`3R-3k-3d-NRX GBi?Bi2/ aB Bb b2T`i2/ 7`QK T`BbiBM2 +@aB #v  b?`T U∼ 1
MK i?B+FM2bbV `2+iBQM 7`QMi- r?B+? KQp2b BMiQ +@aB b i?2 `2+iBQM T`Q;`2bb2bX _2+2Mi
2tT2`BK2Mib bm;;2bi i?i i?2 HBi?BiBQM Q7 @aB Bb HbQ  irQ@T?b2 K2+?MBbK- +QM@
i``v iQ T`2pBQmb mM/2`biM/BM;3y-NkX h?2b2 2tT2`BK2Mib BM/B+i2  +H2` #QmM/`v
#2ir22M HBi?Bi2/ M/ T`BbiBM2 @aB b i?2 `2+iBQM T`Q;`2bb2bX h?Bb Bb [mBi2 bm`T`BbBM;
;Bp2M i?2 H+F Q7 +`vbiHHBM2 Q`/2` BM @aB- Hi?Qm;? i?2 i?B+FM2bb Q7 i?2 `2+iBQM 7`QMi
Kv MQi #2 b b?`T b BM +@aBX AM //BiBQM- QM2 2tT2`BK2MiH bim/v ?b T`QTQb2/ i?i
b i?2 `2+iBQM 7`QMi T`Q;`2bb2b BMiQ Tm`2 @aB- i?2 HBi?Bi2/ aB ?b `2HiBp2Hv +QMbiMi
GB +QM+2Mi`iBQM Q7 x ≈ 2.5NkX 7i2` KQbi Q7 i?2 @aB Bb HBi?Bi2/ iQ i?2 +QM+2Mi`iBQM
Q7 x ≈ 2.5-  b2+QM/ bi2T Q7 i?2 `2+iBQM Q++m`b- r?2`2 i?2 +QM+2Mi`iBQM Q7 i?2 @
GBxaB BM+`2b2b 7`QK x ≈ 2.5 iQ x = 3.75X h?2 2tT2`BK2MiH `2bmHib `2 MQi +QM+HmbBp2
QM r?2i?2` i?Bb b2+QM/ bi2T Bb  bBM;H2@T?b2 Q` irQ@T?b2 `2+iBQMNkX
AM Q`/2` iQ `2bQHp2 i?2b2 Bbbm2b- M/ iQ T`QpB/2  +QKT`2?2MbBp2 TB+im`2 Q7 i?2 @aB
HBi?BiBQM T`Q+2bb2b- Bi Bb M2+2bb`v iQ /2b+`B#2 i?2 `2H2pMi iQKBbiB+ 72im`2b rBi? M
mM#Bb2/ M/ `2HB#H2 i?2Q`2iB+H KQ/2HX Ai Bb HbQ BKTQ`iMi iQ BM+Hm/2 BM i?2 KQ/2H
2MQm;? /2;`22b Q7 7`22/QK iQ +Tim`2 i?2 +QKTH2tBiv Q7 i?2 KQ`T?Qmb M2irQ`F M/
i?2 +?M;2b Bi mM/2`;Q2b /m`BM; i?2 HBi?BiBQMf/2HBi?BiBQM T`Q+2bbX S`2pBQmbHv `2@
TQ`i2/ iQKBbiB+ KQ/2Hb Q7 @GBxaB rBi? }`bi@T`BM+BTH2b +H+mHiBQMb mb2/ bKHH mMBi
+2HHb rBi? T2`BQ/B+ #QmM/`v +QM/BiBQMb iQ /2b+`B#2 i?2 bi`m+im`2b i /Bz2`2Mi GB +QM@
i2Mi Ux pHm2bVNjĜN8X h?2 `2HiBp2Hv bKHH bBx2 Q7 i?2 mMBi +2HHb BKTQb2b b2p2`2 HBKBi@
iBQMb QM ?Qr r2HH i?2 KQ/2H +Tim`2b i?2 Mim`2 Q7 i?2 KQ`T?Qmb bQHB/X G`;2 mMBi
+2HHb Q7 @GBxaB ?p2 `2+2MiHv #22M bim/B2/ mbBM; 2KTB`B+H TQi2MiBHb Q7 i?2 ivT2 b2+@




q2 T`2b2Mi /2iBH2/ bi`m+im`H M/ ;2QK2i`B+ MHvbBb Q7 @GBxaB 7Q`  p2`v rB/2 `M;2
Q7 +QM+2Mi`iBQMb- x = 0 − 4.25X hQ BKT`Qp2 i?2 biiBbiB+b- 7Q` 2+? x pHm2- r2 ?p2
BMp2biB;i2/ Ry /Bz2`2Mi bi`m+im`2bX 1+? QM2 Q7 Qm` bi`m+im`2b ?b e9 aB iQKb- M/ 
+Q``2bTQM/BM; MmK#2` Q7 GB iQKb 7Q` /Bz2`2Mi x pHm2bX h?2 H`;2bi mMBi +2HH- +Q``2@
bTQM/BM; iQ x = 4.25- +QMiBMb jje iQKbX hQ +?B2p2  /2iBH2/ mM/2`biM/BM; Q7 i?2
2z2+i Q7 p`vBM; x QM K2/BmK@`M;2 Q`/2`- r2 MHvx2/ `BM; biiBbiB+b M/ i?2 ;2Q@
K2i`B+ T`QT2`iB2b Q7 i?2 .2HmMv i`BM;mHiBQMX Pm` `2bmHib bm;;2bi i?i @GBxaB ;Q2b
i?`Qm;?  bi`m+im`H i`Mb7Q`KiBQM /m`BM; HBi?BiBQM mMiBH #Qmi x ≈ 2- 7i2` r?B+?
i?2 b?Q`i@`M;2 M/ K2/BmK@`M;2 Q`/2` bivb `2HiBp2Hv +QMbiMi BM b2p2`H BKTQ`@
iMi bT2+ibX q2 /Bb+mbb ?Qr i?Bb MHvbBb +M ?2HT 2tTHBM i?2 HBi?BiBQM `2+iBQM M/
+`vbiHHBxiBQM Q7 @aB Q#b2`p2/ BM 2tT2`BK2MibX q2 HbQ Qz2` bQK2 T`2/B+iBQMb QM r?v
HBKBiBM; i?2 `M;2 Q7 HBi?BiBQM BM #ii2`B2b rBi? @aB MQ/2b +QmH/ bB;MB}+MiHv `2/m+2
i?2 bi`m+im`H /2;`/iBQM Q7 i?2 2H2+i`Q/2bX
hQ Q#iBM `2HB#H2 bi`m+im`H KQ/2Hb- r2 mb2/ }`bi@T`BM+BTH2b +H+mHiBQMb rBi?BM
/2MbBiv 7mM+iBQMH i?2Q`v rBi? i?2 aA1ah +Q/2Ryy M/ i?2 S"1 2t+?M;2@+Q``2HiBQM
7mM+iBQMHRyRX h?2 EQ?M@a?K Q`#BiHb `2 `2T`2b2Mi2/ #v  /Qm#H2@ζ THmb TQH`Bx@
iBQM #bBb b2i- rBi? M 2M2`;v +miQz Q7 dy _vX ai`m+im`H `2HtiBQMb r2`2 +QMbB/2`2/
+QMp2`;2/ r?2M i?2 K;MBim/2 Q7 i?2 7Q`+2 QM 2+? iQK rb bKHH2` i?M yXy9 2of³X
Pm` bi`iBM; TQBMi rb M KQ`T?Qmb #mHF bi`m+im`2 +QMbBbiBM; Q7 e9 aB iQKb rBi? MQ
+QQ`/BMiBQM /272+ib iQ KQ/2H i?2 @aB 2H2+i`Q/2 #27Q`2 HBi?BiBQMRyk-RyjX hQ KQ/2H i?2
HBi?BiBQM Q7 @aB- r2 BMb2`i2/ GB iQKb BM b2H2+i2/ TQbBiBQMb Q7 i?2 @aB bi`m+im`2- M/
`2Ht2/ i?2 bi`m+im`2 BM i2`Kb Q7 #Qi? iQKB+ TQbBiBQMb M/ HiiB+2 p2+iQ`bX i 2+?
bi2T- GB iQKb r2`2 TH+2/ BM i2i`?2/`H@HBF2 Uǳh/@HBF2ǴV TQbBiBQMb BM @aBX hQ }M/
R3










































6B;m`2 kXR, UV _2T`2b2MiiBp2 mMBi +2HHb Q7 i?2 bi`m+im`2b MHvx2/ Uv2HHQr bT?2`2b `2
aB iQKb M/ Tm`TH2 bT?2`2b GB iQKbVX U#V p2`;2 7Q`KiBQM 2M2`;v b  7mM+iBQM Q7 GB
+QM+2Mi`iBQMX 6BHH2/ +B`+H2b +Q``2bTQM/ iQ i?2 +QM+2Mi`iBQMb i r?B+? i?2 bi`m+im`2b `2
b?QrM BM UVX h?2 BMb2i BM U#V b?Qrb i?2 pQHmK2 `2HiBp2 iQ i?2 BMBiBH pQHmK2 Q7 @aBX h?2
`2bmHib `2 p2`;2 pHm2b Qp2` Ry bi`m+im`2b i 2+? pHm2 Q7 xX h?2 biM/`/ /2pBiBQM
7Q` 2+? TQBMi Bb bKHH2` i?M i?2 K`F2` bBx2X
i?2b2 TQbBiBQMb- r2 B/2MiB7v aB iQKb rBi? i?2 ?B;?2bi MmK#2` Q7 aB M2B;?#Q`b i 2+?
GB +QM+2Mi`iBQMX q2 i?2M TB+F QM2 Q7 i?2b2 aB iQKb M/ QM2 Q7 Bib aB M2B;?#Q`b `M@
/QKHv M/ BMb2`i i?2 GB iQK HQM; i?2 2ti2MbBQM Q7 i?2 +?Qb2M aB@aB #QM/ i  /Bb@
iM+2 TT`QtBKi2Hv 2[mH iQ i?2 #QM/- M/ `2Ht i?2 bi`m+im`2 b /2b+`B#2/X i 2+?
x pHm2- r2 +QMbi`m+i2/ Ry /Bz2`2Mi bi`m+im`2b #b2/ QM bi`m+im`2b i i?2 T`2pBQmb x
pHm2- rBi? i?2 TQbBiBQM Q7 2+? GB iQK +?Qb2M `M/QKHv KQM; i?2 pBH#H2 TQbB@
iBQMb /2}M2/ #Qp2X h?2`2 `2 KMv bm+? TQbBiBQMb BM i?2 Tm`2 @aB M2irQ`F- r?B+?
;Bp2b  #`Q/ `M;2 Q7 BMBiBH bi`m+im`2b 7Q` i?2 }`bi HBi?BiBQM bi2TX q2 b?Qr }p2 Q7
i?2 bi`m+im`2b 7`QK Qm` +H+mHiBQMb BM 6B;X kXRUVX h?2 KQmMi Q7 GB rb BM+`2b2/
BM bi2Tb Q7 ∆x = 0.125X q2 ``Bp2/ i i?2 pHm2 Q7 ∆x 7i2` 2tT2`BK2MiBM; iQ /2i2`@
KBM2 i?i i?Bb +?QB+2 /Q2b MQi z2+i i?2 `2bmHiBM; bi`m+im`2X 6Q` bKHH pHm2b Q7 x-
RN
Qm` K2i?Q/ Q7 HBi?BiBQM Bb 2[mBpH2Mi iQ i?2 T`QiQ+QH mb2/ #v *?2p`B2` 2i HXNjX
h?2 7Q`KiBQM 2M2`;v Ef (x) Q7 @GBxaB T2` aB iQK rb +H+mHi2/ #v i?2 2tT`2b@
bBQM
Ef (x) = (ELixSi − ELiNLi − ESiNSi)/NSi UkXRV
r?2`2 ELixSi Bb i?2 2M2`;v Q7 i?2 HBi?Bi2/ @aB bvbi2K- ELi Bb i?2 2M2`;v Q7 QM2 GB
iQK BM "** #mHF GB- ESi Bb i?2 2M2`;v Q7 QM2 aB iQK BM +@aB- M/ NLi M/ NSi `2
i?2 MmK#2` Q7 GB M/ aB iQKb BM i?2 bvbi2K- `2bT2+iBp2HvX NSi = 64 7Q` HH Q7 i?2
bvbi2Kb +QMbB/2`2/ ?2`2X AM 6B;X kXRU#V r2 b?Qr Ef (x) Q7 @GBxaB T2` aB iQK b 
7mM+iBQM Q7 GB +QM+2Mi`iBQM xX h?2`2 Bb  b?HHQr KBMBKmK i x = 3.75X h?2`2 Bb MQ
2pB/2M+2 7Q` Mv bi`m+im`H T?b2 +?M;2 b  7mM+iBQM Q7 x BM i?2 7Q`KiBQM 2M2`;v
M/ i?2 pQHmK2 Q7 i?2 KQ/2HX
aBM+2 HBi?BiBQM Q7 +@aB M/ /2HBi?BiBQM Q7 +@GB15aB4 `2 irQ@T?b2 `2+iBQMb- pHm2b
Q7 i?2 THi2mb BM i?2 pQHi;2 V Q#b2`p2/ BM i?2 2tT2`BK2Mib +M #2 +H+mHi2/ 7`QK
i?2 7Q`KiBQM 2M2`;B2b- Ef (x1), Ef (x2) Q7 i?2 BMBiBH M/ }MH T?b2b M/ i?2 GB +QM@
+2Mi`iBQMb- x1, x2 BM i?2b2 T?b2bRy9 ,
V = −1
e
Ef (x2)− Ef (x1)
x2 − x1 UkXkV
r?2`2 e Bb i?2 +?`;2 Q7 i?2 2H2+i`QMX h?2 `2bmHib M/  +QKT`BbQM iQ 2tT2`BK2Mi M/
2`HB2` +H+mHiBQMbRy9 `2 b?QrM BM h#H2 RX Pm` `2bmHib `2 BM p2`v ;QQ/ ;`22K2Mi
rBi? 2tT2`BK2MiX h?2 BKT`Qp2K2Mi Qp2` T`2pBQmb i?2Q`v +H+mHiBQMb Bb /m2 iQ i?2
7+i i?i r2 mb2 Km+? H`;2` mMBi +2HHb iQ KQ/2H @aB- r?B+? `2/m+2b i?2 i`MbHiBQMH
Q`/2` BKTQb2/ #v T2`BQ/B+ #QmM/`v +QM/BiBQMb M/ ;Bp2b  #2ii2` 2biBKi2 7Q` i?2
7Q`KiBQM 2M2`;v Q7 i?2 KQ`T?Qmb bi`m+im`2bX h?Bb H2p2H Q7 ;`22K2Mi bi`QM;Hv bm;@
;2bib i?i Qm` KQ/2Hb +Tim`2 i?2 2bb2MiBH Mim`2 Q7 i?2 KQ`T?Qmb Tm`2 M/ HBi?B@
ky
+@aB → @GB3.75aB +@GB15aB4 → @GB2aB
Ef (0) Ef (3.75) V Ef (3.75) Ef (2) V
1tT2`BK2MiRy9 yXRk yX9y
1`HB2` i?2Q`vRy9 y −0.766 yXky −1.106 −0.543 yXjk
S`2b2Mi i?2Q`v 0 −0.530 yXR9 −1.106 −0.372 yX9k
h#H2 kXR, 6Q`KiBQM 2M2`;B2b Ef UBM 2oV T2` aB iQK Q7 KQ`T?Qmb T?b2b M/ +H@
+mHi2/ THi2mb BM i?2 pQHi;2 V UBM oQHibV 7Q` T?b2 i`MbBiBQMb /m`BM; HBi?BiBQM M/
/2HBi?BiBQMX
i2/ aB bi`m+im`2bX























































6B;m`2 kXk, UV sY /2MQi2b i?2 MmK#2` Q7 M2`2bi M2B;?#Q`b Q7 ivT2 u 7Q` iQK ivT2 s Us- u
4 aB- GBV- b  7mM+iBQM Q7 GB +QM+2Mi`iBQM xX U#V h?2 MmK#2` Q7 aB M/ GB `BM;b T2` iQKX Ui?2
MmK#2` Q7 aB `BM;b Bb KmHiBTHB2/ #v 9 iQ Tmi QM  b+H2 bBKBH` iQ i?2 MmK#2` Q7 GB `BM;bVX AM 2+?
+b2 i?2 MmK#2` `2T`2b2Mib M p2`;2 Qp2` Ry bKTH2bc i?2 biM/`/ /2pBiBQM 7Q` 2+? TQBMi Bb
bKHH2` i?M i?2 K`F2` bBx2X
q2 M2ti 2tKBM2 i?2 TQbbB#BHBiv Q7 B/2MiB7vBM;  bi`m+im`H i`Mb7Q`KiBQM b 
7mM+iBQM Q7 HBi?BiBQM #v MHvxBM; i?2 b?Q`i@ M/ K2/BmK@`M;2 Q`/2` Q7 i?2 HBi?B@
i2/ bi`m+im`2bX hQ MHvx2 i?2 b?Q`i@`M;2 Q`/2` i /Bz2`2Mi HBi?BiBQM bi;2b r2 +QM@
bB/2`2/ i?2 MmK#2` Q7 GB M/ aB M2B;?#Q`b 7Q` #Qi? GB M/ aB iQKb- b?QrM BM 6B;X
kXkUVX h?2 MmK#2` Q7 M2B;?#Q`b rb /2i2`KBM2/ 7`QK iQiH M/ T`iBH TB` /Bbi`B#m@
kR
iBQM 7mM+iBQMb i?i r2`2 +H+mHi2/ 7Q` HH HBi?BiBQM +QM+2Mi`iBQMb U6B;X aRV- r?B+?
`2 BM ;`22K2Mi rBi? T`2pBQmb `2bmHibNj-N9X hQ +H+mHi2 i?2 MmK#2` Q7 M2`2bi M2B;?@
#Q`b Q7  +2`iBM FBM/- r2 }i  ;mbbBM iQ i?2 M2`2bi M2B;?#Q` T2F Q7 i?2 +Q``2@
bTQM/BM; TB`@/Bbi`B#miBQM 7mM+iBQM M/ BMi2;`i2 BiX qBi? i?Bb T`Q+2/m`2 r2 +M +@
+QmMi 7Q` i?2 7+i i?i i?2 p2`;2 /BbiM+2 Q7 M2B;?#Q`b M/ +mi@Qz `M;2 7Q` +QmMi@
BM;  M2B;?#Q` +M +?M;2 b  7mM+iBQM Q7 HBi?BiBQMX 6Q` 2tKTH2- i?2 p2`;2 GB@GB
UaB@aBV #QM/ /BbiM+2 /2+`2b2/ UBM+`2b2/V rBi? BM+`2bBM; xX h?Bb rb HbQ `2TQ`i2/
#v EBK 2i HXN9 M/ ii`B#mi2/ iQ i?2 7+i i?i GB@GB #QM/b #2+QK2 bi`QM;2` r?BH2 aB@
aB #QM/b #2+QK2 r2F2` rBi? BM+`2bBM; HBi?BiBQM X h?2`2 `2 biBHH bQK2 aB@aB #QM/b
`2KBMBM; 2p2M i x = 4.25- Hi?Qm;? i i?i H2p2H Q7 HBi?BiBQM KQbi aB iQKb `2 QMHv
#QM/2/ iQ GB iQKbX Ai Bb BMi2`2biBM; i?i i?2 iQiH MmK#2` Q7 M2B;?#Q`b 7Q` aB Q` GB
+?M;2b `TB/Hv mMiBH x = 2- M/ i?2M bim`i2bX h?Bb Bb M 2tKTH2 Q7  bi`m+im`H
T`QT2`iv i?i ?b  /Bz2`2Mi #2?pBQ` #27Q`2 M/ 7i2` x ≈ 2X h?Bb }M/BM; Bb bBKBH`
iQ  T`2pBQmb }`bi@T`BM+BTH2b `2bmHi- r?2`2 Bi rb b?QrM i?i i?2 MmK#2` Q7 2z2+iBp2
M2B;?#Q`b Q7 GB BM+`2b2b rBi? +QMbiMi `i2 mMiBH x = 2.2- M/ i?2 `i2 Q7 BM+`2b2 Bb
`2/m+2/ Tbi i?Bb pHm2Ry9X h?Bb }M/BM; rb mb2/ iQ 2tTHBM i?2 pQHi;2 /`QT Q#b2`p2/
b  7mM+iBQM Q7 HBi?BiBQM i x = 2.2Ry9X Pm` `2bmHib b?Qr i?i i?Bb Bb T`Q##Hv `2Hi2/
iQ i?2 7+i i?i HBi?BiBQM Q7 @aB Bb  irQ@bi;2 `2+iBQM- M/ i?2 pQHi;2 /`QTb BM i?2
b2+QM/ bi;2X >Qr2p2`- r2 2KT?bBx2 i?i i?2 #2?pBQ` Q7 i?2 MmK#2` Q7 M2B;?#Q`b
+MMQi #2 mb2/ iQ bm#biMiBi2  irQ@bi;2 `2+iBQMc //BiBQMH `;mK2Mib #b2/ QM
K2/BmK@`M;2 Q`/2` `2 M22/2/ iQ KF2 i?Bb bb2`iBQM- b /Bb+mbb2/ BM KQ`2 /2iBH
M2tiX
 }`bi bi2T iQr`/ /2b+`B#BM; K2/BmK@`M;2 Q`/2` Bb `BM; biiBbiB+bRy8-RyeX Pi?2`
`2+2Mi rQ`Fb HbQ mb2/ `BM; biiBbiB+b BM @GBxaB iQ BMp2biB;i2 i?2 iQKB+@H2p2H K2+?@
MBbKb Q7 HBi?BiBQMN8X AM i?i rQ`F- `BM; biiBbiB+b r2`2 `2TQ`i2/ 7Q` QMHv 9 /Bz2`2Mi
kk
HBi?BiBQM H2p2Hb M/ i?2`2 rb MQ /BbiBM+iBQM K/2 #2ir22M `BM;b 7Q`K2/ #v GB Q` aBX
q2 T`2b2Mi i?2 `BM; biiBbiB+b b2T`i2Hv 7Q` GB M/ aB iQKb r?B+? `2p2Hb BMi2`2biBM;
Tii2`Mb `2;`/BM; K2/BmK@`M;2 Q`/2`- i }M2Hv bKTH2/ x pHm2b BM 6B;X kXkU#VX q2
BKTH2K2Mi2/ i?2 `BM; +QmMiBM; K2i?Q/ rBi? i?2 b?Q`i2bi@Ti? +`Bi2`BQM b /2p2HQT2/
#v 6`Mx#HmRy8X Mv irQ iQKb r2`2 +QMbB/2`2/ iQ #2 #QM/2/ B7 i?2v `2 rBi?BM 2+?
Qi?2`b }`bi M2B;?#Q` T2F BM i?2 +Q``2bTQM/BM; TB`@/Bbi`B#miBQM 7mM+iBQMX i x = 0-
i?2 @aB bi`m+im`2 +QMbBbib Q7 KQbiHv e@7QH/ aB@`BM;b- 7QHHQr2/ #v d@7QH/ aB@`BM;b M/
8@7QH/ aB@`BM;b- BM ;`22K2Mi rBi? T`2pBQmbHv `2TQ`i2/ `2bmHibRy8X aB `BM;b Q7 HH bBx2b
/2+`2b2 BM MmK#2` rBi? BM+`2bBM; HBi?BiBQM- bBM+2 GB iQKb #`2F KQ`2 M/ KQ`2
aB@aB #QM/bX 6Q` x ≥ 0.5- 8@7QH/ aB@`BM;b #2+QK2 /QKBMMiX 6Q` x ≥ 2- i?2 aB `BM;b
?p2 #22M 2HBKBMi2/ BM i?2 HBi?Bi2/ bi`m+im`2X 6Q` GB iQKb- j@7QH/ `BM;b `2 Hrvb
i?2 KQbi T`2pH2MiX i HQr pHm2b Q7 x HH 2tBbiBM; GB `BM;b `2 Q7 bBx2 jX h?2 `iBQ Q7
j@GB@`BM;b /2+`2b2 rBi? BM+`2bBM; HBi?BiBQM- b H`;2` `BM;b 7Q`KX ai`iBM; `QmM/
x ≈ 2- i?2 `iBQ Q7 j@7QH/ GB@`BM;b iQ i?2 iQiH MmK#2` Q7 GB@`BM;b bim`i2b i ∼ 40W
M/ `2KBMb 2bb2MiBHHv +QMbiMi 7Q` 2 ≤ x ≤ 4.25X
h?2 `BM; biiBbiB+b H`2/v `2p2H bi`QM; ?BMib Q7  bi`m+im`H i`Mb7Q`KiBQM mM@
iBH `QmM/ x ≈ 2- rBi? i?2 MmK#2` Q7 aB@`BM;b Q7 Mv bBx2 +QKTH2i2Hv /BbTT2`BM;
M/ i?2 MmK#2` Q7 j@7QH/ GB@`BM;b /QKBMiBM; M/ #2+QKBM; `2HiBp2Hv +QMbiMi Ub
 7`+iBQMV #2vQM/ i?Bb H2p2H Q7 HBi?BiBQMX //BiBQMH- M/ bi`QM;2`- 2pB/2M+2 7Q` i?Bb
Bb Q#iBM2/ 7`QK oQ`QMQB@.2HmMv K2i?Q/b- r?B+? `2 [mBi2 TQr2`7mH BM MHvxBM;
MQM@+`vbiHHBM2 bi`m+im`2bRydĜRRyX AM i?Bb ivT2 Q7 MHvbBb- i?2 mMBi +2HH Bb T`iBiBQM2/
BMiQ i2i`?2/`- r?2`2 TQbBiBQMb Q7 i?2 iQKb +Q``2bTQM/ iQ i?2 p2`iB+2b Q7 i?2b2 i2i`@
?2/`X hQ MHvx2 i?2 HQ+H bi`m+im`2 Q7 @aB-  r2HH@/2}M2/ ;2QK2i`B+ K2bm`2 7Q`
i2i`?2/` 7Q`K2/ #v aB iQKb rb T`QTQb2/RRy- BM r?B+? 7Qm` M2`2bi M2B;?#Q`b Q7 
aB iQK r2`2 +QMbB/2`2/ iQ #2 i?2 p2`iB+2b Q7  i2i`?2/`QMX "v +QKT`BM; ?Qr bBK@
kj
BH` 2+? i2i`?2/`QM Bb iQ  `2;mH` i2i`?2/`QM-  HQ+H b?T2 K2bm`2 rb mb2/ iQ
/Bz2`2MiBi2 #2ir22M /Bz2`2Mi bi`m+im`H T?b2b Q7 aBX q2 rBHH +HH i?Bb b?T2 K2@
bm`2 i?2 ǳ/BKQM/@K2bm`2Ǵ UχDV, i?2 pHm2 Q7 χD Bb KBMBKBx2/ r?2M i?2 b?T2 Q7
i?2 i2i`?2/`QM 7Q`K2/ #v i?2 iQKb TT`Q+?2b i?i Q7  `2;mH` i2i`?2/`QM Ur?B+?
+Q``2bTQM/b iQ χD = 0- b Bb i?2 +b2 7Q` +@aBVXRRyX
















































6B;m`2 kXj, UV oHm2b 7Q` b?T2 K2bm`2b Q7 i2i`?2/`H Q`/2` /m`BM; HBi?BiBQM, GQr2` pHm2b +Q`@
`2bTQM/ iQ ?B;?2` Q`/2` UbKHH2` /2pBiBQM 7`QK B/2H b?T2VX h?2 /b?2/ HBM2 `2T`2b2Mib i?2 +miQz
7Q` ;QQ/ i2i`?2/`B+Biv- b 2tTHBM2/ BM i2tiX h?2 BMb2i b?Qrb  `2;mH` i2i`?2/`QM 7Q`K2/ #v 7Qm`
M2`2bi M2B;?#Q`b Q7  aB iQK UχD = 0VX U#V aQHB/ K`F2`b `2T`2b2Mi i?2 pHm2b Q7 i2i`?2/`B+@
Biv Q7 .2HmMv i2i`?2/` rBi? QM2 Q` irQ aB iQKbX >QHHQr K`F2`b `2T`2b2Mi i?2 7`+iBQM Q7 aB
iQKb i?i `2 BM i H2bi QM2 ;QQ/ .2HmMv i2i`?2/`QM rBi? QMHv QM2 aB U?QHHQr b[m`2bV Q` mT
iQ irQ aB iQKb U?QHHQr +B`+H2bVX h?2 BMb2i b?Qrb  ;QQ/ i2i`?2/`QM rBi? QM2 aB iQK M/ i?`22
GB iQKbX h?2 MmK#2`b THQii2/ `2T`2b2Mi K2/BM pHm2b Qp2` HH i2i`?2/` M/ HH bKTH2b r2
BMp2biB;i2/ i 2+? pHm2 Q7 GB +QM+2Mi`iBQMX
AM 6B;X kXjUV- r2 T`2b2Mi i?2 K2/BM pHm2b Q7 /Bz2`2Mi b?T2 K2bm`2b b  7mM+@
iBQM Q7 HBi?BiBQMX h?2b2 `2 i?2 K2/BM pHm2b Q7 b?T2 K2bm`2b Q7 HH i2i`?2/` BM
i?2 bi`m+im`2b Q7 +Q``2bTQM/BM; tX h?2 H`;2` i?2 b?T2 K2bm`2- i?2 H2bb bBKBH`Biv
i?2 i2i`?2/` ?p2 iQ i?2 +Q``2bTQM/BM; b?T2X i x = 0- χD Bb p2`v bKHH- bBM+2
iQKb BM @aB ?p2 HQ+H 2MpB`QMK2Mib i?i `2 p2`v bBKBH` iQ i?Qb2 Q7 +@aBX h?2 χD
pHm2 Q7 @GBxaB BM+`2b2b rBi? x- b 2tT2+i2/- bBM+2 i?2 HQ+H 2MpB`QMK2Mi Q7 aB iQKb
k9
Bb b2p2`2Hv /Bb`mTi2/ 7`QK i2i`?2/`H bvKK2i`v b GB iQKb #`2F i?2 aB@aB #QM/b
BM i?2 KQ`T?Qmb M2irQ`FX Hi?Qm;? Bi Bb +H2` i?i i?2 bi`m+im`2 HQb2b Bib /BKQM/@
HBF2 i2i`?2/`H bvKK2i`v rBi? BM+`2bBM; x- Bi Bb MQi +H2` 7`QK χD HQM2 r?2i?2` Q`
MQi Mv Qi?2` ivT2 Q7 Q`/2` 2tBbibX hQ //`2bb i?Bb Bbbm2- r2 mb2/ b2p2`H Qi?2` b?T2
K2bm`2b- #v MHQ;v iQ i?2 /BKQM/ K2bm`2 χDX h?2b2 `2 `272``2/ iQ b ǳi2i`@
?2/`B+BivǴ UχTVRydĜRyN M/ ǳQ+i?2/`B+BivǴ UχOVRyd-Ry3X AM i?2b2 +b2b- mMHBF2 χD- i?2
i2i`?2/` `2 7Q`K2/ #v .2HmMv i`BM;mHiBQM M/ i?2v /Q MQi ?p2 M iQK i
i?2 +2Mi2`X χT Bb  K2bm`2 Q7 ?Qr `2;mH` 2+? .2HmMv i2i`?2/`QM BbX AM i?2 +b2
Q7 χO- i?2 i2i`?2/` 7Q`K2/ #v iQKb `2 MQi `2;mH`- #mi +Q``2bTQM/ iQ  [m`i2` Q7













7Q` I = h- P Q` . M/ ei,j `2 i?2 H2M;i?b Q7 i?2 e 2/;2b- ⟨e⟩ Bb i?2 p2`;2 2/;2
H2M;i? Q7 i?2 i2i`?2/`QM M/ Np Bb i?2 MmK#2` Q7 HH TQbbB#H2 2/;2 TB`bX 6Q` A 4
h Q` .- λi,j = 1- r?BH2 7Q` A 4 P- λi,j =
√
2 7Q` i M/ j i?i `272` iQ i?2 HQM;2bi
2/;2 Q7 i?2 i2i`?2/`QMX h?2 ǳT2`72+iǴ i2i`?2/` +Q``2bTQM/BM; iQ 2+? b?T2 K2@
bm`2 Bb b?QrM BM 6B;X kX9X h?2 `2bmHib 7Q` HH i?2b2 K2bm`2b Q7 K2/BmK@`M;2 Q`/2`
`2 b?QrM BM 6B;X kXjUVX h?2 χD Q`/2` pMBb?2b rBi? BM+`2bBM; x- r?BH2 χO M/ χT
Q`/2` bi`ib iQ 2K2`;2- rBi? #Qi? Q7 i?2b2 [mMiBiB2b +[mB`BM; p2`v HQr pHm2b U+Q`@
`2bTQM/BM; iQ p2`v bKHH /Bz2`2M+2b Q7 i?2 i2i`?2/` 7`QK i?2B` B/2H b?T2bVX h?2
i`Mb7Q`KiBQM 7`QK QM2 FBM/ Q7 Q`/2` UHQr χDV iQ  /Bz2`2Mi FBM/ Q7 Q`/2` UHQr χT
M/ χOV ?b #22M +QKTH2i2/ i `QmM/ x ≈ 2- rBi? HKQbi MQ +?M;2 #2vQM/ i?Bb
pHm2, BM i?2 `M;2 2 ≤ x ≤ 4.25- i?2 χT M/ χO b?T2 K2bm`2b `2 HH `Qm;?Hv +QM@
biMiX Hi?Qm;? r2 QMHv b?Qr i?2 K2/BM pHm2b i /Bz2`2Mi x- Bi Bb BKTQ`iMi iQ MQi2
k8
i?i i?2 /Bbi`B#miBQMb Q7 χT M/ χO `2 HbQ p2`v bBKBH` 7Q` 2+? x pHm2 #2ir22M k
M/ 9Xk8X h?Bb Bb MQi?2` BM/B+iBQM Q7 @GBxaB mM/2`;QBM;  bi`m+im`H i`Mb7Q`KiBQM


























6B;m`2 kX9, a+?2KiB+ Q7 i?2 T2`72+i i2i`?2/` 7Q` i?2 2+? b?T2 K2bm`2 U7`QK H27i iQ `B;?iV,
χD-χT M/ χOX h?2b2 /2MQi2 i?2 b?T2 K2bm`2 7Q` /BKQM/@K2bm`2- i2i`?2/`B+Biv- M/ Q+i@
?2/`B+Biv- `2bT2+iBp2HvX h?2 i#H2 BM+Hm/2b i?2 pHm2b Q7 i?2b2 i2i`?2/` 7Q` /Bz2`2Mi b?T2 K2@
bm`2bX GQr2` pHm2b BM/B+i2 ?B;?2` bBKBH`Biv iQ i?2 +Q``2bTQM/BM; T2`72+i b?T2X
hQ 2bi#HBb? r?i rQmH/ #2  ;QQ/ H2p2H Q7 Q`/2`- r2 MHvx2/ i?2 i2i`?2/`B+Biv
Q7 i?2 +`vbiHHBM2 GB15aB4 bi`m+im`2 M/ 7QmM/ i?i i?2 mTT2` HBKBi 7Q` ;QQ/ i2i`?2@
/` BM i?2 ?BbiQ;`K Q7 χT Bb i χT = 0.020 Ub?QrM b  /b?2/ Tm`TH2 HBM2 BM 6B;X
kXjUVVX h?Bb mTT2` HBKBi- 2bi#HBb?2/ bBKBH`Hv #v B/2MiB7vBM; i?2 }`bi KBMBKmK BM
i?2 ?BbiQ;`K Q7 χT- rb 7QmM/ iQ #2 yXyR3 7Q`  i?2`KHHv 2t+Bi2/ 7+2@+2Mi2`2/ +m#B+
+`vbiHRRRX ++Q`/BM;Hv- r2 rBHH mb2 i?2 pHm2 χT = 0.020 iQ /BbiBM;mBb? bi`m+im`2b
Q7 ?B;? Q` HQr H2p2H Q7 Q`/2`X .m`BM; HBi?BiBQM- i?2 K2/BM χT pHm2 TT`Q+?2b i?Bb
HBKBiBM; pHm2X JQ`2 BMbB;?i +M #2 ;BM2/ #v 2tKBMBM; i?2 i2i`?2/`B+Biv Q7 bT2@
+BH +Hbb2b Q7 i2i`?2/`- /2}M2/ #v i?2B` +QKTQbBiBQMX h?Bb Bb b?QrM BM 6B;X kXjU#V-
r?2`2 χT 7Q` i2i`?2/` +QMiBMBM; QMHv QM2 aB iQK M/ j GB iQKb- Q` k aB iQKb
M/ k GB iQKb `2 b?QrM b2T`i2HvX h?Bb MHvbBb `2p2Hb i?i i ?B;?2` HBi?BiBQM
ke
U7Q` x ≥ 2.25V- KQbi i2i`?2/` ?p2 QM2 aB iQK M/ j GB iQKbX aT2+B}+HHv i
x = 3.75- jkW Q7 i?2 i2i`?2/` ?p2 MQ aB iQKb- eRW ?p2 QM2 aB- M/ dW ?p2
k aB iQKbX h?2 χT pHm2 Q7 bBKTH2t2b rBi? QMHv QM2 Q` irQ aB iQKb Bb 2p2M HQr2`
i?M 7Q` i?2 QM2b rBi? MQ aB iQKbX 1bT2+BHHv i2i`?2/` rBi? k aB iQKb ?p2 K2@
/BM χT pHm2b #2HQr i?2 HBKBiBM; pHm2 Q7 yXyky 7Q` x ≥ 3.25- rBi?  ;HQ#H KBMBKmK
i x = 3.75X hQ mM/2`biM/ i?2 BKTHB+iBQMb Q7 i?2b2 `2bmHib- 2bT2+BHHv BM r?i +QM@
+2`Mb i?2 T?b2 i`MbBiBQM 7`QK @GB3.75aB iQ +@GB15aB4 r?B+? Bb Q#b2`p2/ 2tT2`BK2M@
iHHvRRk-RRj- r2 T`2b2Mi BM 6B;X kXjU#V i?2 7`+iBQM Q7 aB iQKb i?i #2HQM; iQ  ;QQ/
i2i`?2/`QM UQM2 rBi? χT ≤ 0.020V b  7mM+iBQM Q7 HBi?BiBQMX AM i?Bb THQi- ?QHHQr
+B`+H2b BM/B+i2 i?2 7`+iBQM aB iQKb BM  ;QQ/ i2i`?2/`QM M/ i?2 ?QHHQr b[m`2b
`2T`2b2Mi i?2 7`+iBQM Q7 aB iQKb BM  ;QQ/ i2i`?2/`QM rBi? MQ Qi?2` aB iQKbX AM
i?2 +@GB15aB4 bi`m+im`2 2p2`v aB iQK #2HQM;b iQ  ;QQ/ i2i`?2/`QM rBi? j GB iQKb
UrBi? #QM/ H2M;i?b kXdk ³ M/ kXe8 ³ 7Q` GB@aB M/ GB@GB TB`b- `2bT2+iBp2HvVRR9X
6Q` i?Bb i2i`?2/`QM- χT < 10−3X h?mb- i?2 7`+iBQM Q7 aB@+QMiBMBM; i2i`?2/` BM@
+Hm/2/ BM 6B;X kXjU#V ;Bp2b M 2biBKi2 Q7 i?2 T2`+2Mi;2 Q7 aB iQKb i?i ?p2  HQ+H
2MpB`QMK2Mi i?i Bb ;2QK2i`B+HHv bBKBH` iQ i?i 7QmM/ BM +@GB15aB4X h?2 7`+iBQM Q7
?QHHQr b[m`2b T2Fb i 8eW BM 6B;X kXjU#V- r?B+? Bb i?2 7`+iBQM Q7 aB iQKb i?i `2
BM  ;QQ/ i2i`?2/`QM rBi? j Qi?2` GB iQKbX h?2 7`+iBQM Q7 ?QHHQr +B`+H2b T2Fb i
eeW- bBM+2 i?Bb pHm2 BM+Hm/2b i2i`?2/` rBi? QM2 Q` irQ aB iQKbX "Qi? T2Fb Q++m`
i x = 3.75- i?2 +QM+2Mi`iBQM i r?B+? i?2 i`MbBiBQM 7`QK @GB3.75 aB iQ +@GB15aB4
Q++m`bX h?Bb b?Qrb i?i BM @GB3.75aB i?2 KDQ`Biv Q7 aB iQKb `2 H`2/v BM  HQ+H
2MpB`QMK2Mi p2`v +HQb2 iQ i?2 QM2 7QmM/ BM i?2 +`vbiHHBM2 T?b2 Q7 i?2 bK2 +QK@
TQbBiBQM- r?B+? rQmH/ KF2 i?2 i`MbBiBQM #2ir22M i?2 KQ`T?Qmb M/ +`vbiHHBM2
bi`m+im`2b FBM2iB+HHv 2bvX h?Bb HbQ ;`22b rBi? i?2 2tT2`BK2MiH Q#b2`piBQM i?i




h?2 `2bmHib /Bb+mbb2/ bQ 7` ;Bp2 p2`v bi`QM; BM/B+iBQMb i?i i?2`2 `2 irQ /BbiBM+i
T?b2b BMpQHp2/ BM i?2 HBi?BiBQM Q7 @aB, QM2 T?b2 #2HQr GB +QMi2Mi x ≈ 2 M/ 
/Bz2`2Mi T?b2 7Q` ?B;?2` GB +QMi2MiX i x = 3.75 i?2 HQ+H Q`/2` BM i?2 KQ`T?Qmb
T?b2 Bb [mBi2 +HQb2 iQ i?2 iQKB+ 2MpB`QMK2Mi 7Q` aB iQKb BM i?2 +`vbiHHBM2 GB15aB4
bi`m+im`2- KFBM; i?2 i`MbBiBQM #2ir22M i?2 irQ FBM2iB+HHv 2bvX h?2 2bb2MiBH /B7@
72`2M+2 #2ir22M i?2 bi`m+im`2b #2HQr M/ #Qp2 x ≈ 2 +M #2 ;H2M2/ #v  +`27mH
HQQF i i?2 bi`m+im`2b Q7 6B;X kXRUV, mT iQ x ≈ 2 i?2`2 Bb  r2HH /2}M2/ M2irQ`F Q7
+QpH2MiHv #QM/2/ aB iQKb- r?2`2b i?Bb M2irQ`F ?b #22M /BbbQHp2/ i ?B;?2` GB
+QM+2Mi`iBQMb- M/ HH i?i `2KBMb `2 /Bb+QMM2+i2/ +Hmbi2`b Q7 aB iQKb rBi? 72r
+QpH2Mi #QM/b KQM; i?2K- 2K#2//2/ BM  /2Mb2- KQ`T?Qmb bi`m+im`2 Q7 GB iQKbX
6BMHHv- Bi Bb rQ`i? 2tTHQ`BM; i?2 BKTHB+iBQMb Q7 i?2b2 }M/BM;b 7Q` i?2 QT2`iBQM
Q7 GB@BQM #ii2`B2b i?i mb2 aB b i?2 MQ/2X 6`QK r?i r2 }M/- Bi +M #2 +QM+Hm/2/
i?i B7 i?2 HBi?BiBQMf/2HBi?BiBQM +v+H2 Bb `2bi`B+i2/ iQ i?2 `M;2 2 ≤ x ≤ 4.25- i?2
aB@GB bi`m+im`2 rBHH Hrvb `2KBM BM i?2 bK2 bi`m+im`H T?b2X aT2+B}+HHv- i?2 ?B;?@
HBi?BiBQM T?b2 rBHH +QMbBbi KQbiHv Q7 bKHH aB +Hmbi2`b- r?Qb2 bBx2 /2+`2b2b mTQM 7m`@
i?2` //BiBQM Q7 GBX 6`QK i?2b2 +QMbB/2`iBQMb Bi TT2`b i?i i?2 QT2`iBQM Q7 i?2




_2T`2b2MiiBQMb BM M2m`H M2irQ`F #b2/
2KTB`B+H TQi2MiBHb M/ 7Q`+2 }2H/b
jXR Pp2`pB2r
h?2 bi`m+im`H M/ K2+?MB+H T`QT2`iB2b Q7 +`vbiHb- ;Hbb2b M/ #BQHQ;B+H K+`Q@
KQH2+mH2b `2 /2i2`KBM2/ #v HQ+H BMi2`+iBQMb #2ir22M iQKbX h?2b2 BMi2`+iBQMb
mHiBKi2Hv /2`Bp2 7`QK i?2 [mMimK Mim`2 Q7 2H2+i`QMb- r?B+? +M #2 T`Q?B#BiBp2Hv
2tT2MbBp2 iQ bBKmHi2X J+?BM2 H2`MBM; ?b i?2 TQi2MiBH iQ `2pQHmiBQMBx2 Ki2`BHb
KQ/2HBM;- /m2 iQ Bib #BHBiv iQ }M/ Tii2`Mb BM H`;2 pQHmK2b Q7 /iX aQ 7`- i?Bb ivT2
Q7 TT`Q+? ?b #22M mb2/ b M TT`QtBKiBQM iQQH iQ bT22/ mT +QKTmiiBQMHHv 2t@
kN
T2MbBp2 +H+mHiBQMbX q2 `;m2 i?i K+?BM2 H2`MBM; KQ/2Hb i`BM2/ QM T?vbB+H bvb@
i2Kb +M #2 mb2/ b KQ`2 i?M Dmbi TT`QtBKiBQMb bBM+2 i?2v ?/ iQ ǳH2`MǴ T?vbB+H
+QM+2Tib BM Q`/2` iQ `2T`Q/m+2 i?2 H#2Hb i?2v r2`2 i`BM2/ QMX q2 mb2 /BK2MbBQMHBiv
`2/m+iBQM i2+?MB[m2b iQ bim/v BM /2iBH i?2 `2T`2b2MiiBQM Q7 bBHB+QM iQKb i /Bz2`2Mi
bi;2b BM  M2m`H M2irQ`F- r?B+? T`QpB/2b BMbB;?i BMiQ ?Qr  M2m`H M2irQ`F H2`Mb iQ
KQ/2H iQKB+ BMi2`+iBQMbX
jXk AMi`Q/m+iBQM
Hi?Qm;? i?2 mHiBKi2 #bBb Q7 iQKB+ BMi2`+iBQMb BM bQHB/b Bb i?2 [mMimK K2+?MB@
+H #2?pBQ` Q7 pH2M+2 2H2+i`QMb- +HbbB+H BMi2`iQKB+ TQi2MiBHb `2 rB/2Hv M/ bm+@
+2bb7mHHv mb2/ iQ /2b+`B#2 KMv T`QT2`iB2b Q7 Ki2`BHbX *QMp2MiBQMH TT`Q+?2b iQ
/2`BpBM; BMi2`iQKB+ TQi2MiBHb `2 #b2/ QM T?vbB+HHv KQiBpi2/ 7mM+iBQMH 7Q`KbX
6Q` 2tKTH2- i?2 2K#2//2/ iQK K2i?Q/ U1JV- +QKKQMHv mb2/ iQ KQ/2H iQKB+
BMi2`+iBQMb BM K2iHb- Bb #b2/ QM i?2 BMimBiBQM i?i i?2 2H2+i`QMb `2bTQMbB#H2 7Q` i?2
BMi2`+iBQMb `2 bT?2`B+HHv /Bbi`B#mi2/ `QmM/ i?2 iQKb- M/ ?2M+2 i?2 +?`;2 /2M@
bBiv Q7  K2iHHB+ bQHB/ Bb H`;2Hv BbQi`QTB+RR8X h?2b2 BKTHB2/ TT`QtBKiBQMb /2i2`@
KBM2 i?2 bm++2bb M/ i?2 HBKBiiBQMb Q7 i?2 1JX MHQ;Qmb +QM+2Tib #b2/ QM T?vb@
B+H BMimBiBQM `2 mb2/ iQ +QMbi`m+i BMi2`iQKB+ TQi2MiBHb 7Q` +QpH2MiHv Q` BQMB+HHv
#QM/2/ bQHB/b M/ KQH2+mH2bX Ai Bb MQi 2bv iQ ;2M2`HBx2 i?Bb TT`Q+? iQ bvbi2Kb Q7
KBt2/ +?`+i2`- Q` bvbi2Kb i?i +QMiBM  H`;2 MmK#2` Q7 /Bz2`2Mi 2H2K2MibX b 
`2bTQMb2 iQ i?Bb +?HH2M;2- b2p2`H JG@#b2/ 2KTB`B+H TQi2MiBHb ?p2 #22M T`QTQb2/
BM i?2 Hbi /2+/2e8-eeX aBM+2 JG H;Q`Bi?Kb mb2 ~2tB#H2 7mM+iBQMH 7Q`Kb- Mv FBM/ Q7
iQKB+ BMi2`+iBQM i?i Bb T`2b2Mi BM i?2 /i +M- BM T`BM+BTH2- #2 ǳH2`M2/Ǵ rBi? bm7@
}+B2Mi i`BMBM;X h?`Qm;? i?2 mb2 Q7 +H2p2` KQH2+mH` /vMKB+b UJ.V b+?2K2bRReĜRRN
M/ +`27mH +QMbi`m+iBQM Q7 i`BMBM; b2ib- JG@#b2/ TQi2MiBHb +M HHQr 7Q` Km+?
jy























































































6B;m`2 jXR, a+?2KiB+ Q7 i?2 LL mb2/ iQ +QMbi`m+i i?2 BMi2`iQKB+ TQi2MiBH- rBi? +QMi`B#miBQMb
7`QK KMv iQKb UirQ iQKb `2 ?B;?HB;?i2/ `2/ M/ ;`22MV- bi`iBM; rBi? iQKB+ +QQ`/BMi2b
r?B+? `2 i`Mb7Q`K2/ iQ bvKK2i`v 7mM+iBQMb Q7 `/BH U`2T`2b2Mi2/ b +B`+H2bV M/ M;mH` U`2T`2@
b2Mi2/ b i`BM;mH` 7mMM2HbV +?`+i2`X
HQM;2` M/ H`;2` bBKmHiBQMb rBi? ++m`+v +QKT`#H2 iQ i?i Q7 }`bi@T`BM+BTH2b
[mMimK K2+?MB+H TT`Q+?2b HBF2 /2MbBiv 7mM+iBQMH i?2Q`v U.6hVX .m2 iQ i?2
+QKTH2tBiv M/ i?2 ~2tB#BHBiv zQ`/2/ #v JG H;Q`Bi?Kb- Bi Bb /B{+mHi iQ 2ti`+i BM@
7Q`KiBQM QM ?Qr i?2v +M KQ/2H +QKTHB+i2/ bvbi2KbX 6Q` i?Bb `2bQM- JG@#b2/
TQi2MiBHb `2 Q7i2M pB2r2/ b ǳ#H+F #Qt2bǴ i?i TT`QtBKi2 i?2 i`;2i pHm2b QM
r?B+? i?2 H;Q`Bi?K rb i`BM2/ M/ MQi b  iQQH i?i +M T`Q/m+2 +QM+2TimH BM@
bB;?ibX
>2`2 r2 T`QTQb2 M TT`Q+? iQ 2ti`+i r?i  LL ?b ǳH2`M2/Ǵ BM Q`/2` iQ T`2@
/B+i iQiH 2M2`;B2b b  7mM+iBQM Q7 i?2 iQKB+ TQbBiBQMb- M/ iQ 2Hm+B/i2 ?Qr i?Bb rb
++QKTHBb?2/X aT2+B}+HHv- r2 +QMbB/2` aB b  KQ/2H bvbi2K M/ 2tTHQ`2 Bib #2?p@
BQ` BM b2p2`H /Bz2`2Mi bQHB/ M/ HB[mB/ T?b2bX q2 #2;BM #v i`BMBM;  LL TQi2MiBH
iQ `2T`Q/m+2 iQiH 2M2`;B2b b  7mM+iBQM Q7 iQKB+ +QM};m`iBQM i?i r2`2 Q`B;BMHHv
jR
Q#iBM2/ i?`Qm;? .6h +H+mHiBQMbX q2 mb2 i?2 LL `+?Bi2+im`2 T`QTQb2/ #v "2?H2`
M/ S``BM2HHQe8- r?B+? ?b #22M 2KTHQv2/ iQ bm++2bb7mHHv +QMbi`m+i 2KTB`B+H TQi2M@
iBHb 7Q` b2KB+QM/m+iQ`bRky-RkR- K2iHbRkk-Rkj- M/ ri2` +Hmbi2`bRk9 Ub22 J2i?Q/b 7Q`
KQ`2 /2iBHbVX h?2 BMTmi iQ i?2 LL `2 bvKK2i`v 7mM+iBQMb Q7 i?2 iQKB+ TQbBiBQMb-
r?B+? /2b+`B#2 2+? iQKǶb HQ+H 2MpB`QMK2Mi U6B;X jXRVX q2 i?2M 2tTHQ`2 i?2 BMi2`MH
+?`+i2`BbiB+b Q7 i?Bb TQi2MiBH #v BMp2biB;iBM; i?2 `2T`2b2MiiBQM Q7 i?2 aB +`vbiH
b Bi Tbb2b i?`Qm;? i?2 LL `+?Bi2+im`2X h?Bb HHQrb mb iQ bim/v M/ pBbmHBx2 i?2
2M2`;v HM/b+T2 Q7 aB BM M mM#Bb2/ rv- bBM+2 r2 /Q MQi BKTQb2 Mv T?vbB+H BMim@
BiBQM BM i?2 +QMbi`m+iBQM Q7 i?2 TQi2MiBHX "v 7Q+mbBM; QM i?2 BMi2`+iBQM Q7 M BM/B@
pB/mH aB iQK rBi? Bib HQ+H 2MpB`QMK2Mi- r2 +M T`2b2Mi i?2 +QKTHB+i2/ KMv@#Q/v
Mim`2 Q7 i?2 BMi2`+iBQM BM  bBKTH2 M/ BMimBiBp2 KMM2`X
jXj J2i?Q/b
Pm` i`BMBM; b2i Bb +QKTQb2/ Q7 e9@iQK aB +2HHb BM 7Qm` /Bz2`2Mi T?b2b, +m#B+@/BKQM/
U*.V- β@iBM- _3 M/ HB[mB/ UGVX .i Bb +QHH2+i2/ #v `mMMBM; J. i i2KT2`im`2b Q7
jyy- eyy M/ Nyy E 7Q` i?2 bQHB/ T?b2b M/ mT iQ k-8yy E 7Q` i?2 G T?b2X //BiBQMH
/i Bb T`2T`2/ #v `M/QK /BbiQ`iBQMb Q7 i?2 +`vbiH bi`m+im`2bX HH i?2 mMBi +2HHb `2
`2Ht2/ i x2`Q T`2bbm`2X h?2 J. bBKmHiBQMb `2 T2`7Q`K2/ rBi?BM i?2 oB2MM #
BMBiBQ bBKmHiBQM T+F;2 UoaSVRk8- mbBM;  T`QD2+iQ`@m;K2Mi2/ rp2 USqV TQ@
i2MiBHRke-RkdX q2 mb2 i?2 ;2M2`HBx2/ ;`/B2Mi TT`QtBKiBQM T`QTQb2/ #v S2`/2r-
"m`F2- M/ 1`Mx2`?Q7 b i?2 2t+?M;2@+Q``2HiBQM 7mM+iBQMHRRX h?2 F@TQBMi K2b? Bb
QTiBKBx2/ 7Q` M 2M2`;v +QMp2`;2M+2 Q7 yX8 K2ofiQK M/  bi`2bb +QMp2`;2M+2 Q7 yXR
F#`X h?2 THM2 rp2 2M2`;v +miQz rb b2i iQ jyy 2oX AM Q`/2` iQ `2/m+2 i?2 +Q``2@
HiBQM #2ir22M /i TQBMib- r2 i?BM i?2 J. /i #v mbBM; QM2 Qmi Q7 2p2`v Ryy +QM@
b2+miBp2 bi`m+im`2b 7`QK i?2 J. bBKmHiBQMb i jyyE- M/ QM2 Qmi Q7 2p2`v ky bi`m+@
jk
im`2b 7`QK ?B;?2` i2KT2`im`2 J. bBKmHiBQMbX 7i2` i?2 i?BMMBM;- kj-yyy e9@iQK
bi`m+im`2b 7`QK KMv i2KT2`im`2b M/ T?b2b M/ i?2B` .6h 2M2`;B2b `2 mb2/ iQ
i`BM M/ pHB/i2 i?2 LLX P7 i?Bb /i- R3-yyy bi`m+im`2b r2`2 `M/QKHv +?Qb2M b
i?2 i`BMBM; b2i M/ i?2 `2bi r2`2 mb2/ b M BM/2T2M/2Mi i2bi b2iX q2 mb2 i?2 bvK@
K2i`v 7mM+iBQM b2i `2TQ`i2/ BM _27XRk3 b Qm` /2b+`BTiQ`b- r?B+? +QMbBbib Q7 3 `/BH
M/ kk M;mH` bvKK2i`v 7mM+iBQMb 7Q` M BMTmi p2+iQ` Q7 bBx2 jy 7Q` 2+? iQKB+ +QM@
i`B#miBQMX q2 `2/m+2 i?2 MmK#2` Q7 bvKK2i`v 7mM+iBQMb iQ k3 bBM+2 k Q7 i?2 M;mH`
7mM+iBQMb `2 HBM2` +QK#BMiBQMb Q7 Qi?2` M;mH` bvKK2i`v 7mM+iBQMbX aBM+2 2+?
bi`m+im`2 ?b e9 iQKb- Qm` /i b2i ?b  iQiH Q7 (23, 000× 64) ∼ 1.5 KBHHBQM HQ+H
M2B;?#Q`?QQ/bX
h?2 iQiH 2M2`;v Q7  bvbi2K Bb ;Bp2M #v i?2 bmK Q7 BM/BpB/mH iQKB+ +QMi`B#m@
iBQMb iQ i?2 iQiH 2M2`;v- 2+? iQKB+ +QMi`B#miBQM #2BM; `2T`2b2Mi2/ #v  LLe8X AM
i?2 +b2 Q7  bvbi2K BM r?B+? HH iQKb `2 i?2 bK2- 2+? LL ?b i?2 bK2 MmK2`@
B+H r2B;?ib M/ #Bb2b- M/ i?2v `2 mT/i2/ BM  +QM+m``2Mi rv b i?2 M2irQ`F Bb
i`BM2/X hQ i`BM i?2 LL- iQiH 2M2`;B2b Q7 aB +2HHb +QMiBMBM;  `2HiBp2Hv H`;2 MmK@
#2` Q7 iQKb- Q#iBM2/ 7`QK J. bBKmHiBQMb mbBM; .6h@/2`Bp2/ 7Q`+2b 7Q` i?2 /v@
MKB+b- `2 mb2/ b H#2HbX h?2 MQM@HBM2` i`Mb7Q`KiBQMb TTHB2/ iQ i?2 bvKK2i`v
7mM+iBQMb #v  i`BM2/ LL +M `2T`Q/m+2 i?2B` 2M2`;B2b HKQbi b ++m`i2Hv b .6h
UrBi?BM j@e K2ofiQKVX h?2 }MH QmiTmi Q7 M BM/BpB/mH aB iQKǶb LL Bb i?2 2M2`;v
+QMi`B#miBQM Ei Q7 i?i aB iQKǶb HQ+H M2B;?#Q`?QQ/- r?B+? Bb  HBM2` +QK#BMiBQM Q7
i?2 MmK#2`b i?i +QK2 Qmi Q7 i?2 Nn MQ/2b BM i?2 Hbi ?B//2M Hv2`X h?mb- i?2b2 Nn
MmK#2`b i?i i?2 Hbi ?B//2M Hv2` QmiTmib +M #2 i?Qm;?i Q7 b i?2 `2T`2b2MiiBQMRkN
Q7  aB iQKǶb HQ+H M2B;?#Q`?QQ/ rBi?BM i?2 LL- 7i2` r?B+?  bBKTH2 HBM2` QT2`@
iBQM ;Bp2b Ei- b BHHmbi`i2/ BM 6B;X jXRX h?2 +H+mHiBQM Q7 bvKK2i`v 7mM+iBQMb M/
i?2 bm#b2[m2Mi TTHB+iBQM Q7 i?2 ?B//2M Hv2`b i`Mb7Q`K i?2 *`i2bBM +QQ`/BMi2b Q7
jj
iQKb bQ i?i i?2 `2bmHiBM; Nn MmK#2`b BM i?2 Hbi ?B//2M Hv2` Bb  +QMp2MB2Mi `2T`2@
b2MiiBQM 7Q` T`2/B+iBM; i?2 2M2`;vX
h?2 LLb `2 i`BM2/ rBi? i?2 hQ`+? d bQ7ir`2 T+F;2Rjy- mbBM;  :SlX AM 2tK@
BMBM; /Bz2`2Mi LL `+?Bi2+im`2b- r2 2tTHQ`2 R iQ j ?B//2M Hv2`b rBi? i?2 MmK#2` Q7
?B//2M MQ/2b Nn `M;BM; 7`QK Ry iQ ey BM 2+? Hv2` M/ TB+F i?2 iQTQHQ;v i?i T2`@
7Q`Kb #2bi QM i?2 i2bi b2iX h?2 HQr2bi i2bi 2``Q` Bb +?B2p2/ mbBM;  LL rBi? k ?B//2M
Hv2`b M/ Nn = 60 MQ/2b BM 2+? Hv2`X h?Bb M2irQ`F +?B2p2b  `QQi K2M b[m`2/
2``Q` U_Ja1V Q7 8XR K2o T2` iQK QM i?2 i`BMBM; b2i- M/ 8Xd K2ofiQK QM i?2 i2bi
b2iX h?Bb Bb +QKT`#H2 iQ i?2 _Ja1 Q7 9@8 K2ofiQK 7Q` i?2 i`BMBM; b2i M/ 8@e
K2ofiQK 7Q` i?2 i2bi b2i 7Q` aB `2TQ`i2/ BM i?2 HBi2`im`2 mbBM; i?2 bK2 M2irQ`F
`+?Bi2+im`2e8X b  bBKTH2 #b2HBM2- i?2 K2M T`2/B+iQ`- r?B+? T`2/B+ib i?2 K2M
pHm2 Q7 i?2 2M2`;v H#2Hb BM i?2 i2bi b2i 7Q` 2p2`v bi`m+im`2- +?B2p2b M _Ja1 Q7 R3k
K2ofiQKX  b2T`i2 LL rb i`BM2/ QMHv QM i?2 G M/ *. T?b2b- BM Q`/2` iQ 7Q@
+mb QM i?2 bi`m+im`H i`MbBiBQM #2ir22M i?2KX qBi? H2bb p`B2iv Q7 M2B;?#Q`?QQ/b BM
i?2 /i b2i- i?2 LL +M 7Q+mb QM i?2b2 irQ T?b2b- rBi? HQr2` _Ja1 QM i?2 i`BMBM;
M/ i2bi b2ibX h?2 LL rBi? i?2 bK2 iQTQHQ;v Q7 k ?B//2M Hv2`b Q7 Nn = 60 +?B2p2b
 _Ja1 Q7 ∼ 2 K2o T2` iQK QM i?2 i`BMBM; b2i M/ ∼ 2.4 K2o T2` iQK QM i?2
i2bi b2iX
jX9 _2bmHib
b  }`bi ii2KTi iQ pBbmHBx2 iQKB+ M2B;?#Q`?QQ/b r2 mb2 S*RjR b  /BK2MbBQM@
HBiv `2/m+iBQM H;Q`Bi?K QM i?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQM M/ i?2 ?B//2M
Hv2` `2T`2b2MiiBQMX AM 6B;X jXkUV- r2 THQi i?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQM
BM i?2 }`bi irQ T`BM+BTH +QKTQM2Mib US*R- S*kVX 1+? TQBMi `2T`2b2Mib  e9@iQK
aB +2HH- +QHQ` +Q/2/ 7Q` i?2 /Bz2`2Mi T?b2bX ai`m+im`2b rBi? *. Q`/2` BM i?2 M2`2bi
j9
6B;m`2 jXk, UV S* Q7 i?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQMX U#V S* Q7 i?2 ?B//2M Hv2` `2T`2@
b2MiiBQMX h?2 +2Mi`H TM2Hb `2 i?2 `2T`2b2MiiBQMb Q7 aB bi`m+im`2b T`QD2+i2/ QMiQ i?2 }`bi irQ
T`BM+BTH +QKTQM2Mib- S*R M/ S*kX h?2 bB/2 TM2Hb `2, _B;?i @  ?BbiQ;`K Q7 bi`m+im`2b b 
7mM+iBQM Q7 i?2B` S*R pHm2 iQ 7+BHBii2 pBbmHBxiBQM Q7 Qp2`HTc hQT @ p2`;2 TQi2MiBH 2M2`;v T2`
iQK UBM 2oV Q7 bi`m+im`2b THQii2/ ;BMbi S*k- +H+mHi2/ mbBM;  }t2/ #BM bBx2 Q7 8y bi`m+im`2bX
M2B;?#Q` b?2HH `2 T`2b2Mi2/ BM i?`22 /Bz2`2Mi +QHQ`b i?i B/2MiB7v i?2 /2;`22 Q7 +`vb@
iHHBM2 Q`/2`, ;`22M B7 i?2 7Qm` M2`2bi M2B;?#Q`b Q7 i?2 aB iQK 7Q`K  /BbiQ`i2/ i2i`@
?2/`QMeN-3R-Rjk- Q`M;2 B7 i?2v ?p2 T2`72+i i2i`?2/`H Q`/2` BM i?2 M2`2bi M2B;?#Q`
b?2HH- M/ `2/ B7 i?2v ?p2 T2`72+i i2i`?2/`H Q`/2` BM i?2 }`bi M/ b2+QM/ M2B;?#Q`
b?2HHbX AM i?2 irQ@/BK2MbBQMH T`QD2+iBQM Q7 i?2 bvKK2i`v 7mM+iBQM bT+2- i?2 /Bz2`2Mi
T?b2b `2 H`2/v b2T`i2/ BM +Hmbi2`b- 6B;X jXkU#VX Hi?Qm;? i?2`2 `2 ?mM/`2/b Q7
`2/ TQBMib QM i?Bb THQi- HH i?2 T2`72+iHv Q`/2`2/ *. bi`m+im`2b `2 +QMiBM2/ rBi?BM
 p2`v M``Qr `2;BQM Q7 US*R-S*kV pHm2bX S*R +M #2 B/2MiB}2/ b i?2 T?b2 BM@
7Q`KiBQM- Hi?Qm;? Bi Bb MQi #H2 iQ /BbiBM;mBb? #2ir22M /Bz2`2Mi H2p2Hb Q7 Q`/2` BM
i?2 *. bi`m+im`2b p2`v r2HHX β@iBM UK;2MiV bi`m+im`2b 7Q`K M BbQHi2/ BbHM/ BM
S*RX AM i?2 irQ /BK2MbBQMH T`QD2+iBQM Q7 i?2 ?B//2M Hv2` `2T`2b2MiiBQM 6B;X jXkU#V-
S*R /BbiBM;mBb?2b #2ir22M /Bz2`2Mi T?b2b rBi? ?B;?2` T`2+BbBQMX h?2 H2p2H Q7 Q`/2`
T`2b2Mi BM *. bi`m+im`2b- #2ir22M `2/- ;`22M M/ #Hm2 Bb r2HH `2T`2b2Mi2/ BM S*RX G
j8
U#Hm2V bi`m+im`2b ?p2 irQ /BbiBM+i `2;BQMb- i?2 ?B;?2` i2KT2`im`2 HB[mB/@HBF2 `2;BQMb
Qp2`HT rBi? i?2 _3 T?b2 BM S*R- r?2`2b i?2 HQr2` i2KT2`im`2 G ?b bQK2 Qp2`HT
rBi? i?2 *. U;`22MV T?b2X h?2 β@iBM T?b2 Bb  e@7QH/ K2iHHB+ bi`m+im`2 r?2`2b _3-
*. M/ i?2 G T?b2b HH `2T`2b2Mi /Bz2`2Mi bi`m+im`2b rBi? p`BQmb /2;`22b Q7 9@7QH/
i2i`?2/`H +QQ`/BMiBQMX h?2 _3 T?b2 +M i`Mb7Q`K iQ i?2 *. T?b2 i x2`Q T`2b@
bm`2 r?2`2b  T`2bbm`2 Q7 ∼ 11.7 :S Bb `2[mB`2/ iQ i`Mb7Q`K i?2 *. T?b2 iQ i?2
β@iBM T?b2RjjX AMi2`2biBM;Hv- i?Bb Bb +Tim`2/ BM i?2 ?B//2M Hv2` `2T`2b2MiiBQM- bBM+2
i?2 /i +QHH2+i2/ i x2`Q T`2bbm`2 T`2b2Mib β@iBM b  b2T`i2 BbHM/ BM S*R- r?2`2b
i?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQM /Q2b MQi T`2b2Mi i?Bb /BbiBM+iBQMX S*k Bb `2Hi2/
iQ i?2 TQi2MiBH 2M2`;v Q7 i?2 bi`m+im`2bX AM 6B;X jXkUV r2 b?Qr i?2 TQi2MiBH 2M2`;v-
r?B+? Bb +Q``2Hi2/ rBi? i?2 S*k pHm2 7Q` /Bz2`2Mi T?b2bX h?2 /2T2M/2M+2 Bb MQi
b bi`QM; 7Q` i?2 β@iBM T?b2- b i?2 2M2`;v Q7 i?2 β@iBM bi`m+im`2b b22Kb iQ ;Q /QrM
M/ i?2M mT b  7mM+iBQM Q7 S*kX AM i?2 ?B//2M Hv2` `2T`2b2MiiBQM i?2 +Q``2HiBQM
Bb bi`QM;2` (6B;X jXkU#V), i?2 2M2`;v Q7 bi`m+im`2b BM 2+? T?b2 Bb  HBM2` 7mM+iBQM Q7
S*kX Ai Bb BMi2`2biBM; i?i i?2 Hbi Hv2` Q7 i?2 LL T`QD2+ib i?2 ?B//2M Hv2` `2T`2b2M@
iiBQM QMiQ S*k iQ +H+mHi2 i?2 2M2`;v Q7  bi`m+im`2X
h?2 S* b?Qr2/ mb i?i- i?`Qm;? MQM@HBM2` i`Mb7Q`KiBQMb- i?2 LL `2T`2b2Mib
i?2 Q`B;BMH /i #v 2KT?bBxBM; i?2 bi`m+im`H T?b2 M/ 2M2`;v BM7Q`KiBQMX LQi
bm`T`BbBM;Hv- i?i i?2 S*R Q7 bvKK2i`v 7mM+iBQMb Bb `2Hi2/ iQ i?2 T?b2 Q7  bi`m+@
im`2- bBM+2 T?b2 Bb i?2 KBM bQm`+2 Q7 p`BM+2 BM i?2 bi`m+im`2 Q7 iQKB+ M2B;?#Q`@
?QQ/bX Ai Bb BMi2`2biBM; i?i i?2 LL KF2b i?i `2HiBQM bi`QM;2`- #v KFBM; i?2 S*R
Q7 i?2 ?B//2M Hv2` /2b+`B#2 T?b2 BM7Q`KiBQM KQ`2 T`2+Bb2HvX aBM+2 bT2+B}+ BM7Q`K@
iBQM QM i?2 p`BQmb T?b2b Q7 i?2 aB bi`m+im`2b r2`2 MQi bmTTHB2/ iQ i?2 LL Q` mb2/
i Mv bi2T Q7 i?2 H2`MBM; T`Q+2bb- b- 7Q` BMbiM+2- BM i?2 /2}MBiBQM Q7 i?2 bvKK2i`v
7mM+iBQMb- Bi Bb [mBi2 BMi2`2biBM; i?i i?2 LL H2`M2/ iQ 2KT?bBx2 i?2b2 F2v 72im`2b
je
BM/2T2M/2MiHv BM Q`/2` iQ `2T`2b2Mi +Q``2+iHv i?2 2M2`;v HM/b+T2X Pp2`HH- 6B;X jXk
b?Qrb i?i i?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQM Bb  ;QQ/ `2T`2b2MiiBQM 7Q` 2tT`2bb@
BM; i?2 TQi2MiBH 2M2`;v- rBi? S*R M/ S*k #2BM; i?2 T?vbB+HHv `2H2pMi [mMiBiB2bX
h?2 LL /Q2b MQi +?M;2 i?2 +?`+i2` Q7 i?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQM- #mi
KF2b i?2 `2HiBQMb bi`QM;2` M/ KQ`2 T`2+Bb2- r?B+? T`Q/m+2b i?2 HKQbi # BMBiBQ
H2p2H T`2/B+iBQM Q7 i?2 iQiH 2M2`;v Q7 2+? bi`m+im`2X
hQ ;BM  KQ`2 /2iBH2/ mM/2`biM/BM; Q7 i?2 `2T`2b2MiiBQMb- 2bT2+BHHv i?2 MQM@
HBM2` M/ HQ+H T`QT2`iB2b Q7 i?2 /i- r2 mb2 i?2 MQM@HBM2` /BK2MbBQMHBiv i2+?MB[m2
i@aL1 Ui@.Bbi`B#mi2/ aiQ+?biB+ L2B;?#Q` 1K#2//BM;VRj9X lMHBF2 S*- i@aL1 7Q@
+mb2b QM i?2 HQ+H iQTQHQ;v Q7 TQBMib BM ?B;? /BK2MbBQMH bT+2 iQ T`QD2+i /i QMiQ
 HQr2` /BK2MbBQMH bT+2- ivTB+HHv Q7 bBx2 k Q` j- r?B+? +Tim`2b ?Qr i?2 BM/BpB/mH
iQK M2B;?#Q`?QQ/b `2 `2T`2b2Mi2/ rBi?BM i?2 LL- BM `2HiBQM iQ bBKBH` M2B;?#Q`@
?QQ/b `QmM/ BiX
AM Q`/2` iQ BMp2biB;i2  bBM;H2 aB iQKǶb BMi2`+iBQM rBi? Bib M2B;?#Q`b- r2 bim/v
i?2 `2T`2b2MiiBQM Q7 HQ+H M2B;?#Q`?QQ/b b r2 bi2T i?`Qm;? i?2 LL- #2;BMMBM; rBi?
 *`i2bBM /2b+`BTiBQM M/ 2M/BM; BM i?2 }MH ?B//2M Hv2`X "27Q`2 i?2 TTHB+iBQM Q7
bvKK2i`v 7mM+iBQMb M/ i?2 LL- i?2 iQKb `2 `2T`2b2Mi2/ BM *`i2bBM +QQ`/BMi2bX
M iQKǶb M2B;?#Q`?QQ/ Bb `2T`2b2Mi2/ #v 3 × Na MmK#2`b- i?2 +QQ`/BMi2b Q7 Na
M2B;?#Q`b `2HiBp2 iQ i?2 +2Mi`H iQK i i?2 Q`B;BMX h?2 bvKK2i`v 7mM+iBQMb `2 +H@
+mHi2/ rBi?  +miQz Q7 e ³- r?B+? QM p2`;2 BM+Hm/2b 9j M2B;?#Q`bX q2 TTHv i@aL1
iQ HQ+H M2B;?#Q`?QQ/b BM i?2 *`i2bBM bT+2- r?B+? Bb U3 × 43) = RkN@/BK2MbBQMHX
q2 bQ`i i?2 +QQ`/BMi2b Q7 M2B;?#Q`b BM Q`/2` Q7 i?2B` /BbiM+2- i?i Bb- i?2 nth b2i
Q7 i?`22 MmK#2`b /2MQi2 i?2 TQbBiBQM Q7 i?2 nth M2`2bi M2B;?#Q`X h?Bb `2T`2b2Mi@
iBQM Bb BMp`BMi iQ i`MbHiBQMb M/ T2`KmiiBQMb Q7 iQKb- #mi MQi iQ `QiiBQMbX q2
TTHv i@aL1 iQ 8y-yyy `M/QKHv +?Qb2M HQ+H M2B;?#Q`?QQ/b BM i?2 *`i2bBM `2T`2@
jd
6B;m`2 jXj, _2T`2b2MiiBQMb Q7 i?2 aB HQ+H M2B;?#Q`?QQ/b #v i@aL1, UV- U#V- U+V `2 KTb Q7 i?2
*`i2bBM- bvKK2i`v 7mM+iBQM- M/ ?B//2M Hv2` `2T`2b2MiiBQMb- `2bT2+iBp2HvX 1+? KT ?b 8y-yyy
M2B;?#Q`?QQ/bX h?2 +QHQ` Q7 2+? T?b2 Bb i?2 bK2 b BM 6B;X jXkX U/V, LL ?B//2M Hv2` +QHQ`2/
++Q`/BM; iQ i?2 2M2`;v +QMi`B#miBQM Q7 M2B;?#Q`?QQ/bX U2V- U7V, >B//2M Hv2` `2T`2b2MiiBQM Q7 i?2
LL i`BM2/ QMHv QM i?2 *. M/ G T?b2bX
b2MiiBQM- r?B+? r2 b?Qr BM 6B;X jXjUVX h?2`2 Bb  +H2` b2T`iBQM #2ir22M i?2 β@iBM
T?b2 M/ i?2 Qi?2` T?b2bX h?2 _3 M/ G T?b2b `2 +QKTH2i2Hv KBt2/- M/ i?2 *.
T?b2 Bb b+ii2`2/ B``2;mH`HvX
h?2 M2ti bi2T Q7 i?2 LL TBT2HBM2 Bb i?2 +H+mHiBQM Q7 i?2 bvKK2i`v 7mM+iBQMbX q2
mb2 i@aL1 iQ KT i?2 k3@/BK2MbBQMH bvKK2i`v 7mM+iBQM bT+2 iQ k /BK2MbBQMb- b
b?QrM BM 6B;X jXjU#VX h?2 bvKK2i`v 7mM+iBQM `2T`2b2MiiBQM Bb BMp`BMi iQ `QiiBQMb-
BM //BiBQM iQ i?2 bvKK2i`v BMp`BM+2b Q7 i?2 *`i2bBM `2T`2b2MiiBQMX aBM+2 `@
/BH UM;mH`V bvKK2i`v 7mM+iBQMb `2 +H+mHi2/ 7`QK irQ@#Q/v Ui?`22@#Q/vV ivT2
BMi2`+iBQMb- i?2v `2 KQ`2 +QMp2MB2Mi 7Q` /2b+`B#BM; i?2 +QMi`B#miBQMb Q7 iQKB+ BM@
j3
i2`+iBQMb iQ i?2 2M2`;vX h?Bb Bb TT`2Mi BM 6B;X jXjU#V- r?2`2 M2B;?#Q`?QQ/b BM i?2
bK2 T?b2 `2 +Hmbi2`2/ iQ;2i?2`X *. T?b2b i /Bz2`2Mi i2i`?2/`H H2p2Hb Q7 Q`/2`
`2 KBt2/ iQ;2i?2`X aQK2 Q7 i?2 HQ+H M2B;?#Q`?QQ/b 7`QK i?2 _3 T?b2 `2 KBt2/
rBi? bQK2 Q7 i?2 G M2B;?#Q`?QQ/bX h?2 +Hmbi2`BM; Q7 bBKBH` M2B;?#Q`?QQ/b Bb i?2
`2bQM i?i KMv 2tBbiBM; JG H;Q`Bi?Kb- 2p2M HBM2` KQ/2Hb UBM i?2 +b2 Q7 K2iHHB+
iQKbVed- ?p2 bm++2bb7mHHv KQ/2H2/ i?2 2M2`;v HM/b+T2 Q7 iQKBbiB+ bvbi2Kb mbBM;
bvKK2i`v 7mM+iBQMbX AM +QMi`bi- Bi rQmH/ #2 Km+? ?`/2` iQ T2`7Q`K JG i2+?MB[m2b
QM i?2 *`i2bBM `2T`2b2MiiBQM /B`2+iHvX
L2ti- r2 TTHv i@aL1 iQ i?2 ?B//2M Hv2` `2T`2b2MiiBQM (6B;X jXjU+V)X h?2 β@iBM
T?b2 Bb +QKTH2i2Hv b2T`i2/- b Bi rb BM i?2 }`bi irQ /BK2MbBQMb Q7 i?2 S*X G
M2B;?#Q`?QQ/b `2 +QMM2+i2/ iQ #Qi? _3 M/ *.X L2B;?#Q`?QQ/b BM i?2 *. T?b2
7`i?2` 7`QK i?2 G T?b2 ?p2 #2ii2` i2i`?2/`H Q`/2`- BM  +QMM2+iBM;- M2+F@HBF2
bi`m+im`2 +QHQ`@+Q/2/ 7`QK ;`22M iQ Q`M;2 iQ `2/ iQ BM/B+i2 BM+`2bBM; Q`/2`X h?Bb
b2i Q7 bi`m+im`2b `2T`2b2Mi i?2 `2;BQM Q7 T?b2 i`MbBiBQM 7`QK i?2 G iQ i?2 T2`72+i *.
Q`/2`X
jX8 .Bb+mbbBQM
AM i?2 `2KBMBM; /Bb+mbbBQM r2 Qz2` `;mK2Mib Q7 ?Qr i?Bb MHvbBb +M +imHHv H2/
iQ BMi2`2biBM; T?vbB+H BMbB;?i QM TQbbB#H2 T?b2 i`Mb7Q`KiBQMb BM aBX b  }`bi bi2T
BM i?Bb /B`2+iBQM- BM 6B;X jXjU/V- r2 T`2b2Mi i?2 bK2 KT rBi? 2+? TQBMi +QHQ`2/ MQi
#v Bib T?b2 H#2H- #mi ++Q`/BM; iQ i?2 2M2`;v +QMi`B#miBQM Q7 i?i HQ+H M2B;?#Q`@
?QQ/X h?Bb 2M2`;v Bb MQi /2}M2/ rBi?BM .6h- #mi Bi Bb /2}M2/ b i?2 QmiTmi Q7 2+?
iQKǶb BM/BpB/mH LLX h?Bb THQi b?Qrb ?Qr i?2 M2B;?#Q`?QQ/b rBi?BM  T?b2 `2 /Bb@
i`B#mi2/, i?2 ?B;?2` 2M2`;v M2B;?#Q`?QQ/b Q7 i?2 _3 T?b2 `2 +HQb2` iQ i?2 G `2;BQMc
i?2 _3 M/ *. T?b2b `2 #Qi? +QMM2+i2/ iQ i?2 G T?b2- #mi i?2 2M2`;v Bb HQr2` 7Q`
jN
M2B;?#Q`?QQ/b i?i `2 7`i?2` 7`QK i?2 G `2;BQMc }MHHv- i?2 β@iBM M2B;?#Q`?QQ/b
?p2 ;2M2`HHv ?B;?2` 2M2`;B2b- rBi? i?Qb2 QM i?2 `B;?i bB/2 i  ?B;?2` TQi2MiBH 2M@
2`;v +QKT`2/ iQ i?Qb2 QM i?2 H27i bB/2 Q7 i?2 +Q``2bTQM/BM; T?b2 `2;BQMX
hQ b22 i?2 bi`m+im`H i`MbBiBQM 7`QK i?2 G T?b2 iQ i?2 *. +`vbiH BM KQ`2 /2@
iBH- r2 i`BM  b2T`i2 LL QM Dmbi i?2b2 irQ T?b2bX q2 TTHv i@aL1 QM i?2 `2T@
`2b2MiiBQM Q7 i?Bb LL (6B;X jXjU7V) r?B+? HHQrb mb iQ b22 i?2 bi`m+im`2 Q7 i?2 ?B//2M
Hv2` `2T`2b2MiiBQM QM i?2b2 irQ T?b2b BM KQ`2 /2iBHX h?2`2 Bb  Ti? 7`QK HB[mB/@
HBF2 aB M2B;?#Q`?QQ/ iQ *. +`vbiH i?`Qm;?  bKQQi? i`MbBiBQM Q7 BM+`2bBM; Q`/2`X
h?Bb i`MbBiBQM Bb HbQ TT`2Mi BM 6B;X jXjU2VX h?2 ?B;?2` 2M2`;v G M2B;?#Q`?QQ/b
bKQQi?Hv i`Mb7Q`K BMiQ i?2 HQr2bi 2M2`;v *. M2B;?#Q`?QQ/bX hQ Qz2`  pBbmHBxiBQM
Q7 i?Bb ;2M2`H b?T2 BM i?2 Q`B;BMH ey@/BK2MbBQMH `2T`2b2MiiBQM bT+2- r2 +QmH/
/2b+`B#2 Bi b  ǳbT?2`2Ǵ Q7 M2B;?#Q`?QQ/b rBi? MQ i2i`?2/`H Q`/2` +QMM2+i2/ #v
 HQM; ǳM2+FǴ i?i 2ti2M/b 7`QK i?2 ǳbT?2`2Ǵ HH i?2 rv iQ i?2 T2`72+i +`vbiHX AM@
+Hm/BM; i?2 TQi2MiBH 2M2`;v b M //BiBQMH /BK2MbBQM- KQ`T?b i?Bb `2T`2b2MiiBQM
BMiQ  HM/b+T2 rBi?  bBM;H2 7mMM2H 2ti2M/BM; iQ i?2 ;HQ#H KBMBKmKX Ai Bb r2HH
FMQrM i?i aB +`vbiHBx2b iQ i?2 *. T?b2 2bBHv /m`BM; i?2 +QQHBM;Rj8X h?Bb +M #2
2tTHBM2/ #v aB ?pBM;  /22T ;HQ#H KBMBKmK i i?2 #QiiQK Q7  bBM;H2 7mMM2H i?i Bb
2bBHv `2+?2/Rje-RjdX
 b2+QM/ BMbB;?i ;BM2/ #v bim/vBM; i?2b2 KTb `2Hi2b iQ i?2 i`Mb7Q`KiBQM #2@
ir22M +`vbiHHBM2 T?b2b Q7 aBX 6Q` 2tKTH2- i?2 7+i i?i ?B;? 2ti2`MH T`2bbm`2 Bb `2@
[mB`2/ 7Q` i?2 i`MbBiBQM 7`QK i?2 *. +`vbiHHBM2 T?b2 iQ i?2 β@iBM +`vbiHHBM2 T?b2
Bb 2tTHBM2/ #v i?2 72im`2 Q7 i?2 M2B;?#Q`?QQ/ KT i?i i?2 HQ+H M2B;?#Q`?QQ/b
+Q``2bTQM/BM; iQ i?2 β@iBM bi`m+im`2 HB2 QM  b2T`i2 KMB7QH/ i?M i?Qb2 Q7 i?2 G
M/ *. T?b2bX  bB;MB}+Mi 2M2`;v #``B2` Ui?`Qm;? i?2 TTHB2/ T`2bbm`2V Kmbi #2
Qp2`+QK2 iQ Tbb 7`QK QM2 T?b2 iQ i?2 Qi?2`- b ?b #22M 2bi#HBb?2/ #Qi? 2tT2`B@
9y
K2MiHHvRj3-RjN M/ i?2Q`2iB+HHvR9yX
JG H;Q`Bi?Kb `2 ;BMBM; TQTmH`Biv BM bQHB/ bii2 T?vbB+b M/ +?2KBbi`vdy-dR-Rky-R9RĜR99X
.m2 iQ BM+`2bBM; +QKTmiiBQMH `2bQm`+2b- i?2 rB/2` pBH#BHBiv Q7 b+B2MiB}+ /i M/
/pM+2/ JG H;Q`Bi?Kb- /i b+B2M+2 TT`Q+?2b +M T`Qp2 p2`v 2z2+iBp2 7Q` bim/v@
BM; +QKTH2t iQKBbiB+ T`Q#H2KbX AMbi2/ Q7 K2`2Hv mbBM; JG b  ǳ#H+F #QtǴ TT`Qt@
BKiBQM iQQH- r2 ?p2 T`QpB/2/ 2tKTH2b Q7 ?Qr Bi +M #2 mb2/ iQ ǳH2`MǴ b+B2MiB}+
+QM+2Tib 7`QK +QKTmiiBQMH M/ 2tT2`BK2MiH /iX AM  /Bz2`2Mi +QMi2ti- r2 mb2/
JG `2T`2b2MiiBQMb +QK#BM2/ rBi? i?2Q`2iB+H KQ/2Hb iQ ;BM BMbB;?ib #Qmi i?2 `2H@
iBQMb?BT #2ir22M bi`m+im`H M/ /vMKB+H T`QT2`iB2b Q7 iQKBbiB+ bvbi2KbdyĜdkX q2
?p2 HbQ b?QrM i?i i?2 TTHB+iBQM Q7 i?2 JG H;Q`Bi?K +M #2 BMi2`T`2i2/ b  b2i
Q7 T?vbB+HHv K2MBM;7mH i`Mb7Q`KiBQMb QM /iX q2 2tT2+i i?i i?2b2 MQiBQMb +M
#2 2ti2M/2/ iQ //`2bb Bbbm2b `2Hi2/ iQ KQ`2 +QKTH2t K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H bi`m+im`2 iQ B/2MiB7v ~Qr /272+ib Ĝ Q` `2@
;BQMb bmb+2TiB#H2 iQ `2``M;2K2Mi Ĝ BM DKK2/ M/ ;Hbbv bvbi2KbX q2 TTHv i?Bb
K2i?Q/ bm++2bb7mHHv iQ irQ /BbT`i2 bvbi2Kb,  irQ /BK2MbBQMH 2tT2`BK2MiH `2H@
BxiBQM Q7  ;`MmH` TBHH` mM/2` +QKT`2bbBQM- M/  G2MM`/@CQM2b ;Hbb BM #Qi? irQ
9k
M/ i?`22 /BK2MbBQMb #Qp2 M/ #2HQr Bib ;Hbb i`MbBiBQM i2KT2`im`2X q2 HbQ B/2M@
iB7v +?`+i2`BbiB+b Q7 ~Qr /272+ib i?i /Bz2`2MiBi2 i?2K 7`QK i?2 `2bi Q7 i?2 bKTH2X
Pm` `2bmHib b?Qr Bi Bb TQbbB#H2 iQ /Bb+2`M bm#iH2 bi`m+im`H 72im`2b `2bTQMbB#H2 7Q` ?2i@
2`Q;2M2Qmb /vMKB+b Q#b2`p2/ +`Qbb  #`Q/ `M;2 Q7 /BbQ`/2`2/ Ki2`BHbX
9Xk AMi`Q/m+iBQM
HH bQHB/b ~Qr i ?B;? 2MQm;? TTHB2/ bi`2bb M/ K2Hi i ?B;? 2MQm;? i2KT2`im`2X
*`vbiHHBM2 bQHB/b ~QrR98 M/ T`2K2HiR9e pB HQ+HBx2/ T`iB+H2 `2``M;2K2Mib i?i
Q++m` T`272`2MiBHHv i bi`m+im`H /272+ib FMQrM b /BbHQ+iBQMbX h?2 TQTmHiBQM Q7
/BbHQ+iBQMb i?2`27Q`2 +QMi`QHb #Qi? ?Qr +`vbiHHBM2 bQHB/b ~Qr M/ ?Qr i?2v K2HiX
AM /BbQ`/2`2/ bQHB/b- Bi ?b HQM; #22M ?vTQi?2bBx2/ i?i HQ+HBx2/ T`iB+H2 `2``M;2@
K2MibR9d BM/m+2/ #v bi`2bb Q` i2KT2`im`2 HbQ Q++m` i HQ+HBx2/ ~Qr /272+ibR93ĜR8yX
GBF2 /BbHQ+iBQMb BM +`vbiHbR8R- ~Qr /272+ib BM /BbQ`/2`2/ bQHB/b `2 T`iB+mH`Hv 2z2+@
iBp2 BM b+ii2`BM; bQmM/ rp2b- bQ MHvb2b Q7 i?2 HQr@7`2[m2M+v pB#`iBQMH KQ/2bR8k
?p2 #22M mb2/ bm++2bb7mHHv iQ /2KQMbi`i2 i?2 2tBbi2M+2 Q7 HQ+HBx2/ ~Qr /272+ib
9j-R8R-R8jĜReyX >Qr2p2`- HH ii2KTib iQ B/2MiB7v ~Qr /272+ibReR-Rek /B`2+iHv 7`QK i?2
bi`m+im`2- rBi?Qmi mbBM; FMQrH2/;2 Q7 i?2 BMi2`@T`iB+H2 BMi2`+iBQMb- ?p2 7BH2/ReR-RekX
GBF2rBb2- BM bmT2`+QQH2/ HB[mB/b- Tm`2Hv bi`m+im`H K2bm`2b +Q``2Hi2 QMHv r2FHv
rBi? FBM2iB+ ?2i2`Q;2M2BiB2bRey- Hi?Qm;? +Q``2HiBQMb #2ir22M bi`m+im`2 M/ /vMK@
B+b ?p2 #22M 2bi#HBb?2/ BM/B`2+iHvRejĜRedX
>2`2 r2 BMi`Q/m+2  MQp2H TTHB+iBQM Q7 K+?BM2 H2`MBM; UJGV K2i?Q/b iQ B/2M@
iB7v ǳbQ7iǴ T`iB+H2b i?i `2 bmb+2TiB#H2 iQ `2``M;2K2Mi Q`- 2[mBpH2MiHv- i?i #2@
HQM; iQ ~Qr /272+ib- 7`QK i?2 HQ+H bi`m+im`H ;2QK2i`v HQM2X q2 TTHv i?2 K2i?Q/
iQ irQ p2`v /Bz2`2Mi bvbi2KbĜM 2tT2`BK2MiH 7`B+iBQMH ;`MmH` T+FBM; mM/2` mMB@
tBH +QKT`2bbBQM M/  KQ/2H i?2`KH G2MM`/@CQM2b ;Hbb BM #Qi? irQ M/ i?`22
9j
/BK2MbBQMbX h?2 MHvbBb Q7 ;`MmH` T+FBM; b?Qrb i?i Qm` K2i?Q/ bm++22/b 2p2M
r?2M T`2pBQmb K2i?Q/b #b2/ QM pB#`iBQMH KQ/2b9j `2 BMTTHB+#H2X h?2 `2bmHib 7Q`
G2MM`/@CQM2b bvbi2Kb b?Qr i?i i?2 +Q``2HiBQM #2ir22M bi`m+im`2 M/ B``2p2`bB#H2
`2``M;2K2Mib /Q2b MQi /2;`/2 rBi? BM+`2bBM; i2KT2`im`2- 2p2M #Qp2 i?2 /v@
MKB+H ;Hbb i`MbBiBQM- M/ Bb 2[mHHv bi`QM; BM irQ M/ i?`22 /BK2MbBQMbX 6BMHHv-
r2 2tTHQBi i?2 K2i?Q/ iQ /Bb+Qp2` r?B+? bi`m+im`H T`QT2`iB2b /BbiBM;mBb? bQ7i T`iB@
+H2b 7`QK i?2 `2bi Q7 i?2 bvbi2K- M/ iQ mM/2`biM/ r?v T`2pBQmb ii2KTib iQ B/2MiB7v
i?2K #v bi`m+im`H MHvbBb ?p2 7BH2/X
9Xj J2i?Q/b
S?vbB+HHv@KQiBpi2/ [mMiBiB2b bm+? b 7`22 pQHmK2 Q` #QM/ Q`B2MiiBQMH Q`/2` +Q`@
`2Hi2 rBi? ~Qr /272+ib9j- #mi `2 BMbm{+B2Mi iQ B/2MiB7v i?2K  T`BQ`BX q2 BMi`Q/m+2
 H`;2 b2i Q7 [mMiBiB2b i?i `2 2+? H2bb /2b+`BTiBp2- #mi r?2M mb2/ b  ;`QmT T`Q@
pB/2  KQ`2 +QKTH2i2 M/ mM#Bb2/ /2b+`BTiBQM Q7 HQ+H bi`m+im`2X h?2b2 [mMiBiB2b
?p2 #22M mb2/ iQ `2T`2b2Mi i?2 TQi2MiBH 2M2`;v HM/b+T2 Q7 +QKTH2t Ki2`BHb 7`QK
[mMimK K2+?MB+H +H+mHiBQMbe8X 6Q`  bvbi2K +QKTQb2/ Q7 KmHiBTH2 bT2+B2b Q7



















(1 + λ cos θijk)
ζ U9XkV
r?2`2 Rij Bb i?2 /BbiM+2 #2ir22M T`iB+H2b i M/ jc θijk Bb i?2 M;H2 #2ir22M T`iB+H2b
i- j M/ kc L- µ- ξ- λ- M/ ζ `2 +QMbiMibc X-Y -Z `2 H#2Hb i?i B/2MiB7v i?2 /Bz2`2Mi
bT2+B2b Q7 T`iB+H2b BM i?2 bvbi2K- rBi? i?2 +Q``2bTQM/2M+2 i ↔ X- j ↔ Y - k ↔ ZX "v
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KBHv Q7 bi`m+im`2 7mM+iBQMb G +?`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`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M/
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F2 µ #2ir22M 0.3σAA M/ 5.0σAA BM BM+`2K2Mib Q7
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/B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 iQiH Q7 ee M;mH` bi`m+im`2 7mM+iBQMb T2` T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iBQM ++m`+v Bb
MQi p2`v b2MbBiBp2 iQ i?2 MmK#2` Q7 bi`m+im`2 7mM+iBQMb- b HQM; b 2MQm;? bi`m+im`2
7mM+iBQMb `2 BM+Hm/2/ iQ /2b+`B#2 i?2 HQ+H M2B;?#Q`?QQ/ Q7 T`iB+H2bX
>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`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iBQM i?2 HQ+iBQM Q7 ~Qr /272+ib BM /BbQ`/2`2/
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 b2i Q7 N T`iB+H2b iQ #2 +HbbB}2/ b ǳbQ7iǴ Q`
ǳ?`/XǴ 1+? T`iB+H2 Bb /2b+`B#2/ #v  b2i Q7 M p`B#H2b /2`Bp2/ 7`QK i?2 irQ 7KB@
HB2b Q7 7mM+iBQMb GXY M/ ΨXY Z #v p`vBM; i?2 +QMbiMib µ- ξ- λ- M/ ζ U?2`2 M = 160Vc
i?Bb Bb `2T`2b2Mi2/ #v i?2 b2i Q7 p2+iQ`b {F1, · · · ,FN}- r?2`2 Fi +QMbiBimi2b M 2K@
#2//BM; Q7 i?2 HQ+H 2MpB`QMK2Mi Q7  T`iB+H2 i- +QMbi`m+i2/ i  iBK2 ti- BM RM X q2
b2H2+i i `M/QK  bm#b2i Q7 n Q7 i?2b2 T`iB+H2b Ui?2 ǳi`BMBM; b2iǴV M/ +i2;Q`Bx2
i?2K  TQbi2`BQ`B b #2BM; bQ7i B7 i?2v `2``M;2 Ui?2 /2iBHb Q7 r?B+? rBHH #2 /Bb@
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ξ"(σAA) ζ λ
1 14.633 1 .1
2 14.633 1 1
3 14.638 2 .1
4 14.638 2 1
5 2.554 1 .1
6 2.554 1 1
7 2.554 2 .1
8 2.554 2 1
9 1.648 1 1
10 1.648 2 1
11 1.204 1 1
12 1.204 2 1
13 1.204 4 1
14 1.204 16 1
15 0.933 1 1
16 0.933 2 1
17 0.933 4 1
18 0.933 16 1
19 0.695 1 1
20 0.695 2 1
21 0.695 4 1
22 0.695 16 1
Structure"function"parameters"for"ΨYZ
Table S1: Angular structure function parameters.
which is one if a particle i at time t is soft according to the QLM method and zero otherwise. We can
then consider the time-correlation functions CSS( t) = hS˜i(t)S˜i(t +  t)i, CSQ( t) = hS˜i(t)Q˜i(t +  t)i,
CQQ( t) = hQ˜i(t)Q˜i(t +  t)i, as well as the self-intermediate scattering functions Fs(q,  t). Here S˜i(t) =
(Si(t)   hSii)/
phS2i i   hSii2 and Q˜i(t) = (Qi(t)   hQii)/phQ2i i   hQii2 are constructed from Si(t) and
Qi(t) respectively to have zero mean and unit variance. We show a plot of these time correlation functions
in Fig. S3 and show that both the SVM and QVM soft particles remain correlated with themselves and one
another up until the timescale for structural relaxation in the system (as evidenced by the corresponding
decay of Fs(q, t).) We therefore conclude that both populations of soft particles typically pick out the same
structures.
We notice, however, that the absolute value of the cross-correlation function is quite low, where even at
the lowest temperature CSQ(2⌧) ' 0.17. We attribute this low value of the cross correlation to two primary
e↵ects: the first is the fact that the SVM method identifies a higher overall density of soft particles than
the QLM method with ⇢SS = 0.26 vs ⇢QQ = 0.18 which implies an upper bound on the cross correlation
of CSQ < 0.79. The second e↵ect is the presence of quadrupole tails in the QLM soft spots that arise from
the fact that in the harmonic approximation the system is an elastic medium. Thus, even though we expect
the two populations of soft particles to identify similar structures, we should not expect them to pick out
identical particles.
Finally, we notice that at very short times, t < 10⌧ , soft particles identified from the vibrational modes
feature higher autocorrelation those constructed from local structures, while at later times the latter struc-
tures are significantly more robust. To explain this phenomenon we note that QLM soft particles are derived
from the inherent structure positions while SVM soft particles are obtained from the thermal configuration
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`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r?B+? +?`+i2`Bx2b i?2 K;MBim/2 Q7 MQM@{M2 /BbTH+2K2Mi /m`BM;  iBK2 BMi2`pH
∆tX >2`2 i?2 bmK `mMb Qp2` M2B;?#Q`b j rBi?BM  /BbiM+2 Q7 RDc Q7 T`iB+H2 i- Rij Bb
i?2 +2Mi2`@+2Mi2` /BbTH+2K2Mi #2ir22M T`iB+H2b i 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rBi?BM RDc X h?2 [mMiBiv Bb KBMBKBx2/ Qp2` +?QB+2b Q7 i?2 HQ+H bi`BM i2MbQ` ΛX q2
}M/ D2KBM Bb BMb2MbBiBp2 iQ i?2 +?QB+2 Q7 RDc M/ ∆t bQ HQM; b RDc Bb H`;2 2MQm;? iQ
+Tim`2 i?2 T`iB+H2b HQ+H M2B;?#Q`?QQ/ M/ ∆t Bb HQM;2` i?M i?2 #HHBbiB+ iBK2b+H2X
 T`iB+H2 Bb bB/ iQ ?p2 mM/2`;QM2  `2``M;2K2Mi B7 D2KBM ≥ D2KBM-yX q2 +?QQb2
D2KBM-y bm+? i?i TT`QtBKi2Hv 0.15% Q7 i?2 T`iB+H2b 7`QK 2+? bT2+B2b BM 2+? bvb@
i2K ?b ;QM2 i?`Qm;?  `2``M;2K2Mi 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+B}+ +?QB+2 Q7 D2KBM,0- b 2tTHBM2/ #2HQrX
9XjXR PTiBKBxiBQM Q7 D2KBM-y- bpK T`K2i2`b- M/ i`BMBM; b2i bBx2
hQ DmbiB7v Qm` +?QB+2 Q7 D2KBM-y- r2 +QMbB/2` ?Qr i?2 ++m`+v Q7 i?2 +HbbB}+iBQM /2@
T2M/b QM D2KBM-y i T = 0.4 7Q` i?2 d = 2 GC bvbi2KX 6B;X 9Xk b?Qrb i?i i?2 +@
+m`+v BM+`2b2b rBi? D2KBM-y mMiBH #Qmi D2KBM-y = 0.3σ2AA- 7i2` r?B+? Bi TT2`b
iQ H2p2H QzX h?Bb Bb +QMbBbi2Mi rBi? Qm` +?QB+2 Q7 D2KBM-y = 0.28σ2AA- r?B+? Bb HbQ
+QMbBbi2Mi rBi? i?2 D2KBM i?`2b?QH/ mb2/ iQ /2}M2 `2``M;2K2Mib BM _27XR8NX h?Bb
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2this information the location of flow defects in disordered
solids. Generically, we begin with a set of N particles to
be classified as “soft” or “hard.” Each particle is de-
scribed by a set of M variables derived from the two
families of functions GXY and  
X
Y Z by varying the con-
stants µ, ⇠,  , and ⇣ (here M = 160); this is represented
by the set of vectors {F1, · · · ,FN}, where Fi constitutes
an embedding of the local environment of a particle i,
constructed at a time ti, in RM . We select at random a
subset of n of these particles (the “training set”) and cat-
egorize them a posteriori as being soft if they rearrange
(the details of which will be discussed below) between
time ti, when the structure is characterized, and time
ti + t. Otherwise the particles are labeled as hard.
The next step is to use the particles in the training set,
already classified as soft or hard, to construct a scheme
to identify other particles as soft or hard. We use the
support vector machine (SVM) method [27], which con-
structs a hyperplane in RM that best separates soft par-
ticles from hard ones. Once this hyperplane has been
established for the training set, the rest of the particles
(and any particles from similar systems) may be classified
according to whether their local structures place them on
soft or hard sides of the hyperplane. Generically, no ex-
act separation is possible so the SVM method is adapted
to penalize particles whose classification is incorrect; the
degree of penalty is controlled by a parameter C where
larger values of C allow for fewer incorrect classifications.
We find that the quality of our classifications is insensi-
tive to C for C > 0.1 [26]. The SVM algorithm was
implemented using the LIBSVM package [28].
To identify rearrangements we calculate, for each par-







which characterizes the magnitude of non-a ne displace-
ment during a time interval  t. Here the sum runs over
neighbors j within a distance of RDc of particle i, Rij is
the center-center displacement between particles i and j,
z is the number of neighbors within RDc . The quantity is
minimized over choices of the local strain tensor ⇤. We
findD2min is insensitive to the choice of R
D
c and t so long
as RDc is large enough to capture the particles local neigh-
borhood and  t is longer than the ballistic timescale.
A particle is said to have undergone a rearrangement if
D2min   D2min,0. We choose D2min,0 such that approxi-
mately 0.15% of the particles from each species in each
system has gone through a rearrangement although the
results depend little on the specific choice of D2min,0 [26].
We first test our approach on an experimental system
of two-dimensional (d = 2) “pillars” of particles. A bidis-
perse pillar made up of grains (plastic cylinders resting
upright on a horizontal substrate) is situated between
two plates in a custom-built apparatus. The bottom
FIG. 1. (color online) Snapshot configurations of the two
systems studied. Particles are colored gray to red according
to their D2min value. Particles identified as soft by the SVM
are outlined in black. (a) A snapshot of the pillar system.
Compression occurs in the direction indicated. (b) A snapshot
of the d = 2 sheared, thermal Lennard-Jones system.
plate is fixed and the top plate is driven into the pil-
lar at a constant speed of v0 = 0.085 mm/s. The pillars
are composed of a bidisperse mixture of approximately
1500 rigid grains with size ratio 3:4 and the large parti-
cles having a radius of dAA = 0.3175cm. These particles
have elastic and frictional interactions with each other, as
well as frictional interactions with the substrate, making
the identification of flow defects using vibrational modes
impossible. A camera is mounted above and captures
images at 7 Hz throughout the compression.
We construct our training set from compression ex-
periments performed on ten di↵erent pillars. We select
6,000 particles at random from the entire duration of the
experiments that undergo a rearrangement in the next
1.43 seconds and an equal number of particles that do
not. To identify rearrangements we calculate D2min with
RDc = 1.5 · dAA and D2min,0 = 0.25d2AA. Compression of
the mechanical pillar from the top only a↵ects particles
above a certain “front” that starts at the top and ad-
vances towards the bottom with time. Our training set
contains only particles within this activated front. Par-
ticles in a horizontal slice between y and y +  y are said
to be within the activated front if the average speed of
particles in the slice exceeds vthresh ⇠ 0.04 mm/s.
As a second test, we apply our approach to a model
glass in both d = 2 and d = 3. We study a 65:35
binary Lennard-Jones (LJ) mixture with  AA = 1.0,
 AB = 0.88,  BB = 0.8, ✏AA = 1.0, ✏AB = 1.5, and
✏BB = 0.5 [29]. The LJ potential is cut o↵ at 2.5 AA
and smoothed so that both first and second derivatives
go continuously to zero at the cuto↵. The natural units
for the simulation are  AA for distances, ✏AA for energies,
and ⌧ =
p
m 2AA/✏AA for times. We perform molecular
dynamics simulations using LAMMPS [30] with a time
step of 5⇥10 3⌧ at density ⇢ = 1.2, using a Nose´-Hoover
thermostat with a time constant of ⌧ . Here, temperature
is in units of ✏AA/kB , where kB is the Boltzmann con-
stant. In d = 2, we consider a system of 10,000 parti-
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FIG. 2. (color online) Probability that a particle of a given
D2min value is soft. The vertical dashed lines are correspond-
ing D2min,0 values. (a) The result for the pillar system, where
dAA refers to the large grain diameter (since this is a granu-
lar system with macroscopic grains, thermal fluctuations are
negligible). (b) The result of using an SVM trained at a tem-
perature T (T = 0.1, 0.2, 0.3 and 0.4 shown in di↵erent colors
) to classify data at the same temperature for the d = 2 LJ
glass. (c,d) Results for species A and B, respectively, for the
d = 3 system at T = 0.4, 0.5 and 0.6.
cles at temperatures T = 0.1, 0.2, 0.3, and 0.4 at a single
strain rate,  ˙ = 10 4/⌧ . In all cases data was collected
after allowing the system to reach steady state by shear-
ing up to 20% strain. In d = 3, we use a collection of
30,000 particles at temperatures T = 0.4, 0.5, 0.6 with no
strain. The quiescent system has a glass transition at
TG = 0.33 in d = 2 and TG = 0.58 in d = 3 [29]. There-
fore, in both dimensions we study the system both above
and below its glass transition temperature.
At each temperature we construct training sets of 6,000
and 10,000 particles, in d = 2 and 3, respectively, se-
lected at random from the entire run that undergo a re-
arrangement in the following  t = 2⌧ units of time, and
an equal number of particles that do not undergo a re-
arrangement. To identify rearrangements, we calculate
D2min with R
D
c = 2.5 AA to be the same as the range
of the truncated LJ potential and  t = 2⌧ . In d = 3
the D2min distributions of the species A and species B
particles di↵er significantly and so are treated separately
throughout the analysis.
We now test our classifying hyperplane on the three
systems outlined above. For each system we construct
a test set of particles that were not used in training the
SVM; for the pillar this test set consists of 100,000 parti-
cle environments from ten additional compression exper-
iments. For the d = 2 and d = 3 LJ glasses we use 2⇥107
and 75 ⇥ 107 unseen particle environments respectively.
Fig. 2 (a)-(d) shows the probability, P (D2min), that a par-
ticle with an observed value of D2min was identified as
soft by our classification a priori for each system. Fig 2
(c)-(d) treat the particles of species A and species B sep-
arately for the d = 3 LJ glass. In all cases we see that
P (D2min) rises with increasing plastic activity, D
2
min. This
implies that the particles identified as soft by the SVM
are more likely to be involved in plastic flow. For the
granular pillar, 21% of the particles are classified as soft,
and these particles capture 80% of the rearrangements.
For the d = 2 and d = 3 LJ systems, these numbers are
26% and 73%, and 24% and 72%, respectively, at the
highest temperatures studied. Thus, we consistently find
rearrangements to occur at soft particles about 3-4 times
more frequently than if the soft particles were randomly
chosen. Finally, Fig. 2(b,c,d) show that P (D2min) col-
lapses for di↵erent T both for 2D and 3D systems, when
D2min is scaled by T 
2
AA; this scaling arises since for par-
ticles not undergoing rearrangement, D2min ⇠ hv2i ⇠ T
by the equipartition theorem [16].
Remarkably, our ability to identify soft particles does
not decrease with increasing temperature or dimension.
For the d = 2 LJ system over the same temperature
range, the accuracy of the vibrational mode method de-
creases by over 50% [16]. The key di↵erence between
the two methods is that we construct local environ-
ments from the actual particle positions in snapshots of
the thermal system, while soft particles from vibrational
modes are extracted from particle positions in the inher-
ent structures obtained by quenching to T = 0 [26].
The hyperplane that divides soft from hard particles
tells us which features of the local structural environ-
ment are important in distinguishing between the hard
and soft particles. To illustrate this, we focus on the
sheared d = 2 LJ glass at T = 0.1. The first set of struc-
ture functions, GXY (i;µ) defined in Eq. (1), has a familiar
physical interpretation in terms of the radial distribution
function: gXY (r) = limL!0hGXY (i; r)i/2⇡r. This family
of structure functions is essentially a parameterization of
a particle’s local contribution to g(r). In Fig. 3 we show
the approximations to various g(r) constructed in this
way, using L = 0.1 AA, for particles identified as hard
(black lines) and soft (red lines).
In all cases, we see that soft particles feature slightly
lower peaks and higher troughs in g(r). To see whether
this di↵erence is su cient to identify soft particles, we
expand our analysis beyond average values of GXY (i;µ),
to the distributions of the di↵erent structure functions.





peak is the location of the first peak
of gBA(r), for soft particles (red) and hard particles
(blue/green). While the distribution for soft particles
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ture functions, GXY (i;µ) defined in Eq. (1), has a familiar
physical interpretation in terms of the radial distribution
function: gXY (r) = limL!0hGXY (i; r)i/2⇡r. This family
of structure functions is essentially a parameterization of
a particle’s local contribution to g(r). In Fig. 3 we show
the approximations to various g(r) constructed in this
way, using L = 0.1 AA, for particles identified as hard
(black lines) and soft (red lines).
In all cases, we see that soft particles feature slightly
lower peaks and higher troughs in g(r). To see whether
this di↵erence is su cient to identify soft particles, we
expand our analysis beyond average values of GXY (i;µ),
to the distributions of the di↵erent structure functions.





peak is the location of the first peak
of gBA(r), for soft particles (red) and hard particles
(blue/green). While the distribution for soft particles
6B;m`2 9X8, U+QHQ` QMHBM2V S`Q##BHBiv i?i  T`iB+H2 Q7  ;Bp2M D2KBM pHm2 Bb bQ7iX h?2 p2`iB+H
/b?2/ HBM2b `2 +Q``2bTQM/BM; D2KBM-y pHm2bX UV h?2 `2bmHi 7Q` i?2 BHH` bvbi2K- r?2`2 dAA
`272`b iQ i?2 H`;2 ;`BM /BK2i2` UbBM+2 i?Bb Bb  ;`MmH` bvbi2K Bi? K+`Qb+QTB+ ;`BMb- i?2`@
KH ~m+imiBQMb `2 M2;HB;B#H2VX U#V h?2 `2bmHi Q7 mbBM; M aoJ i`BM2/ i  i2KT2`im`2 T
UT = 0.1, 0.2, 0.3 M/ 0.4 b?QrM BM /Bz2`2Mi +QHQ`b V iQ +HbbB7v /i i i?2 bK2 i2KT2`im`2
7Q` i?2 d = 2 GC ;HbbX U+-/V _2bmHib 7Q` bT2+B2b  M/ "- `2bT2+iBp2Hv- 7Q` i?2 d = 3 bvbi2K i
T = 0.4, 0.5 M/ 0.6X
d = 2 M/ j- `2bT2+iBp2Hv- b2H2+i / i `M/QK 7`QK i?2 2MiB`2 `mM i?i mM/ `;Q  `2@
``M;2K2Mi BM i?2 7QHHQrBM; ∆t = 2τ mMBib Q7 iBK2- M/ M 2[mH MmK#2` Q7 T`iB+H2b
i?i /Q MQi mM/2`;Q  `2``M;2K2MiX hQ B/2MiB7v `2``M;2K2Mib- r2 +H+mHi2 D2KBM
rBi? RDc = 2.5σAA iQ #2 i?2 bK2 b i?2 `M;2 Q7 i?2 i`mM+i2/ GC TQi2MiBH M/
∆t = 2τ X AM d = 3 i?2 D2KBM /Bbi`B#miBQMb Q7 i?2 bT2+B2b  M/ bT2+B2b " T`iB+H2b
/Bz2` bB;MB}+MiHv M/ bQ `2 i`2i2/ b2T`i2Hv i?`Qm;?Qmi i?2 MHvbBbX
q2 MQr i2bi Qm` +HbbB7vBM; ?vT2`THM2 QM i?2 i?`22 bvbi2Kb QmiHBM2/ #Qp2X 6Q`
2+? bvbi2K r2 +QMbi`m+i  i2bi b2i Q7 T`iB+H2b i?i r2`2 MQi mb2/ BM i`BMBM; i?2
aoJc 7Q` i?2 TBHH` i?Bb i2bi b2i +QMbBbib Q7 Ryy-yyy T`iB+H2 2MpB`QMK2Mib 7`QK i2M
//BiBQMH +QKT`2bbBQM 2tT2`BK2MibX 6Q` i?2 d = 2 M/ d = 3 GC ;Hbb2b r2 mb2
2 × 107 M/ 75× 107 mMb22M T`iB+H2 2MpB`QMK2Mib `2bT2+iBp2HvX 6B;X 9Xe UV@U/V b?Qrb
i?2 T`Q##BHBiv- P (D2KBM)- i?i  T`iB+H2 rBi? M Q#b2`p2/ pHm2 Q7 D2KBM rb B/2M@
iB}2/ b bQ7i #v Qm` +HbbB}+iBQM  T`BQ`B 7Q` 2+? bvbi2KX 6B; 9Xe U+V@U/V i`2i i?2
T`iB+H2b Q7 bT2+B2b  M/ bT2+B2b " b2T`i2Hv 7Q` i?2 d = 3 GC ;HbbX AM HH +b2b r2
8j
b22 i?i P (D2KBM) `Bb2b rBi? BM+`2bBM; THbiB+ +iBpBiv- D2KBMX h?Bb BKTHB2b i?i i?2
T`iB+H2b B/2MiB}2/ b bQ7i #v i?2 aoJ `2 KQ`2 HBF2Hv iQ #2 BMpQHp2/ BM THbiB+ ~QrX
6Q` i?2 ;`MmH` TBHH`- kRW Q7 i?2 T`iB+H2b `2 +HbbB}2/ b bQ7i- M/ i?2b2 T`iB+H2b
+Tim`2 3yW Q7 i?2 `2``M;2K2MibX 6Q` i?2 d = 2 M/ d = 3 GC bvbi2Kb- i?2b2 MmK@
#2`b `2 keW M/ djW- M/ k9W M/ dkW- `2bT2+iBp2Hv- i i?2 ?B;?2bi i2KT2`im`2b
bim/B2/X h?mb- r2 +QMbBbi2MiHv }M/ `2``M;2K2Mib iQ Q++m` i bQ7i T`iB+H2b #Qmi
j@9 iBK2b KQ`2 7`2[m2MiHv i?M B7 i?2 bQ7i T`iB+H2b r2`2 `M/QKHv +?Qb2MX 6BMHHv-
6B;X 9XeU#-+-/V b?Qr i?i P (D2KBM) +QHHTb2b 7Q` /Bz2`2Mi T #Qi? 7Q` k. M/ j. bvb@
i2Kb- r?2M D2KBM Bb b+H2/ #v Tσ2AAc i?Bb b+HBM; `Bb2b bBM+2 7Q` T`iB+H2b MQi mM/2`;Q@
BM; `2``M;2K2Mi- D2KBM ∼ ⟨v2⟩ ∼ T #v i?2 2[mBT`iBiBQM i?2Q`2KR8NX
9X9XR S`2/B+iBQM ++m`+v i /B772`2Mi i2KT2`im`2b
_2K`F#Hv- Qm` #BHBiv iQ B/2MiB7v bQ7i T`iB+H2b /Q2b MQi /2+`2b2 rBi? BM+`2bBM;
i2KT2`im`2 Q` /BK2MbBQMX 6Q` i?2 d = 2 GC bvbi2K Qp2` i?2 bK2 i2KT2`im`2 `M;2-
i?2 ++m`+v Q7 i?2 pB#`iBQMH KQ/2 K2i?Q/ /2+`2b2b #v Qp2` 8yWR8NX h?2 F2v /B7@
72`2M+2 #2ir22M i?2 irQ K2i?Q/b Bb i?i r2 +QMbi`m+i HQ+H 2MpB`QMK2Mib 7`QK i?2
+imH T`iB+H2 TQbBiBQMb BM bMTb?Qib Q7 i?2 i?2`KH bvbi2K- r?BH2 bQ7i T`iB+H2b 7`QK
pB#`iBQMH KQ/2b `2 2ti`+i2/ 7`QK T`iB+H2 TQbBiBQMb BM i?2 BM?2`2Mi bi`m+im`2b Q#@
iBM2/ #v [m2M+?BM; iQ T = 0X
h?2 T`Q##BHBiv i?i  `2``M;BM; T`iB+H2 Bb bQ7i Bb BM/2T2M/2Mi Q7 i2KT2`im`2
7`QK T = 0.1 iQ T = 0.4X >Qr2p2`- i?2 +Q``2bTQM/BM; T`Q##BHBiv /2+`2b2b #v KQ`2
i?M  ?H7 r?2M i?2 bQ7i T`iB+H2b `2 B/2MiB}2/ 7`QK i?2 [mbB HQ+HBx2/ pB#`iBQMH
KQ/2b UZGJ K2i?Q/VR8NX S`i Q7 i?Bb /Bz2`2M+2 `Bb2b i?2 7+i i?i ZGJ bQ7i T`iB@
+H2b `2 2ti`+i2/ 7`QK i?2 BM?2`2Mi bi`m+im`2b Q7 i?2 bvbi2K- r?2`2b aoJ bQ7i T`iB@
+H2b `2 B/2MiB}2/ 7`QK i?2`KH +QM};m`iBQMbX
89
hQ bim/v i?2 2z2+i Q7 i?Bb /Bz2`2M+2- r2 +QMbi`m+i2/  +HbbB}+iBQM mbBM; i?2 aoJ
K2i?Q/ #b2/ QM T`iB+H2 TQbBiBQMb BM i?2 BM?2`2Mi bi`m+im`2b Ui?2 bK2 bi`m+im`2b
mb2/ iQ }M/ i?2 bQ7i bTQib 7`QK i?2 ZGJ K2i?Q/VX q2 }M/ i?i i?2 #BHBiv iQ T`2/B+i
`2``M;BM; T`iB+H2b rb `2/m+2/ #v 14% i ?B;?2` i2KT2`im`2b Ui?2 T`Q##BHBiv
i?i  `2``M;BM; T`iB+H2 Bb bQ7i /`QTb 7`QK 76% iQ 62%V b b22M BM 6B;X 9XeX h?Bb
BKTHB2b i?i i?2`2 Bb BKTQ`iMi bi`m+im`H BM7Q`KiBQM BM bMTb?Qib Q7 i?2 i?2`KH



























0 4 0 8 1 2 1 6
Figure S4: Probability that a particle of a given D2min value is soft. Here the soft particles are classified (in
other words, the SVM is trained) using the inherent structures of the configuration. The vertical dashed line
is D2min,0. Here we show that as temperature increases the predictive power of the SVM degrades. This is
contrasted with an SVM trained on thermal configurations, whose prediction accuracy does not depend on
temperature (Fig. 2(a)).
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r?Qb2 T`2/B+iBQM 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FIG. 3. (color online) Radial distribution functions averaged
over hard (black lines) or soft (red lines) particles. gAB and
gBA of soft particles are not equal to each other since they
refer to di↵erent kinds of regions: neighbors of soft particles
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FIG. 4. (color online) (a) Distribution of GAB(i; r
AB
peak), propor-
tional to the gaussian weighted density at rABpeak, for soft (red)
and hard (blue/green) particles. rABpeak corresponds to the first
peak of gAB or gBA. (b) Distribution of  
B
AB(i; 2.07 AA, 1, 2),
proportional to the density of neighbors with small bond an-
gles near a particle i, for soft (red) and hard (blue/green)
particles. The inset shows examples of configurations with
corresponding radial and bond orientation properties, where
dark (light) gray neighbors are of species A (B).
features a single peak, that for hard particles is bimodal.
This indicates the existence of (at least) two distinct
populations of hard particles which we divide into two
groups: one with GBA(i; r
AB
peak)/r < 1/2 (blue) that we will
call H0-type, and one with GBA(i; r
AB
peak)/r > 1/2 (green)
that we will call H1-type. Radial information therefore
distinguishes between soft particles andH1 hard particles
but not between soft and H0 hard particles.
We now consider the distribution of
 BAB(i; 2.07 AA, 1, 2) for soft particles (red), H0
hard particles (blue), and H1 hard particles (green),
shown in Fig. 3(c). Physically,  BAB(i; 2.07r
BA
peak, 1, 2)
is large when there are many pairs of neighbors of
the central particle that lie within a distance ⇠ with
small angles between them, such that one is of species
A and one is of species B. The soft particles fall into
a single category (one peak, red) while H0-type and
H1-type hard particles–defined from radial information
above–have very di↵erent distributions (blue and green
peaks). Unlike before, here the soft particles and the
H0 hard particles have very di↵erent distributions while
soft particles and H1 hard particles have similar distri-
butions. Bond-angle information therefore distinguishes
between soft particles and H0-type hard particles but
not between soft particles and H1-type hard particles.
To fully distinguish between soft and hard particles,
both radial and bond-angle information is needed. Soft
particles have environments that–at a minimum–have
fewer particles in their nearest neighbor shell and larger
angles between adjacent particles.
In summary, we have presented a novel ML method for
identifying flow defects in disordered solids. We note that
we have focused on the short-time correlation of struc-
ture with particle rearrangements. However, our method
should shed light on the connection between local struc-
tural evolution and the correlation of rearrangements in
time and space [31] over longer time scales in glassform-
ing liquids. We also note that we cannot predict the
specific particles that will participate in rearrangements
at a later time; rather, we identify a population of par-
ticles that are likely to rearrange. The latter quantity
is more useful in thermal and/or sheared systems, since
fluctuations lead to stochasticity in rearrangements.
Our method relies on local structure alone, and can
be applied directly to snapshots of experimental sys-
tems, in contrast to previous methods [12]. Our ap-
proach also scales linearly with the number of particles,
N , while vibrational mode approaches scale as N3. The
e cient identification of flow defects is critical to test-
ing phenomenological approaches to plasticity based on
flow defects [6, 32–34]. Previous applications of machine
learning methods in physics have focused on approxima-
tion [25, 35, 36] or on optimization and design tools [37–
40]. Our approach shows that such methods–designed for
detecting subtle correlations–can also be used directly to
gain conceptual understanding not achieved with conven-
tional approaches.
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QM2 Bb Q7 bT2+B2b  M/ QM2 Bb Q7 bT2+B2b "X h?2 bQ7i T`iB+H2b 7HH BMiQ  bBM;H2 +i2@
;Q`v UQM2 T2F- `2/V r?BH2 H0@ivT2 M/ H1@ivT2 ?`/ T`iB+H2bĜ/2}M2/ 7`QK `/BH
BM7Q`KiBQM #Qp2Ĝ?p2 p2`v /Bz2`2Mi /Bbi`B#miBQMb U#Hm2 M/ ;`22M T2FbVX lMHBF2
#27Q`2- ?2`2 i?2 bQ7i T`iB+H2b M/ i?2 H0 ?`/ T`iB+H2b ?p2 p2`v /Bz2`2Mi /Bbi`B#m@
iBQMb r?BH2 bQ7i T`iB+H2b M/ H1 ?`/ T`iB+H2b ?p2 bBKBH` /Bbi`B#miBQMbX "QM/@M;H2
BM7Q`KiBQM i?2`27Q`2 /BbiBM;mBb?2b #2ir22M bQ7i T`iB+H2b M/ H0@ivT2 ?`/ T`iB+H2b
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FIG. 3. (color online) Radial distribution functions averaged
over hard (black lines) or soft (red lines) particles. gAB and
gBA of soft particles are not equal to each other since they
refer to di↵erent kinds of regions: neighbors of soft particles
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FIG. 4. (color online) (a) Distribution of GAB(i; r
AB
peak), propor-
tional to the gaussian weighted density at rABpeak, for soft (red)
and hard (blue/green) particles. rABpeak corresponds to the first
peak of gAB or gBA. (b) Distribution of  
B
AB(i; 2.07 AA, 1, 2),
proportional to the density of neighbors with small bond an-
gles near a particle i, for soft (red) and hard (blue/green)
particles. The inset shows examples of configurations with
corresponding radial and bond orientation properties, where
dark (light) gray neighbors are of species A (B).
features a single peak, that for hard particles is bimodal.
This indicates the existence of (at least) two distinct
populations of hard particles which we divide into two
groups: one with GBA(i; r
AB
peak)/r < 1/2 (blue) that we will
call H0-type, and one with GBA(i; r
AB
peak)/r > 1/2 (green)
that we will call H1-type. Radial information therefore
distinguishes between soft particles andH1 hard particles
but not between soft and H0 hard particles.
We now consider the distribution of
 BAB(i; 2.07 AA, 1, 2) for soft particles (red), H0
hard particles (blue), and H1 hard particles (green),
shown in Fig. 3(c). Physically,  BAB(i; 2.07r
BA
peak, 1, 2)
is large when there are many pairs of neighbors of
the central particle that lie within a distance ⇠ with
small angles between them, such that one is of species
A and one is of species B. The soft particles fall into
a single category (one peak, red) while H0-type and
H1-type hard particles–defined from radial information
above–have very di↵erent distributions (blue and green
peaks). Unlike before, here the soft particles and the
H0 hard particles have very di↵erent distributions while
soft particles and H1 hard particles have similar distri-
butions. Bond-angle information therefore distinguishes
between soft particles and H0-type hard particles but
not between soft particles and H1-type hard particles.
To fully distinguish between soft and hard particles,
both radial and bond-angle information is needed. Soft
particles have environments that–at a minimum–have
fewer particles in their nearest neighbor shell and larger
angles between adjacent particles.
In summary, we have presented a novel ML method for
identifying flow defects in disordered solids. We note that
we have focused on the short-time correlation of struc-
ture with particle rearrangements. However, our method
should shed light on the connection between local struc-
tural evolution and the correlation of rearrangements in
time and space [31] over longer time scales in glassform-
ing liquids. We also note that we cannot predict the
specific particles that will participate in rearrangements
at a later time; rather, we identify a population of par-
ticles that are likely to rearrange. The latter quantity
is more useful in thermal and/or sheared systems, since
fluctuations lead to stochasticity in rearrangements.
Our method relies on local structure alone, and can
be applied directly to snapshots of experimental sys-
tems, in contrast to previous methods [12]. Our ap-
proach also scales linearly with the number of particles,
N , while vibrational mode approaches scale as N3. The
e cient identification of flow defects is critical to test-
ing phenomenological approaches to plasticity based on
flow defects [6, 32–34]. Previous applications of machine
learning methods in physics have focused on approxima-
tion [25, 35, 36] or on optimization and design tools [37–
40]. Our approach shows that such methods–designed for
detecting subtle correlations–can also be used directly to
gain conceptual understanding not achieved with conven-
tional approaches.
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 MQp2H JG K2i?Q/ 7Q` B/2MiB7vBM; ~Qr /272+ib BM /Bb@
Q`/2`2/ bQHB/bX q2 MQi2 i?i r2 ?p2 7Q+mb2/ QM i?2 b?Q`i@iBK2 +Q``2HiBQM Q7 bi`m+@
im`2 rBi? T`iB+H2 `2``M;2K2MibX >Qr2p2`- Qm` K2i?Q/ b?QmH/ b?2/ HB;?i QM i?2 +QM@
M2+iBQM #2ir22M HQ+H bi`m+im`H 2pQHmiBQM M/ i?2 +Q``2HiBQM Q7 `2``M;2K2Mib BM
iBK2 M/ bT+2R Qp2` HQM;2` iBK2 b+H2b BM ;Hbb7Q`KBM; HB[mB/bX q2 HbQ MQi2 i?i r2
+MMQi T`2/B+i i?2 bT2+B}+ T`iB+H2b i?i rBHH T`iB+BTi2 BM `2``M;2K2Mib i  Hi2`
iBK2c `i?2`- r2 B/2MiB7v  TQTmHiBQM Q7 T`iB+H2b i?i `2 HBF2Hv iQ `2``M;2X h?2 Hi@
i2` [mMiBiv Bb KQ`2 mb27mH BM i?2`KH M/fQ` b?2`2/ bvbi2Kb- bBM+2 ~m+imiBQMb H2/
iQ biQ+?biB+Biv BM `2``M;2K2MibX
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Pm` K2i?Q/ `2HB2b QM HQ+H bi`m+im`2 HQM2- M/ +M #2 TTHB2/ /B`2+iHv iQ bMT@
b?Qib Q7 2tT2`BK2MiH bvbi2Kb- BM +QMi`bi iQ T`2pBQmb K2i?Q/b9jX Pm` TT`Q+? HbQ
b+H2b HBM2`Hv rBi? i?2 MmK#2` Q7 T`iB+H2b- N - r?BH2 pB#`iBQMH KQ/2 TT`Q+?2b
b+H2 b N3X h?2 2{+B2Mi B/2MiB}+iBQM Q7 ~Qr /272+ib Bb +`BiB+H iQ i2biBM; T?2MQK2MQ@
HQ;B+H TT`Q+?2b iQ THbiB+Biv #b2/ QM ~Qr /272+ibR8y-RdkĜRd9X S`2pBQmb TTHB+iBQMb
Q7 K+?BM2 H2`MBM; K2i?Q/b BM T?vbB+b ?p2 7Q+mb2/ QM TT`QtBKiBQMe8-Rky-Rd8 Q` QM
QTiBKBxiBQM M/ /2bB;M iQQHbR9j-R99-Rde-RddX Pm` TT`Q+? b?Qrb i?i bm+? K2i?Q/bĜ
/2bB;M2/ 7Q` /2i2+iBM; bm#iH2 +Q``2HiBQMbĜ+M HbQ #2 mb2/ /B`2+iHv iQ ;BM +QM+2TimH
mM/2`biM/BM; MQi +?B2p2/ rBi? +QMp2MiBQMH TT`Q+?2bX
ey
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TT`Q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tiBQM BM
;Hbbv HB[mB/b
8XR Pp2`pB2r
q?2M  HB[mB/ 7`22x2b-  +?M;2 BM i?2 HQ+H iQKB+ bi`m+im`2 K`Fb i?2 i`MbBiBQM iQ
i?2 +`vbiHX q?2M  HB[mB/ Bb +QQH2/ iQ 7Q`K  ;Hbb- ?Qr2p2`- MQ MQiB+2#H2 bi`m+im`H
+?M;2 K`Fb i?2 ;Hbb i`MbBiBQMX AM/22/- +?`+i2`BbiB+ 72im`2b Q7 ;Hbbv /vMK@
B+b i?i TT2` #2HQr M QMb2i i2KT2`im`2- T0-99-98-Rd3 `2 [mHBiiBp2Hv +Tim`2/
#v K2M }2H/ i?2Q`v9e-9d-RdN- r?B+? bbmK2b mMB7Q`K HQ+H bi`m+im`2 i HH i2KT2`@
im`2bX 1p2M bim/B2b Q7 KQ`2 `2HBbiB+ bvbi2Kb ?p2 7QmM/ QMHv r2F +Q``2HiBQMb #2@
eR
ir22M bi`m+im`2 M/ /vMKB+b9j-Rey-ReR-R3y-R3RX h?Bb `Bb2b i?2 [m2biBQM, Bb bi`m+im`2
BKTQ`iMi iQ ;Hbbv /vMKB+b BM i?`22 /BK2MbBQMb\ >2`2- r2 Mbr2` i?Bb [m2biBQM
{`KiBp2Hv #v mbBM; K+?BM2 H2`MBM; K2i?Q/b iQ B/2MiB7v  M2r }2H/- ǳbQ7iM2bb-Ǵ
r?B+? +?`+i2`Bx2b HQ+H bi`m+im`2 M/ Bb bi`QM;Hv +Q``2Hi2/ rBi? `2``M;2K2Mi /v@
MKB+bX q2 }M/ i?i i?2 QMb2i Q7 ;Hbbv /vMKB+b i T0 Bb K`F2/ #v i?2 QMb2i Q7
+Q``2HiBQMb #2ir22M bQ7iM2bb UBX2X bi`m+im`2V M/ /vMKB+bX JQ`2Qp2`- r2 mb2 bQ7iM2bb
iQ +QMbi`m+i  bBKTH2 KQ/2H Q7 bHQr ;Hbbv `2HtiBQM i?i Bb BM 2t+2HH2Mi ;`22K2Mi
rBi? Qm` bBKmHiBQM `2bmHib- b?QrBM; i?i  i?2Q`v Q7 i?2 2pQHmiBQM Q7 bQ7iM2bb BM iBK2
rQmH/ +QMbiBimi2  i?2Q`v Q7 ;Hbbv /vMKB+bX
8Xk AMi`Q/m+iBQM
hQ HQQF 7Q` +Q``2HiBQMb #2ir22M bi`m+im`2 M/ /vMKB+b- QM2 ivTB+HHv i`B2b iQ }M/
 [mMiBiv i?i 2M+TbmHi2b i?2 BKTQ`iMi T?vbB+b- bm+? b 7`22 pQHmK2- #QM/ Q`B2M@
iiBQMH Q`/2`- HQ+HHv T`272``2/ bi`m+im`2- 2i+X AM +QMi`bi iQ i?Bb TT`Q+?- r2 mb2 
K+?BM2 H2`MBM; K2i?Q/ /2bB;M2/ iQ }M/  bi`m+im`H [mMiBiv i?i Bb bi`QM;Hv +Q`@
`2Hi2/ rBi? /vMKB+bX AM i?2 T`2pBQmb +?Ti2`- r2 TTHB2/ i?Bb TT`Q+? iQ i?2 bBK@
TH2` T`Q#H2K Q7 +HbbB7vBM; T`iB+H2b b #2BM; ǳbQ7iǴ B7 i?2v `2 HBF2Hv iQ `2``M;2 Q`
ǳ?`/Ǵ Qi?2`rBb2X q2 /2b+`B#2  T`iB+H2Ƕb HQ+H bi`m+im`H 2MpB`QMK2Mi rBi? M = 166
ǳbi`m+im`2 7mM+iBQMbǴe8 i?i `2bT2+i i?2 Qp2`HH BbQi`QTB+ bvKK2i`v Q7 i?2 bvbi2K M/
BM+Hm/2 `/BH /2MbBiv M/ #QM/ M;H2 BM7Q`KiBQMX q2 i?2M /2}M2 M M @/BK2MbBQMH
bT+2- RM - rBi? M Q`i?Q;QMH tBb 7Q` 2+? bi`m+im`2 7mM+iBQMX h?2 HQ+H bi`m+im`H
2MpB`QMK2Mi Q7  T`iB+H2 i Bb i?mb 2M+Q/2/ b  TQBMi BM M @/BK2MbBQMH bT+2X q2
bb2K#H2  ǳi`BMBM; b2iǴ 7`QK KQH2+mH` /vMKB+b bBKmHiBQMb +QMbBbiBM; Q7 2[mH
MmK#2`b Q7 ǳbQ7iǴ T`iB+H2b i?i `2 #Qmi iQ `2``M;2 M/ ǳ?`/Ǵ T`iB+H2b ?p2
MQi `2``M;2/ BM  iBK2 τα T`2+2/BM; i?2B` bi`m+im`H +?`+i2`BxiBQM- M/ }M/ i?2
ek
#2bi ?vT2`THM2 b2T`iBM; i?2 irQ ;`QmTb mbBM; i?2 bmTTQ`i p2+iQ` K+?BM2b UaoJV
K2i?Q/Re3-ReNX 6BMHHv- r2 /2}M2 i?2 bQ7iM2bb Si- Q7 T`iB+H2 i b i?2 b?Q`i2bi /BbiM+2
#2ir22M Bib TQbBiBQM BM RM M/ i?2 ?vT2`THM2- r?2`2 Si > 0 B7 i HB2b QM i?2 bQ7i bB/2
Q7 i?2 ?vT2`THM2 M/ Si < 0 Qi?2`rBb2X
q2 bim/v  Ry-yyy@T`iB+H2 3y,ky #B/BbT2`b2 EQ#@M/2`b2M G2MM`/@CQM2b ;HbbR3k
BM d = 3 i /Bz2`2Mi /2MbBiB2b ρ M/ i2KT2`im`2b T #Qp2 Bib /vMKB+H ;Hbb i`M@
bBiBQM i2KT2`im`2X HH `2bmHib ?2`2 `2 7Q` T`iB+H2b Q7 bT2+B2b A QMHvX >Qr2p2`- i?2
`2bmHib `2 [mHBiiBp2Hv i?2 bK2 7Q` T`iB+H2b Q7 #Qi? bT2+B2bX i 2+? /2MbBiv r2 b2@
H2+i  i`BMBM; b2i Q7 6, 000 T`iB+H2b- iF2M 7`QK  KQH2+mH` /vMKB+b i`D2+iQ`v i
i?2 HQr2bi T bim/B2/- iQ +QMbi`m+i  ?vT2`THM2 BM RM X q2 i?2M mb2 i?Bb ?vT2`THM2
iQ +H+mHi2 Si(t) 7Q` 2+? T`iB+H2 i i 2+? iBK2 t /m`BM; M BMi2`pH Q7 30, 000τ i
2+? ρ M/ T X
8Xj J2i?Q/b
8XjXR avbi2K BM7Q`KiBQMX
q2 bim/v  Ry-yyy@T`iB+H2 EQ#@M/2`b2M KQ/2H-  3y,ky #BM`v GC KBtim`2R3k rBi?
T`K2i2`b, σAA = 1.0- σAB = 0.8- σBB = 0.88- ϵAA = 1.0- ϵAB = 1.5- ϵBB = 0.5-
mA = mB = 1X hBK2 Bb K2bm`2/ BM mMBib Q7 τ =
√
mAσ2AA/ϵAA M/ i?2 "QHixKMM
+QMbiMi Bb kB = 1X q2 +mi Qz i?2 GC TQi2MiBH i 2.5σAA M/ bKQQi? i?2 TQi2MiBH
bQ i?i 7Q`+2 p`B2b +QMiBMmQmbHvX h?Bb KBtim`2 ?b #22M +?`+i2`Bx2/ 2ti2MbBp2HvX
AM T`iB+mH`- r2 +QKT`2 Qm` T`2/B+iBQMb iQ i?2 K2bm`2K2Mib Q7 i?2 QMb2i i2KT2`@
im`2 BM E2vb 2i HXRX aBKmHiBQMb r2`2 /QM2 mbBM; GJJSaR3j BM M Loh 2Mb2K#H2
rBi?  LQbû@>QQp2` i?2`KQbii M/  iBK2bi2T Q7 0.0025τ X q2 QmiTmi bii2b 2p2`v
τ M/ [m2M+? i?2K iQ i?2B` M2`2bi BM?2`2Mi bi`m+im`2 mbBM;  +QK#BMiBQM Q7 +QMDm@
ej
h#H2 8XR, LmK#2` /2MbBiB2b M/ i2KT2`im`2b bim/B2/X 1+? +QHmKM +QMiBMb i?2 i2KT2`im`2b
bim/B2/ 7Q`  ;Bp2M MmK#2` /2MbBiv ρX
ρ RXR8 RXky RXk8 RXjy
h yXjd yX9d yX83 yXdy
yX9k yX8R yXeR yXd8
yX98 yX8j yXeN yX39
yX8k yX8e yXde yXNk
yX83 yXNd RXRk
yXdy yXNd
;i2 ;`/B2Mi M/ 6A_1 H;Q`Bi?KbX h?`Qm;?Qmi i?Bb bim/v r2 mb2 BM?2`2Mi bi`m+im`2
TQbBiBQMbX >Qr2p2`- [mHBiiBp2Hv bBKBH` `2bmHib +M #2 Q#iBM2/ mbBM; iBK2 p2`;2/
TQbBiBQMbX q2 bim/v i?Bb bvbi2K Qp2` i?2 i2KT2`im`2b M/ MmK#2` /2MbBiB2b HBbi2/ BM
h#H2 8XRX
8XjXk A/2MiB7vBM; `2``M;2K2MibX
q2 B/2MiB7v `2``M;2K2Mib mbBM; i?2 [mMiBiv p?QTX hQ /2}M2 p?QT r2 }`bi BMi`Q/m+2
 iBK2b+H2 tR = 10τ i?i Bb +?Qb2M iQ #2 +QKK2Mbm`i2 rBi? i?2 KQmMi Q7 iBK2
i?2 bvbi2K iF2b iQ +QKTH2i2  `2``M;2K2MiX hrQ iBK2 BMi2`pHb `2 /2}M2/ b A =
[t− tR/2, t] M/ B = [t, t+ tR/2]X M BM/B+iQ` 7mM+iBQM +M i?2M #2 r`Bii2M b-
p?QT(t) =
√
⟨(r⃗i − ⟨r⃗i⟩B)2⟩A⟨(r⃗i − ⟨r⃗i⟩A)2⟩B U8XRV
r?2`2 ⟨⟩A M/ ⟨⟩B `2 p2`;2b Qp2` i?2 BMi2`pHb A M/ B `2bT2+iBp2HvX
q?2M  T`iB+H2 Bb +;2/- p?QT Bb +QKT`#H2 BM K;MBim/2 iQ i?2 p`BM+2 Q7  T`@
iB+H2Ƕb TQbBiBQM BM Bib +;2X A7 p?QT 2t+22/b  i?`2b?QH/ pHm2 r2 bv i?i M 2p2Mi U
TQi2MiBH `2``M;2K2MiV ?b Q++m``2/X q2 iF2 i?Bb i?`2b?QH/ iQ #2 0.05- r?B+? Bb
H`;2 +QKT`2/ iQ ivTB+H ~m+imiBQMb Q7 i?2 T`iB+H2 BM Bib +;2X .m`BM; M 2p2Mi-
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p?QT `Bb2b #Qp2 i?2 i?`2b?QH/ i bQK2 iBK2 t1 Ui?2 bi`i Q7 i?2 2p2MiV- iiBMb bQK2
KtBKmK pHm2 p∗?QT- i?2M /`QTb #2HQr i?2 i?`2b?QH/ i  iBK2 t2 Ui?2 2M/ Q7 i?2
2p2MiVX 6Q` 2+? 2p2Mi r2 +H+mHi2 i?2 /BbTH+2K2Mi Q7 i?2 T`iB+H2 /m`BM; i?2 2p2Mi-
|∆r| = |rt(t2) − ri(t1)|- b r2HH b i?2 /m`iBQM Q7 i?2 2p2Mi- ∆t = t2 − t1X h?2 Hi@
i2` [mMiBiv Bb `2Hi2/ iQ i?2 BMbiMiQM iBK2 B/2MiB}2/ #v E2vb 2i HXRX aQK2 ivTB+H






































6B;m`2 8XR, h?2 ivTB+H i`D2+iQ`v Q7  T`iB+H2 i T = 0.47 M/ ρ = 1.20X UV h?2 pHm2b Q7
p?QT Qp2` i?2 +Qm`b2 Q7 i?2 iBK2b2`B2b i?i +QMiBMb i?`22 2p2MibX U#V h?2 /BbiM+2 i?2 T`iB+H2
?b KQp2/ 7`QK Bib BMBiBH TQbBiBQM Qp2` iBK2X AM ;`22M M/ `2/ /b?2/ HBM2b BM/B+i2 i?2 #2;BMMBM;
M/ 2M/- `2bT2+iBp2Hv- Q7 i?2 2p2Mib i?i r2 B/2MiB7vX LQiB+2 i?2 +H2` b2T`iBQM Q7 b+H2b #2ir22M
2p2Mib M/ i?2 `2bi Q7 i?2 i`D2+iQ`vX
i 2+? i2KT2`im`2- 2p2Mib +Q``2bTQM/BM; iQ  T`iB+mH` pHm2 Q7 p∗?QT `2 +?`@
+i2`Bx2/ #v /Bbi`B#miBQMb Q7 ∆t M/ |∆r|X h?2b2 `2 b?QrM 7Q` b2p2`H pHm2b Q7 p∗?QT
i T = 0.47 BM 6B;X 8XkX :2M2`B+HHv- r2 b22 i?i i?2 /BbTH+2K2Mib M/ /m`iBQM Q7
2p2Mib ;`Qr rBi? BM+`2bBM; p∗?QTX q2 `272` iQ i?2 p2`;2 /BbTH+2K2Mi M/ iBK2b+H2
i  bT2+B}+ p?QT b ⟨|∆r|⟩ M/ ⟨∆t⟩ `2bT2+iBp2HvX
h?2 7+i i?i 2p2Mib Q7  T`iB+mH` pHm2 Q7 p∗?QT ?p2  /Bbi`B#miBQM Q7 /BbTH+2@
K2Mib Bb `2H2pMi r?2M r2 +QKT`2 i?2 T`Q##BHBiv Q7 `2``M;2K2Mi- PR(S)- rBi? i?2





















6B;m`2 8Xk, h?2 +?`+i2`BbiB+ bBx2 M/ iBK2b+H2 Q7 2p2Mib UTQi2MiBH `2``M;2K2MibVX UV h?2
/Bbi`B#miBQM Q7 /BbTH+2K2Mib 2tT2`B2M+2/ #v T`iB+H2b /m`BM; `2``M;2K2Mib rBi? p∗?QT ≈ 0.05-
0.15- 0.25- M/ 0.35 i T = 0.47 7`QK #H+F iQ `2/ `2bT2+iBp2HvX U#V h?2 /Bbi`B#miBQM Q7 /m`iBQMb
Q7 /BbTH+2K2Mib Q#b2`p2/ i i?2 bK2 pHm2b Q7 p∗?QT b BM UVX
Hii2` BM i2`Kb Q7  /BbiM+2 a r2 Kmbi KmHiBTHv PR(S) #v i?2 7`+iBQM Q7 `2``M;2@
K2Mib BM r?B+? T`iB+H2b KQp2 i H2bi  /BbiM+2 aX
q2 MQr +QMbB/2` i?2 /2T2M/2M+2 Q7 ⟨|∆r|⟩ M/ ⟨∆t⟩ QM i2KT2`im`2X AM 6B;X 8Xj
UV r2 b?Qr i?2 /2T2M/2M+2 Q7 ⟨|∆r|⟩ QM #Qi? p∗?QT M/ i2KT2`im`2X q2 b22 i?i i
HH i2KT2`im`2b ⟨|∆r|⟩ BM+`2b2b M2`Hv HBM2`Hv rBi? p∗?QTX h?Bb /2T2M/2M+2 HHQrb mb
iQ mb2 p∗?QT b  T`Qtv 7Q` i?2 b+H2 Q7 2p2MibX q2 MQi2 i?i i?2 p2`;2 bBx2 Q7 2p2Mib
/2T2M/b QMHv r2FHv QM i2KT2`im`2X
AM 6B;X 8Xj U#V r2 b?Qr ?Qr ⟨∆t⟩ /2T2M/b QM i2KT2`im`2 M/ p∗?QTX q2 b22 i?i
i?2`2 Bb  `2HiBp2Hv bi`QM; /2T2M/2M+2 Q7 i?2 /m`iBQM Q7 2p2Mib QM p∗?QT mMiBH p∗?QT
`2+?2b TT`QtBKi2Hv 0.2- i r?B+? TQBMi U2bT2+BHHv i HQr i2KT2`im`2bV Bi bim@
`i2b i  iBK2 b+H2 i?i r2 +HH τR(T )X q2 MQi2 i?i τR(T ) Bb i?2 p2`;2 /m`iBQM
Q7 `2``M;2K2Mib i  i2KT2`im`2 T UQ` i?2 p2`;2 BMbiMiQM iBK2 Q7 E2vb 2i HXRXV
i HQr i2KT2`im`2b- τR(T ) /2T2M/b QMHv r2FHv QM i2KT2`im`2- #mi Bi BM+`2b2b
rBi? i2KT2`im`2X h?Bb iBK2 b+H2 Bb BKTQ`iMi iQ i?2 +H+mHiBQM Q7 i?2 2pQHmiBQM Q7
i?2 Qp2`HT T`K2i2`- b r2 rBHH 2tTHBM #2HQrX
ee



















6B;m`2 8Xj, h?2 p2`;2 bBx2 M/ iBK2b+H2 Q7 2p2MibX UV h?2 p2`;2 bBx2 Q7 2p2Mib b  7mM+@
iBQM Q7 p∗?QT i i2KT2`im`2b T = 0.45- 0.47- 0.51- 0.53- 0.56- 0.58- 0.63- 0.70 7`QK #Hm2 iQ `2/
`2bT2+iBp2HvX h?2 p2`;2 /m`iBQMb Q7 2p2Mib 7Q` i?2 bK2 i2KT2`im`2b b BM UVX
a2H2+iBQM Q7 i?2 `2``M;2K2Mi +miQ77
AM i?Bb bim/v- QMHv i?Qb2 2p2Mib rBi? p∗?QT > pc = 0.2 `2 +QMbB/2`2/ iQ #2 `2``M;2@
K2MibX >2`2 r2 KQiBpi2 i?Bb +?QB+2 M/ 2tTHQ`2 ?Qr i?2 ``?2MBmb T`Q+2bb2b i?i
r2 B/2MiB}2/ BM i?2 i2ti `2 z2+i2/ #v i?2 +miQzX 6B;X 8X9 b?Qrb i?2 7`+iBQM Q7 `2@
``M;BM; T`iB+H2b b  7mM+iBQM Q7 i?2 +miQz pc i?i `2 +Q``2+iHv B/2MiB}2/ b bQ7i
UBX2X i?i ?p2 S > 0V #v i?2 aoJ i T = 0.47X q2 b22 i?i i?Bb T`2/B+iBQM ++m@
`+v BM+`2b2b rBi? pc- bim`iBM; i pc ≈ 0.2- r?2`2 i?2 7`+iBQM Q7 +Q``2+iHv B/2MiB}2/
T`iB+H2b `2+?2b  THi2m Q7 #Qmi 90%X h?Bb Bb `2KBMBb+2Mi Q7 i?2 #2?pBQ` Q7 i?2
/m`iBQM Q7 M 2p2Mi- r?B+? HbQ #2+QK2b BM/2T2M/2Mi Q7 p∗?QT ≈ 0.2 U6B;X 8Xj U#VVX
Ai i?2`27Q`2 b22Kb `2bQM#H2 iQ +QMbB/2` b `2``M;2K2Mib QMHv i?Qb2 2p2Mib i?i
2t+22/ pc ≈ 0.2X
q2 MQr 2tTHQ`2 i?2 `2HiBQMb?BT #2ir22M i?2 +miQz pc M/ i?2 2M2`;v M/ 2Mi`QTv
b+H2b 2ti`+i2/ 7`QK i?2 ``?2MBmb 7Q`KX 6B;X 8X8 UV b?Qrb i?2 2M2`;v b+H2 b 
7mM+iBQM Q7 bQ7iM2bb 7Q` b2p2`H /Bz2`2Mi +miQzbX q2 b22 i?i i?2 2M2`;v b+H2b 2t@


















6B;m`2 8X9, h?2 7`+iBQM Q7 `2``M;BM; T`iB+H2b i?i r2`2 +Q``2+iHv B/2MiB}2/ b bQ7i b  7mM+@
iBQM Q7 pc i T = 0.47 M/ ρ = 1.20X  HBM2 ;mB/BM; i?2 2v2 Bb /`rM i p∗?QT = 0.2X
2M+2  b?B7i i?i Bb +miQz /2T2M/2MiX "v +QMi`bi B7 r2 +QMbB/2` 6B;X 8X8 U#V r2 MQiB+2
i?i i?2 2Mi`QTv b+H2 Bb pB`imHHv BM/2T2M/2Mi Q7 bQ7iM2bb BM #Qi? Bib bHQT2 M/ b?B7iX
h?2 7+i i?i #Qi? i?2 2Mi`QTv M/ i?2 2M2`;v b+H2 B/2MiB+HHv rBi? bQ7iM2bb `2;`/@
H2bb Q7 +miQz BKTHB2b i?i i?2 QMb2i i2KT2`im`2 Bb i?2 bK2 7Q` `2``M;2K2Mib Q7 HH
b+H2bX
h?2 7+i i?i i?2 2M2`;v 2tT2`B2M+2b  b?B7i i?i /2T2M/b QM i?2 bBx2 Q7 `2``M;2@
K2Mib Bb `2KBMBb+2Mi Q7  bBKBH` b?B7i BM i?2 2M2`;v Q7 2t+BiiBQMb- b  7mM+iBQM Q7
i?2B` bBx2- i?i ?b T`2pBQmbHv #22M Q#b2`p2/ BM ;Hbbv HB[mB/bRX AM 6B;X 8Xe r2 b?Qr
i?i i?2 /2T2M/2M+2 Q7 i?2 b?B7i BM i?2 2M2`;v QM i?2 i?2 +miQz Bb TT`QtBKi2Hv HQ;@
`Bi?KB+- BM ;`22K2Mi rBi? _27XRX q2 i?2`27Q`2 +QM+Hm/2 i?i Qm` +?QB+2 Q7 +miQz
z2+ib Qm` `2bmHib QMHv i?`Qm;?  b?B7i Q7 i?2 i?2 2M2`;v b+H2 i?i +M #2 ++QmMi2/













































































































































































































































































6B;m`2 8X8, h?2 /2T2M/2M+2 Q7 i?2 2M2`;v M/ 2Mi`QTv b+H2b QM i?2 +miQz pcX UV h?2 2M2`;v
b+H2 b 2ti`+i2/ 7`QK i?2 ``?2MBmb 7Q`K 7Q` `2``M;2K2Mib rBi? +miQzb pc =yXy8- yXy3- yXRR-
yXR9- yXRd- yXky- yXkj- yXke- yXkN- yXjk 7`QK #H+F UHQr2biV iQ `2/ U?B;?2biVX U#V h?2 2Mi`QTv b+H2





































6B;m`2 8Xe, h?2 b?B7i BM i?2 2M2`;v b+H2 b  7mM+iBQM Q7 i?2 HQ;`Bi?K Q7 i?2 +miQzX
8XjXj *QKTmiBM; bQ7iM2bbX
q2 ?p2 K/2 irQ BKT`Qp2K2Mib i?i ;`2iHv BM+`2b2/ i?2 T`2/B+iBQM ++m`+v 7Q`
`2``M;2K2Mib +QKT`2/ iQ i?2 rQ`F QM b?2`2/ bvbi2Kb BM *?Ti2` 9X 6B`bi- r2
B/2MiB}2/ `2``M;2K2Mib KQ`2 +`27mHHv- b /2iBH2/ #Qp2X a2+QM/- r2 /2}M2/ Qm`
i`BMBM; b2ib KQ`2 +`27mHHvX 1+? i`BMBM; b2i +QMiBMb eyyy T`iB+H2b i?i `2``M;2
BM i?2 M2ti iBK2 bi2T- 2+? H#2H2/ rBi? yi = 1- b r2HH b eyyy T`iB+H2b i?i ?p2
eN
MQi `2``M;2/ 7Q`  iBK2 τα #27Q`2 i?2 bi`m+im`2 rb +H+mHi2/- 2+? H#2H2/ rBi?
yi = 0X h?2b2 T`iB+H2b r2`2 +?Qb2M `M/QKHv 7`QK i?2 b2i Q7 HH T`iB+H2b biBb7vBM;
i?2b2 +QM/BiBQMb 7`QK J. bBKmHiBQMb i  HQr i2KT2`im`2X h?2M-  i`BMBM; b2i Q7 L
T`iB+H2b +M #2 r`Bii2M b {(F1, y1) , ..., (FN , yN )}- r?2`2 Fi 4
{




i?2 M bi`m+im`2 7mM+iBQMb i?i /2b+`B#2 i?2 HQ+H M2B;?#Q`?QQ/ Q7 T`iB+H2 iX
b BM *?Ti2` 9- r2 mb2 irQ +Hbb2b Q7 7mM+iBQMb iQ ;2M2`i2 i?2 b2i Q7 M bi`m+im`2
7mM+iBQMbX h?2 }`bi +Hbb K2bm`2b i?2 /2MbBiv Q7 T`iB+H2b  /BbiM+2 r ± δ 7`QK 
`272`2M+2 T`iB+H2- i-







r?2`2 Rij Bb i?2 /BbiM+2 #2ir22M T`iB+H2b i M/ j M/ X /2MQi2b  bT2+B2b r?Qb2
/2MbBiv r2 rBb? iQ T`Q#2X "v p`vBM; r- δ- M/ X i?2b2 7mM+iBQMb BMp2biB;i2 /Bz2`2Mi
bT2+ib Q7 i?2 /2MbBiv Q7 T`iB+H2b M2` i?2 T`iB+H2 iX AM i?Bb rQ`F r2 F22T δ = 0.1σAA
}t2/X h?2 b2+QM/ +Hbb Q7 7mM+iBQMb +QmMib i?2 MmK#2` Q7 bKHH UQ` H`;2V #QM/ M;H2b
#2ir22M i`BTH2b Q7 T`iB+H2b rBi?BM  /BbiM+2 ξ Q7 QM2 MQi?2`X Ai Bb ;Bp2M #v-













(1 + λ cos θijk)
ζ U8XjV
r?2`2 θijk Bb i?2 M;H2 #2ir22M Rij M/ Rik- λ = ±1 /2i2`KBM2b r?2i?2` r2 +QM@
bB/2` bKHH Q` H`;2 #QM/ M;H2b- ζ /2i2`KBM2b i?2 M;mH` `2bQHmiBQM- M/ X M/ Y
`2 bT2+B2bX "v p`vBM; X- Y - ζ- λ- M/ ξ r2 T`Q#2 /Bz2`2Mi bT2+ib Q7  T`iB+H2Ƕb
M;mH` M2B;?#Q`?QQ/X
q2 i?2M mb2 M aoJ iQ }M/ i?2 ?vT2`THM2 w · F − b = 0 i?i b2T`i2b i?2
TQBMib rBi? yi = 1 7`QK i?Qb2 rBi? yi = 0X h?Bb ?vT2`THM2 Bb mb2/ QM i?2 `2bi Q7
i?2 /i iQ `2+? i?2 `2bmHib `2TQ`i2/X h?2 aoJ Bb i`BM2/- i?i Bb- i?2 ?vT2`THM2 Bb
dy
+QMbi`m+i2/- QM i?2 #BM`v p`B#H2 y mbBM; i?2 GA"aoJ T+F;2ReNX Ai Bb MQi TQbbB@
#H2 iQ }M/  ?vT2`THM2 i?i T2`72+iHv b2T`i2b i?2 irQ /Bz2`2Mi +Hbb2bX q2 mb2 
T2MHiv T`K2i2` C M/ }M/ i?2 QTiBKH ?vT2`THM2 2[miBQM #v KBMBKBxBM;
1
2




rBi? i?2 +QMbi`BMi yi ·
(
wT · Fi + b
) ≥ 1 − χi M/ χi ≥ 0 r?2`2 χi `2 i?2 bH+F
p`B#H2bX h?2 C T`K2i2` rb +?Qb2M i?`Qm;? +`Qbb@pHB/iBQMX h?2 ?vT2`THM2 Q#@
iBM2/ 7`QK i?Bb i`BMBM; +M #2 mb2/ iQ +HbbB7v  M2r T`iB+H2 M2B;?#Q`?QQ/- Fn- b
bQ7i Q` ?`/X Fn Bb bQ7i B7 w · Fn − b > 0- M/ ?`/ Qi?2`rBb2X h?2 +QMiBMmQmb p`B@
#H2 bQ7iM2bb Bb /2}M2/ #v Sn = w · Fn − bX a22 bmTTH2K2MiH BM7Q`KiBQM 7Q` Qi?2`
+HbbB}+iBQM b+?2K2b 2tTHQ`2/X
8X9 _2bmHib
q2 +M /2/m+2 i?2 KQbi BKTQ`iMi bi`m+im`H 72im`2b +QMi`B#miBM; iQ bQ7iM2bb 2B@
i?2` #v i`BMBM; QM 72r2` bi`m+im`2 7mM+iBQMb Q` #v 2tKBMBM; i?2 T`QD2+iBQM Q7 i?2
?vT2`THM2 MQ`KH QMiQ 2+? Q`i?Q;QMH bi`m+im`2 7mM+iBQM tBbX "Qi? MHvb2b vB2H/
 +QMbBbi2Mi TB+im`2 Ub22 a2+iBQM 8X8V, i?2 KQbi BKTQ`iMi 72im`2b `2 i?2 /2MbBiv Q7
M2B;?#Q`b i i?2 }`bi T2Fb Q7 i?2 `/BH /Bbi`B#miBQM 7mM+iBQMb gAA(r) M/ gAB(r)c
i?2b2 irQ 72im`2b HQM2 ;Bp2 ddW T`2/B+iBQM ++m`+v 7Q` `2``M;2K2MibX S`iB+H2b
rBi? KQ`2 M2B;?#Q`b i i?2 }`bi T2Fb Q7 g(r) ?p2  HQr2` bQ7iM2bb- M/ `2 i?mb
KQ`2 bi#H2X h?2b2 `2bmHib `2 `2KBMBb+2Mi Q7 i?2 +;2 TB+im`2- BM r?B+? M BM+`2b2
Q7 TQTmHiBQM BM i?2 }`bi@M2B;?#Q` b?2HH bmTT`2bb2b `2``M;2K2Mib- Q` i?2 7`22@pQHmK2
TB+im`2- BM r?B+? T`iB+H2b r?Qb2 bm``QmM/BM;b `2 +HQb2Hv@T+F2/ `2 KQ`2 bi#H2 i?M
i?Qb2 rBi? KQ`2 HQQb2Hv@T+F2/ M2B;?#Q`?QQ/bR39X Pp2`HH- bQ7i T`iB+H2b ivTB+HHv
dR















6B;m`2 8Xd, h?2 +?`+i2`BbiB+b Q7 i?2 bQ7iM2bb }2H/X -  bMTb?Qi Q7 i?2 bvbi2K i T = 0.47 M/
ρ = 1.20 rBi? T`iB+H2b +QHQ`2/ ++Q`/BM; iQ i?2B` bQ7iM2bb 7`QK `2/ UbQ7iV iQ #Hm2 U?`/VX #- h?2
/Bbi`B#miBQM Q7 bQ7iM2bb Q7 HH T`iB+H2b BM i?2 bvbi2K U#H+FV M/ Q7 i?Qb2 T`iB+H2b i?i `2 #Qmi
`2``M;2 U`2/VX NyW Q7 i?2 T`iB+H2b i?i `2 #Qmi iQ `2``M;2 ?p2 S > 0 Ub?/2/ `2;BQMVX
LQM2 Q7 i?2 /i BM+Hm/2/ BM i?Bb THQi r2`2 BM i?2 i`BMBM; b2iX
?p2  bi`m+im`2 i?i Bb KQ`2 bBKBH` iQ  ?B;?2`@i2KT2`im`2 HB[mB/- r?2`2 i?2`2 `2
KQ`2 `2``M;2K2Mib- r?BH2 ?`/ T`iB+H2b r?Qb2 bi`m+im`2 TT2`b +HQb2` iQ  HQr2`@
i2KT2`im`2 HB[mB/R38X
6B;X R UV Bb  bMTb?Qi rBi? T`iB+H2b +QHQ`2/ ++Q`/BM; iQ i?2B` bQ7iM2bbX 1pB@
/2MiHv- S ?b bi`QM; bTiBH +Q``2HiBQMbX 6B;X R U#V b?Qrb i?2 /Bbi`B#miBQM Q7 bQ7iM2bb-
P (S)- M/ i?2 /Bbi`B#miBQM Q7 bQ7iM2bb 7Q` T`iB+H2b Dmbi #27Q`2 i?2v ;Q i?`Qm;?  `2@
``M;2K2Mi- P (S|R)X q2 b22 i?i NyW Q7 i?2 T`iB+H2b i?i mM/2`;Q `2``M;2K2Mib
?p2 S > 0X q2 ?p2 HbQ i2bi2/ Qi?2` b2ib Q7 bi`m+im`2 7mM+iBQMb Ub22 bmTTH2K2MiH
BM7Q`KiBQMV M/ 7QmM/ M2`Hv B/2MiB+H ++m`+vX aQ7iM2bb Bb i?2`27Q`2  ?B;?Hv +@
+m`i2 T`2/B+iQ` Q7 `2``M;2K2Mib i?i Bb `2bQM#Hv `Q#mbi iQ i?2 b2i Q7 bi`m+im`2
7mM+iBQMb +?Qb2MX
q2 M2ti b?Qr i?i i?2 T`Q##BHBiv i?i T`iB+H2b `2``M;2 Bb  7mM+iBQM Q7 i?2B`
bQ7iM2bbX h?Bb T`Q##BHBiv Bb +H+mHi2/ b i?2 7`+iBQM Q7 T`iB+H2b Q7  bQ7iM2bb- S-
dk
i?i `2 `2``M;BM; i  ;Bp2M iBK2- PR(S)X q2 THQi PR(S) BM 6B;X k UV BM bQHB/ HBM2b
i i2KT2`im`2b `M;BM; 7`QK T = 0.47 U#Hm2V iQ T = 0.58 U`2/VX i 2+? T r2 b22
i?i PR(S) Bb  bi`QM; 7mM+iBQM Q7 bQ7iM2bb- BM+`2bBM; #v b2p2`H Q`/2`b Q7 K;MBim/2-
2bT2+BHHv i i?2 HQr2` i2KT2`im`2b- BM i?2 `M;2 S = −3 iQ S = 3X  bBKBH`- H#2Bi
KQ`2 KQ/2bi- `2HiBQMb?BT rb b22M BMR3eX q?2M PR(S) Bb THQii2/ b  7mM+iBQM Q7 1/T
7Q` b2p2`H pHm2b Q7 bQ7iM2bb- 6B;X k U#V- i?2 T`Q##BHBiv i?i  T`iB+H2 Q7 bQ7iM2bb S
rBHH `2``M;2 ?b ``?2MBmb #2?pBQ`- PR(S) = P0(S) exp(−∆E(S)/T ) r?2`2 P0(S)
M/ ∆E(S) /2T2M/ QM SX *QM}`KBM; i?Bb Q#b2`piBQM- PR(S)/P0(S) +QHHTb2b Qp2`
KMv Q`/2`b Q7 K;MBim/2 7Q` HH i2KT2`im`2b r?2M THQii2/ ;BMbi ∆E(S)/T - b
b?QrM BM i?2 BMb2i Q7 6B;X kU#VX
M ``?2MBmb 7Q`K 2K2`;2b r?2M  FBM2iB+ T`Q+2bb /2T2M/b QM  bBM;H2 2M2`;v b+H2
∆E(S)X AM 6B;X k U+V r2 THQi ∆E(S) M/ Σ(S) ≡ lnP0(S) pbX SX "Qi? i2`Kb /2T2M/
M2`Hv HBM2`Hv QM S, ∆E = e0 − e1S M/ Σ = Σ0 − Σ1S r?2`2 HH 7Qm` +Q2{+B2Mib
`2 TQbBiBp2 M/ BM/2T2M/2Mi Q7 T X Pm` `2bmHib `2 +QMbBbi2Mi rBi? i?2 BMi2`T`2iiBQM
i?i i HQr i2KT2`im`2b- ?`/2` `2;BQMb Q7 i?2 ;Hbbv HB[mB/ rBi? ?B;?2` 2M2`;v #`@
`B2`b `2 7`Qx2M Qmi r?BH2 bQ7i2` `2;BQMb `2 MQi- H2/BM; iQ ?2i2`Q;2M2Qmb /vMKB+bX
h?2b2 ?2i2`Q;2M2BiB2b bKQQi? Qmi rBi? BM+`2bBM; i2KT2`im`2- M/ pMBb? HiQ;2i?2`
QM+2 PR(S) MQ HQM;2` /2T2M/b QM bQ7iM2bbX h?Bb Q++m`b i i?2 i2KT2`im`2 T0 r?2`2
i?2 bQ7iM2bb /2T2M/2M+2 Q7 Σ 2t+iHv +M+2Hb i?i Q7 ∆E/T0 M/ bQ T0 = e1/Σ1X h?Bb
`2bmHi +M HbQ #2 b22M pBbmHHv BM 6B;X k U#V r?2`2 i?2 /Bz2`2Mi ``?2MBmb T`2/B+iBQMb
7Q` PR(S) HH BMi2`b2+i i  bBM;H2 i2KT2`im`2- T0- r?2`2 i?2 T`Q##BHBiv Q7 `2``M;2@
K2Mi rBHH #2 BM/2T2M/2Mi Q7 bQ7iM2bbX AM 6B;X k U/V r2 +QKT`2 Qm` T`2/B+iBQM 7Q` T0
iQ i?2 QMb2i i2KT2`im`2 Q7 ;Hbbv /vMKB+b K2bm`2/ #v E2vb 2i HXR- Tm0 - i /Bz2`@
2Mi /2MbBiB2bX h?2 2t+2HH2Mi ;`22K2Mi #2ir22M i?2 T`2/B+i2/ T0 M/ i?2 K2bm`2/


































































6B;m`2 8X3, h?2 `2HiBQMb?BT #2ir22M bQ7iM2bb M/ /vMKB+bX - h?2 T`Q##BHBiv i?i T`iB+H2b
`2``M;2 b  7mM+iBQM Q7 i?2B` bQ7iM2bb- PR(S)- 7Q` i2KT2`im`2b T =yX9d- yX8j- M/ yX83
THQii2/ BM #Hm2 iQ `2/X aQHB/ HBM2b `2 K2bm`2K2Mib 7`QK KQH2+mH` /vMKB+b i`D2+iQ`B2b UbQHB/
HBM2bVX .b?2/ HBM2b T`2b2Mi i?2 T`Q##BHBiv +QKTmi2/ mbBM; i?2 ``?2MBmb 7Q`K 7Q` PR(S) U/b?2/
HBM2bVX SQBMib `2T`2b2Mi i?2 T`Q##BHBiB2b +H+mHi2/ 7`QK i?2 x2`Q@iBK2 /2`BpiBp2 Q7 i?2 Qp2`HT-
−dq(S, t)/dt i T = 0.47 M/ T = 0.58X #- PR(S) b  7mM+iBQM Q7 1/T 7Q` 8 /Bz2`2Mi bQ7iM2bb
pHm2b 7`QK S ∼ −3 U#Hm2V iQ S ∼ 3 U`2/VX h?2 BMb2i b?Qrb i?2 +QHHTb2 Q7 i?2b2 T`Q##BHBiB2b
r?2M PR/P0 Bb THQii2/ ;BMbi ∆E/T X +- ∆E M/ Σ- r?2`2 PR(S) = exp(Σ −∆E/T )- pbX bQ7i@
M2bb SX /- T`2/B+i2/ QMb2i i2KT2`im`2 T0 pbX Tm0 - QMb2i i2KT2`im`2 K2bm`2/ #v E2vb- 2i HXR-
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6B;m`2 8XN, Pp2`HT +H+mHi2/ 7`QK bQ7iM2bb - aQHB/b HBM2b `2 i?2 K2bm`2/ Qp2`HT 7mM+iBQM-
7Q` i2KT2`im`2b T = yX98- yX9d- yX8j- yX83- yXej- M/ yXdy- 7`QK #Hm2 iQ `2/- `2bT2+iBp2HvX h?2
/b?2/ HBM2b BM i?2 BMb2ib b?Qr T`2/B+iBQMb bbmKBM; 2+? ``?2MBmb T`Q+2bb Bb BM/2T2M/2Mi Q7 QM2
MQi?2`X #- h?2 bQHB/ HBM2b BM i?2 BMb2ib `2 i?2 bK2 b BM X .b?2/ HBM2b `2 T`2/B+iBQMb 7Q` i?2
Qp2`HT 7mM+iBQM 7`QK PR(S) BM+Hm/BM; +?M;2b BM i?2 bQ7iM2bb }2H/ BM/m+2/ #v bTiBH +Q``2HiBQM
#2ir22M `2``M;BM; T`iB+H2bX
+Q``2HiBQMb #2ir22M bi`m+im`2 UbQ7iM2bbV M/ /vMKB+bX








r?2`2 N Bb i?2 MmK#2` Q7 T`iB+H2b BM i?2 bvbi2K- ri Bb i?2 TQbBiBQM Q7 T`iB+H2 i- M/
Θ Bb i?2 >2pBbB/2 7mM+iBQMX q2 iF2 a = 0.5R3dX AM 6B;X j UV@U#V r2 THQi i?2 Qp2`@
HT 7mM+iBQM 7Q` /Bz2`2Mi i2KT2`im`2b i ρ = 1.20X Pm` BK Bb iQ mM/2`biM/ i?2
7Q`K Q7 i?2 /2+v Q7 q(t) 7`QK i?2 #2?pBQ` Q7 i?2 `2``M;2K2Mi T`Q##BHBiv- PR(S)X
hQ #2;BM- r2 /2}M2 i?2 +QMi`B#miBQM iQ i?2 Qp2`HT 7`QK T`iB+H2b r?Qb2 bQ7iM2bb rb
BMBiBHHv S i t = 0- q(S, t)X h?2 iQiH Qp2`HT Bb q(t) = ∫ dSq(S, t)P (S)X "2+mb2
q(S, t) Bb i?2 7`+iBQM Q7 T`iB+H2b rBi? BMBiBH bQ7iM2bb S i?i ?p2 MQi `2``M;2/ 7i2`
 iBK2 t- r2 2tT2+i dq(S,t)dt |t=0 = −caPR(S) Ub22 a2+iBQM 8XeXRV r?2`2 ca Bb i?2 7`+iBQM
Q7 `2``M;2K2Mib i?i /BbTH+2 T`iB+H2b #v KQ`2 i?M aX h?Bb Bb BM/22/ i?2 +b2- b
Bb 2pB/2Mi 7`QK i?2 /i BM 6B;X k UV- r?2M dq(S,t)dt |t=0 UTQBMibV Bb Qp2`HB/ rBi? PR(S)
d8






































6B;m`2 8XRy, hBK2 2pQHmiBQM Q7 bQ7iM2bb - h?2 biQ+?biB+ 2pQHmiBQM Q7 bQ7iM2bb BM iBK2 b b22M BM
i?`Qm;? i?2 2pQHmiBQM Q7 i?2 :mbbBM TT`QtBKiBQM iQ i?2 /Bbi`B#miBQM Q7 bQ7iM2bbX #- h?2 iBK2
2pQHmiBQM Q7 i?2 bQ7iM2bb /Bbi`B#miBQM 7Q`  +QHH2+iBQM Q7 T`iB+H2b rBi? BMBiBH bQ7iM2bb S0 ∼ −3 7`QK
t = 0 U#Hm2V iQ t = 1000τ UTBMFVX SQBMib `2 i?2 K2bm`2/ ?BbiQ;`K pHm2b- M/ i?2 /b?2/ HBM2b
`2 :mbbBM TT`QtBKiBQMb iQ i?2 /Bbi`B#miBQMX +- h?2 iBK2 2pQHmiBQM Q7 i?2 p2`;2 bQ7iM2bb 7Q`
T`iB+H2b i?i bi`i 7`QK b2p2`H bQ7iM2bb pHm2b `M;BM; 7`QK S0 ∼ −3 U#Hm2V iQ S0 ∼ 3 U`2/VX
UbQHB/ HBM2bVX
A7 r2 MQr bbmK2 i?i 2+? T`iB+H2 `2``M;2b rBi? T`Q##BHBiv PR(S) b M BM@
/2T2M/2Mi ``?2MBmb T`Q+2bb ++Q`/BM; iQ 6B;X k- i?2M r2 +M T`2/B+i i?2 /2+v Q7
q(S, t) mbBM;  bBKTH2 /Bb+`2i2 KQ/2H, Bi +M #2 r`Bii2M BM i2`Kb Q7 i?2 T`Q##BHBiv
i?i  T`iB+H2 Q7 bQ7iM2bb S /Q2b MQi `2``M;2 7Q` t − 1 iBK2bi2Tb #27Q`2 }MHHv `2@
``M;BM; i iBK2 t- (1 − PR(S))t−1PR(S)X h?2 `2bmHiBM; T`2/B+iBQM 7Q` q(t) U/b?2/V
Bb b?QrM BM 6B;X j UV 7Q` b2p2`H /Bz2`2Mi i2KT2`im`2bX q?BH2 i?2 T`2/B+iBQM Bb MQi
TQQ`- Bib ++m`+v /2+`2b2b i HQM;2` iBK2b- T`iB+mH`Hv i HQr2` i2KT2`im`2bX
q2 MQr b?Qr i?i i?2 /Bb+`2TM+v #2ir22M Qm` MBp2 i?2Q`v M/ i?2 /2+v Q7 q(t)
T`BK`BHv `2bmHib 7`QK  +`m+BH M2;H2+i2/ 72im`2, 2p2M B7  ;Bp2M T`iB+H2 /Q2b MQi
`2``M;2- Bib HQ+H bi`m+im`H 2MpB`QMK2Mi ĜM/ i?2`27Q`2 Bib bQ7iM2bbĜ +M #2 Hi2`2/
B7 M2`#v T`iB+H2b `2``M;2X h?Bb T?vbB+b Bb `2KBMBb+2Mi Q7 7+BHBiiBQMX
hQ iF2 i?Bb 7+BHBiiBQM BMiQ ++QmMi- r2 +H+mHi2 i?2 ǳbQ7iM2bb T`QT;iQ`Ǵ- G(S, S0, t)-
i?i Bb- i?2 /Bbi`B#miBQM Q7 bQ7iM2bb i iBK2 t 7Q` T`iB+H2b i?i bi`i rBi?  bQ7iM2bb S0
i t = 0 M/ KQp2 H2bb i?M  /BbiM+2 a 7i2`  iBK2 t UBX2X i?i /Q MQi `2``M;2
de
BM  iBK2 tVX 6B;X 9 UV b?Qrb  :mbbBM TT`QtBKiBQM iQ G(S, S0 = −3, t)X q2
b22 i?i G(S, S0, t) Bb b?`THv T2F2/ `QmM/ S0 i bKHH t #mi rB/2Mb M/ b?B7ib rBi?
BM+`2bBM; t `2KBMBb+2Mi Q7 /B`2+i2/ /BzmbBQMX 6B;X 9 U#V b?Qrb G(S, S0 = −3, t) i
b2p2`H /Bz2`2Mi iBK2b- r?2`2 TQBMib `2 K2bm`2/ T`Q##BHBiB2b M/ /b?2/ HBM2b `2
i?2B` :mbbBM TT`QtBKiBQMbX AM 6B;X 9 U+V r2 THQi i?2 K2M bQ7iM2bb 2pHmi2/ b
⟨S(t)⟩S0 =
∫
dSSG(S, S0, t) 7Q` b2p2`H /Bz2`2Mi pHm2b Q7 S0X 6Q` 2+? S0 i?2 p2`;2
bQ7iM2bb Q7 T`iB+H2b 2pQHp2b iQr`/b i?2 K2M Q7 i?2 2[mBHB#`BmK bQ7iM2bb /Bbi`B#miBQM
Qp2`  iBK2 T2`BQ/ Q7 TT`QtBKi2Hv ταX h?2 bQ7iM2bb T`QT;iQ` Bb 2pHmi2/ QMHv
7Q` T`iB+H2b i?i ?p2 MQi `2``M;2/- bQ 6B;X 9 b?Qrb i?i `2``M;2K2Mib Q7 M2`#v
T`iB+H2b z2+i  T`iB+H2Ƕb bQ7iM2bb bB;MB}+MiHvX
Pm` }`bi MBp2 T`2/B+iBQM #b2/ QM i?2 bbmKTiBQM i?i T`iB+H2b `2``M;2 BM/2@
T2M/2MiHv +Q``2bTQM/b iQ G(S, S0, t) = δ(S − S0)X q2 `2}M2 Qm` i?2Q`v #v mbBM;
i?2 +imH bQ7iM2bb T`QT;iQ` BM +QMM2+iBM; i?2 T`Q##BHBiv Q7 `2``M;BM;- PR(S)-
rBi? i?2 Qp2`HT q(S, t) Ub22 a2+iBQM 8XeXRVX 6Q` 2b2 Q7 +H+mHiBQM- r2 TT`QtBKi2
G(S, S0, t) b  :mbbBM /Bbi`B#miBQM BM S M/ +H+mHi2 Bib K2M M/ p`BM+2 b
7mM+iBQMb Q7 S0 M/ t 7`QK bBKmHi2/ /iX h?2 `2bmHiBM; T`2/B+iBQM 7Q` i?2 Qp2`HT
Bb b?QrM BM 6B;X j U#VX h?2 ;`22K2Mi rBi? i?2 +imH q(t) Bb 2t+2HH2Mi- bm;;2biBM;
i?i M mM/2`biM/BM; Q7 i?2 iBK2 2pQHmiBQM Q7 i?2 bQ7iM2bb }2H/- Q` 2[mBpH2MiHv Q7
i?2 bQ7iM2bb T`QT;iQ`- rQmH/ bm{+2 iQ mM/2`biM/ i?2 MQM@2tTQM2MiBH /2+v Q7 i?2
Qp2`HT 7mM+iBQMX
8X8 62im`2 b2H2+iBQM M/ T?vbB+H BMi2`T`2iiBQM
h?2 bi`m+im`2 7mM+iBQMb `2 BMbTB`2/ #v i?2 bvKK2i`v 7mM+iBQMb T`QTQb2/ #v "2?H2`
M/ S``BM2HHQe8 M/ M;mH` bi`m+im`2 7mM+iBQMb `2 bK2X Pm` `/BH bi`m+im`2 7mM+@
iBQMb `2 /Bz2`2Mi, r2 mb2 7mM+iBQMb i?i `2/m+2 iQ rd−1g(r) BM i?2 HBKBi Q7 δ → 0 BM
dd
1[X 8X8- r?BH2 i?2v +QMbB/2` +mKmHiBp2 7mM+iBQMb `2Hi2/ iQ BMi2;`Hb Q7 g(r) 7`QK y iQ
bQK2 /BbiM+2 RX q2 mb2 Ryy `/BH bi`m+im`2 7mM+iBQMb iQ /2b+`B#2  #BM`v KBtim`2
Q7 bT?2`2b- r?2`2b b 72r b Re `/BH bvKK2i`v 7mM+iBQMb ?p2 #22M mb2/ 7Q` bm+? 
bvbi2Ke8X
b /Bb+mbb2/ BM a2+iBQM 8XjXj- Qm` `/BH bi`m+im`2 7mM+iBQMb `2







r?2`2 Rij Bb i?2 /BbiM+2 #2ir22M T`iB+H2b i M/ j M/ X /2MQi2b i?2 T`iB+H2 bT2+B2b
r?Qb2 /2MbBiv r2 rBb? iQ T`Q#2X q2 iF2 r iQ #2 #2ir22M 0 M/ 5.0 σAA BM BM+`2@
K2Mib Q7 0.1σAA- r?B+? ;Bp2b  iQiH Q7 8y `/BH bi`m+im`2 7mM+iBQMb T2` bT2+B2bX Pm`
M;mH` bi`m+im`2 7mM+iBQMb `2













(1 + λ cos θijk)
ζ U8XeV
r?2`2 θijk Bb i?2 M;H2 #2ir22M Rij M/ Rik- λ = ±1 /2i2`KBM2b r?2i?2` r2 +QMbB/2`
bKHH Q` H`;2 #QM/ M;H2b- ζ /2i2`KBM2b i?2 M;mH` `2bQHmiBQM- M/ X M/ Y /2MQi2
i?2 T`iB+H2 bT2+B2bX h#H2 8Xk BM+Hm/2b i?2 M;mH` T`K2i2`b r2 ?p2 mb2/ BM Qm`
rQ`FX
q2 MQr +QMbB/2` i?2 T?vbB+H K2MBM; Q7 bQ7iM2bbX lbBM; QMHv i?2 `/BH bi`m+im`2
7mM+iBQMb-  HBM2` aoJ rBi? 33W +`Qbb@pHB/iBQM ++m`+v +M #2 i`BM2/- b QT@
TQb2/ iQ i?2 NyW ++m`+v +?B2p2/ #v mbBM; #Qi? `/BH M/ M;mH` bi`m+im`2 7mM+@
iBQMbX .2bTBi2 i?2 kW HQbb BM ++m`+v- r2 7Q+mb i?2 `2KBMBM; MHvbBb BM i?Bb b2+iBQM
QM QMHv i?2 `/BH 7mM+iBQMb- bBM+2 i?2B` T?vbB+H BMi2`T`2iiBQM Bb KQ`2 bi`B;?i7Q`@
r`/ UBX2X GX(i; r, δ) +QmMib i?2 MmK#2` Q7 T`iB+H2b Q7 bT2+B2b X rBi?BM δ Q7 rXV q2
d3
ξ"(σAA) ζ λ
1 14.633 1 .1
2 14.633 1 1
3 14.638 2 .1
4 14.638 2 1
5 2.554 1 .1
6 2.554 1 1
7 2.554 2 .1
8 2.554 2 1
9 1.648 1 1
10 1.648 2 1
11 1.204 1 1
12 1.204 2 1
13 1.204 4 1
14 1.204 16 1
15 0.933 1 1
16 0.933 2 1
17 0.933 4 1
18 0.933 16 1
19 0.695 1 1
20 0.695 2 1
21 0.695 4 1
22 0.695 16 1
Structure"function"parameters"for"ΨYZ
Table S1: Angular structure function parameters.
which is one if a particle i at time t is soft according to the QLM method and zero otherwise. We can
then consider the time-correlation functions CSS( t) = hS˜i(t)S˜i(t +  t)i, CSQ( t) = hS˜i(t)Q˜i(t +  t)i,
CQQ( t) = hQ˜i(t)Q˜i(t +  t)i, as well as the self-intermediate scattering functions Fs(q,  t). Here S˜i(t) =
(Si(t)   hSii)/
phS2i i   hSii2 and Q˜i(t) = (Qi(t)   hQii)/phQ2i i   hQii2 are constructed from Si(t) and
Qi(t) respectively to have zero mean and unit variance. We show a plot of these time correlation functions
in Fig. S3 and show that both the SVM and QVM soft particles remain correlated with themselves and one
another up until the timescale for structural relaxation in the system (as evidenced by the corresponding
decay of Fs(q, t).) We therefore conclude that both populations of soft particles typically pick out the same
structures.
We notice, however, that the absolute value of the cross-correlation function is quite low, where even at
the lowest temperature CSQ(2⌧) ' 0.17. We attribute this low value of the cross correlation to two primary
e↵ects: the first is the fact that the SVM method identifies a higher overall density of soft particles than
the QLM method with ⇢SS = 0.26 vs ⇢QQ = 0.18 which implies an upper bound on the cross correlation
of CSQ < 0.79. The second e↵ect is the presence of quadrupole tails in the QLM soft spots that arise from
the fact that in the harmonic approximation the system is an elastic medium. Thus, even though we expect
the two populations of soft particles to identify similar structures, we should not expect them to pick out
identical particles.
Finally, we notice that at very short times, t < 10⌧ , soft particles identified from the vibrational modes
feature higher autocorrelation those constructed from local structures, while at later times the latter struc-
tures are significantly more robust. To explain this phenomenon we note that QLM soft particles are derived
from the inherent structure positions while SVM soft particles are obtained from the thermal configuration
2
h#H2 8Xk, M;mH` bi`m+im`2 7mM+iBQM T`K2i2`bX
#2;BM #v +QKTmiBM; bQ7iM2bb mbBM; p`BQmb bm#b2ib Q7 i?2 `/BH 7mM+iBQMb iQ /2i2`KBM2
r?B+? `2 KQbi BKTQ`iMiX q2 rBHH bmTTQ`i i?2b2 `2bmHib #v +QMbB/2`BM; i?2 r2B;?ib
B/2MiB}2/ #v i?2 aoJ i`BM2/ QM HH Q7 i?2 `/BH 7mM+iBQMbX Pp2`HH- r2 b?Qr i?i
~m+imiBQMb BM HQ+H /2MbBiv i i?2 T2Fb Q7 g(r) ?p2 i?2 KQbi BM~m2M+2 QM bQ7iM2bbX
8X8XR lbBM;  bBM;H2 `/BH bi`m+im`2 7mM+iBQM
q2 i`BM  HBM2` aoJ QM 2+? Q7 i?2 Ryy `/BH 7mM+iBQMb b2T`i2Hv 7Q`  i`BMBM;
b2i Q7 ivT2  T`iB+H2bX AM 6B;X 8XRR- r2 THQi i?2 ++m`+v Q7 i?2b2 +HbbB}2`b- HQM;
rBi? i?2 `/BH /Bbi`B#miBQM 7mM+iBQMX 6Q` aoJb i`BM2/ QM ivT2 " bi`m+im`2 7mM+@
iBQMb U+Q``2bTQM/BM; iQ gAB(r)V- i?2 ?B;?2bi ++m`+v Bb i i?2 }`bi T2F Q7 i?2 `/BH
dN
r/σ























6B;m`2 8XRR, "H+F +m`p2b `2T`2b2Mi i?2 +HbbB}+iBQM ++m`+v Q7 i?2 aoJ i`BM2/ QM  `/BH
bi`m+im`2 7mM+iBQM i rX _2/ +m`p2b `2 i?2 `/BH /Bbi`B#miBQM 7mM+iBQM Q7 M2B;?#Q`b Q7 i?2 ;Bp2M
ivT2X
/Bbi`B#miBQM 7mM+iBQMX h?2 ++m`+v Q7 i?2 +HbbB}2` `Qm;?Hv 7QHHQrb i?2 MQ`KHBx2/
/2MbBiv Q7 ivT2  M2B;?#Q`b i i?2 /BbiM+2 i?2 bi`m+im`2 7mM+iBQM Bb +H+mHi2/X 6Q`
+HbbB}2`b i`BM2/ QM ivT2  bi`m+im`2 7mM+iBQMb U+Q``2bTQM/BM; iQ gAA(r)- i?2 `2bmHib
`2 ?`/2` iQ BMi2`T`2iX h?2 ?B;?2bi ++m`+v Bb +?B2p2/ i i?2 }`bi T2F Q7 i?2 `@
/BH /Bbi`B#miBQM 7mM+iBQM- b rb i?2 +b2 7Q` ivT2 X >Qr2p2`-  bBKBH`Hv bBx2/ T2F
Bb b22M i i?2 }`bi i`Qm;?- M/ i?2 ++m`+B2b /Q MQi b22K iQ 7QHHQr i?2 MQ`KHBx2/
/2MbBiv Q7 i?2 M2B;?#Q`bX
h?2 `/BH bi`m+im`2 7mM+iBQMb `QmM/ i?2 }`bi T2F Q7 i?2 `/BH /Bbi`B#miBQM 7mM+@
iBQM b22K iQ #2 KQbi BKTQ`iMi- #b2/ QM i?2 `2bmHib Q7 bBM;H2 bi`m+im`2 7mM+iBQM
i`BMBM;bX LQ bBM;H2 bi`m+im`2 7mM+iBQM +M +?B2p2  +HbbB}+iBQM ++m`+v ?B;?2`
i?M e9WX
3y
































6B;m`2 8XRk, h?2 ++m`+v Q7 M aoJ i`BM2/ QM  TB` Q7 `/BH bi`m+im`2 7mM+iBQMbX h?2 t2b
/2MQi2 ivT2 f /BbiM+2 Q7 i?2 bi`m+im`2 7mM+iBQMb mb2/ M/ i?2 +QHQ` /2MQi2b i?2 `2bmHiBM; +`Qbb@
pHB/iBQM ++m`+vX
8X8Xk lbBM; irQ `/BH bi`m+im`2 7mM+iBQMb
L2ti- r2 i`BM  HBM2` aoJ QM 2+? TB` Q7 `/BH bi`m+im`2 7mM+iBQMb mbBM;  i`BM@
BM; b2i Q7 ivT2  T`iB+H2bX AM 6B;X 8XRk- i?2 ++m`+v 7Q` 2+? TB` Bb T`2b2Mi2/X h?2
?B;?2bi ++m`+v UddWV Bb +?B2p2/ #v mbBM; i?2 ivT2 " 7mM+iBQM i 0.9σAA M/ i?2
ivT2  7mM+iBQM i 1.1σAA- #Qi? Q7 r?B+? +Q``2bTQM/ iQ i?2 }`bi T2Fb Q7 i?2B` `2@
bT2+iBp2 `/BH /Bbi`B#miBQM 7mM+iBQMbX h?mb- M ++m`+v Q7 ddW Bb Q#iBM2/ B7 k [mM@
iBiB2b `2 +QMbB/2`2/- i?2 ?2B;?i Q7 i?2 }`bi T2F Q7 i?2 " M/ Q7 i?2  `/BH /2M@
bBiv 7mM+iBQMbX
8X8Xj lbBM; i?`22 `/BH bi`m+im`2 7mM+iBQMb
q2 i`BM2/  HBM2` aoJ QM HH i`BTH2ib Q7 `/BH bi`m+im`2 7mM+iBQMb M/ `2+Q`/2/
i?2B` ++m`+vX h?2 i`BTH2i rBi? i?2 #2bi ++m`+v Ud3WV ?b i?2 irQ bi`m+im`2 7mM+@
3R
r/σ























6B;m`2 8XRj, "H+F +m`p2b /2MQi2 i?2 MmK#2` Q7 ?B;? ++m`+v i`BTH2ib  `/BH bi`m+im`2 7mM+iBQM
rb BMX _2/ +m`p2b /2MQi2 i?2 `/BH /Bbi`B#miBQM 7mM+iBQM BM `#Bi``v mMBibX
iBQMb 7`QK i?2 #2bi TB` U7`QK i?2 T`2pBQmb bm#b2+iBQMV- +Q``2bTQM/BM; iQ i?2 }`bi
T2Fb Q7 i?2 " M/  `/BH /Bbi`B#miBQMb- BM //BiBQM iQ i?2 ivT2 " 7mM+iBQM i
1.9σAA- r?B+? Bb i i?2 b2+QM/ T2F Q7 i?2 " `/BH /Bbi`B#miBQM 7mM+iBQMX
Pmi Q7 ReR-dyy i`BTH2ib Q7 `/BH bi`m+im`2 7mM+iBQMb- QMHv kNe Q7 i?2K +M #2 mb2/
iQ +?B2p2 M ++m`+v #Qp2 d8WX kN9 Q7 i?2b2 kNe i`BTH2ib BM+Hm/2 i?2 }`bi T2F Q7
i?2  `/BH /Bbi`B#miBQM UivT2  7mM+iBQM i 1.1σAAV- M/ kNR Q7 i?2 kNe i`BTH2ib
?p2 QM2 Q7 i?2 ivT2 " 7mM+iBQMb i 0.8, 0.9- Q` 1.0σAA Ui?2 }`bi T2F Q7 i?2 " `/BH
/Bbi`B#miBQMVX h?2b2 `2bmHib `2 bmKK`Bx2/ BM 6B;X 8XRjX
L2ti- r2 +M MHvx2 i?2 r2B;?ib i?2b2 bi`m+im`2 7mM+iBQMb ?p2 r?2M i?2v `2 BM
 ;QQ/ i`BTH2iX 6B;X R8 b?Qrb i?2 K2/BM r2B;?i Q7 i?2 bi`m+im`2 7mM+iBQMb r?2M i?2v
`2 BM  i`BTH2i Q7 bi`m+im`2 7mM+iBQMb rBi? #2ii2` i?M d8W ++m`+vX q2 b22 i?i
i?2 H`;2bi K;MBim/2 r2B;?ib +Q``2bTQM/ iQ i?2 }`bi T2Fb Q7 i?2 `/BH /Bbi`B#miBQM
7mM+iBQMb- M/ i?2v `2 M2;iBp2X h?Bb K2Mb i?i ?pBM; KQ`2 M2B;?#Q`b i i?2 }`bi
3k
r/σAA














6B;m`2 8XR9, _2/ U#H+FV +m`p2 b?Qrb i?2 K2/BM r2B;?i bbB;M2/ iQ i?2 ivT2 " U""V bi`m+im`2
7mM+iBQM r?2M i?2v `2 BM  ?B;? ++m`+v i`BTH2iXh?2 /b?2/ HBM2b /2MQi2 i?2 }`bi T2F HQ+iBQMX
T2F KF2b  T`iB+H2 ?`/2`X
8X8X9 lbBM; KQ`2 i?M i?`22 `/BH bi`m+im`2 7mM+iBQMb
Ai Bb T`Q?B#BiBp2Hv iBK2@+QMbmKBM; iQ +H+mHi2 i?2 ++m`+v Q7 HH +QK#BMiBQMb rBi?
KQ`2 i?M }p2 bi`m+im`2 7mM+iBQMbX 6Q` +QK#BMiBQMb Q7 mT iQ Ns = 15 bi`m+im`2 7mM+@
iBQMb- r2 mb2/ 2pQHmiBQM`v H;Q`Bi?Kb iQ }M/ i?2 QTiBKH b2i Q7 bi`m+im`2 7mM+iBQMbX
i H2bi k KBHHBQM +QK#BMiBQMb r2`2 2pHmi2/ 7Q` i?2 QTiBKBxiBQM 7Q` 2+? pHm2
Q7 NsX h?2 `2bmHib `2 bmKK`Bx2/ BM 6B;X 8XR8X h?2`2 Bb  H`;2 ++m`+v ;BM 7`QK
mbBM; irQ `/BH bi`m+im`2 7mM+iBQMb `i?2` i?M QM2X q?2M Ns = 15 bi`m+im`2 7mM+@
iBQMb `2 mb2/- i?2 ++m`+v Bb 3eW- p2`v +HQb2 iQ i?2 ++m`+v Q7 33W i?i Bb Q#iBM2/
r?2M HH Ryy `/BH bi`m+im`2 7mM+iBQMb `2 mb2/X
3j
No. of structure functions












6B;m`2 8XR8, "2bi ++m`+v +?B2p2/ 7Q`  ;Bp2M MmK#2` Q7 `/BH bi`m+im`2 7mM+iBQMbX h?2 /b?2/
HBM2b `2T`2b2Mi i?2 ++m`+v +?B2p2/ #v mbBM; HH Ryy `/BH bi`m+im`2 7mM+iBQMbX
8X8X8 q2B;?i MHvbBb 7`QK i`BMBM; rBi? HH `/BH bi`m+im`2 7mM+@
iBQMb
M Hi2`MiBp2 rv iQ mM/2`biM/ i?2 BKTQ`iM+2 Q7 i?2 p`BQmb 72im`2b Bb iQ HQQF i




wαG˜(i; rα, δ) U8XdV
r?2`2 wα Bb i?2 ?vT2`THM2 MQ`KH 7Q` i?2 `/BH bi`m+im`2 7mM+iBQM +2Mi2`2/ i rα
M/ G˜ = (G − ⟨G⟩)/√⟨δG2⟩ Bb i?2 MQ`KHBx2/ bi`m+im`2 7mM+iBQM rBi? x2`Q K2M
M/ mMBi p`BM+2X h?mb- G˜(i; r, δ) Bb i?2 MQ`KHBx2/ ~m+imiBQMb BM /2MbBiv 7`QK i?2
p2`;2 /2MbBiv i  /BbiM+2 rX Ai 7QHHQrb i?i /2MbBiv ~m+imiBQMb i  `/Bmb rBi?
 H`;2` r2B;?i rBHH ?p2  ;`2i2` BKT+i QM bQ7iM2bb UM/ `2 i?2`27Q`2 KQ`2 BKTQ`@
iMi BM /2}MBM; bQ7iM2bbXV AM 6B;X 8XRe r2 THQi i?2 MQ`KH +QKTQM2Mib b  7mM+iBQM
39

















6B;m`2 8XRe, aQHB/ HBM2b `2 i?2 r2B;?ib bbQ+Bi2/ rBi? i?2 `/BH bi`m+im`2 7mM+iBQMbX .b?2/
HBM2b `2 i?2 `/BH /Bbi`B#miBQM 7mM+iBQMbX
Q7 r/σAA Qp2`HB/ rBi? g(r)X q2 b22 i?i i?2 KQbi BKTQ`iMi bvKK2i`v 7mM+iBQMb `2@
bB/2 i i?2 bm++2bbBp2 T2Fb Q7 g(r) rBi? i?2 i`Qm;?b +QMi`B#miBM; KQ`2 KQ/2biHv iQ
bQ7iM2bbX
8X8Xe S?vbB+H BMi2`T`2iiBQM Q7 i?2 r2B;?ib
AM i?2 T`2pBQmb b2+iBQMb r2 ?p2 MHvx2/ r?B+? r2B;?ib `2 KQbi BKTQ`iMi BM /2i2`@
KBMBM; bQ7iM2bbX q2 MQr /Bb+mbb i?2 T?vbB+H BKTHB+iBQMb Q7 i?2b2 `2bmHibX 6B`bi r2
MQiB+2 BM 6B;X Rk-Rj-R9-R8- M/ Rd i?i i?2 KQbi BKTQ`iMi 72im`2b i?i +QMi`B#mi2
iQ i?2 pHm2 Q7 bQ7iM2bb 7Q` M @T`iB+H2 `2 +QMbBbi2MiHv i?2 /2MbBiv Q7 M2B;?#Q`b i




















































6B;m`2 8XRd, G27i U`B;?iV TM2Hb `272` iQ i?2 `/BH /Bbi`B#miBQM 7mM+iBQM 7Q` ivT2  U"V M2B;?#Q`bX
"QiiQK TM2Hb b?Qr i?2 `/BH /Bbi`B#miBQM 7mM+iBQMb 7Q` ?`/ U#H+FV M/ bQ7iU`2/V T`iB+H2bX hQT
TM2Hb b?Qr i?2 /Bz2`2M+2 #2ir22M i?2b2 irQ `/BH /Bbi`B#miBQM 7mM+iBQMbX
i?2 }`bi T2F `2 Hrvb M2;iBp2- BKTHvBM; i?i T`iB+H2b r?Qb2 HQ+H 2MpB`QMK2Mib
`2 KQ`2 iB;?iHv T+F2/ `2 ?`/2`X h?Bb Bb BM ;`22K2Mi rBi? Qm` BMimBiBQM 7`QK 7`22@
pQHmK2 i?2Q`v Q` i?2 +;2 /2b+`BTiBQM Q7 ;Hbb2b- BM r?B+? T`iB+H2b rBi? KQ`2 iB;?iHv@
T+F2/ M2B;?#Q`?QQ/ b?QmH/ 2t?B#Bi 72r2` ?QTbR39X
hQ b22 i?2 BKTQ`iM+2 Q7 i?2 }`bi T2Fb Q7 i?2 `/BH /Bbi`B#miBQM 7mM+iBQMb /B`2+iHv-
r2 +QMbB/2` i?2 7mM+iBQMb b2T`i2Hv 7Q` ?`/ M/ bQ7i +2Mi`H T`iB+H2b `2bT2+iBp2HvX
6Q` M2B;?#Q`b Q7 bT2+B2b  M/ " r2 THQi- BM 6B;X R3- i?2 /Bbi`B#miBQM b2T`i2Hv 7Q`
?`/ M/ bQ7i T`iB+H2b- /2MQi2/ gHAX M/ gSAX b r2HH b i?2 /Bz2`2M+2 #2ir22M i?2b2
irQ 7mM+iBQMbX q2 b22 i?i 7Q` #Qi? ivT2b Q7 M2B;?#Q`b- i?2 /Bz2`2M+2 #2ir22M gHAX
M/ gSAX Bb H`;2bi i i?2 }`bi T2F Q7 gAX(r)X h?Bb /2b+`BTiBQM Bb +Q``Q#Q`i2/ #v
HQQFBM; i 6B;X RkX >2`2 r2 b22 i?i ;BM i?2 }`bi T2Fb Q7 gAX(r) `2 +QMbBbi2MiHv
i?2 KQbi BKTQ`iMi BM /2i2`KBMBM; bQ7iM2bbX
*QMbB/2`BM; 6B;X R3 r2 b22 i?i ?`/ M/ bQ7i T`iB+H2b `2 /BbiBM;mBb?2/ [mHBi@
iBp2Hv #v HQ+H 2MpB`QMK2Mib i?i +QK2 7`QK HQr2` M/ ?B;?2` i2KT2`im`2 HB[mB/b `2@
3e
bT2+iBp2HvX h?Bb Bb BM ;`22K2Mi rBi? Qm` 2`HB2` }M/BM;b BM irQ@/BK2MbBQMbUb22 *?T@
i2` 9V M/ T`QpB/2b M TT2HBM; M/ BMimBiBp2 2tTHMiBQM 7Q` bQ7iM2bbX
8X8Xd Hi2`MiBp2 bi`m+im`2 7mM+iBQMb
b MQi2/ #Qp2- Qm` Q`B;BMH +?QB+2 Q7 bi`m+im`2 7mM+iBQMb rb BMbTB`2/ #v i?2 bvK@
K2i`v 7mM+iBQMb T`QTQb2/ #v "2?H2` M/ S``BM2HHQe8- M/ r2 pB2r2/ i?2b2 bi`m+im`2
7mM+iBQMb b +Tim`BM; ;2M2`B+ irQ@ M/ i?`22@TQBMi +Q``2HiBQMb BM i?2 HQ+H 2MpB`QM@
K2Mi Q7  ;Bp2M T`iB+H2X PM2 +QmH/ bF r?2i?2` i?Bb Bb i?2 +Q``2+i pB2r- Q` B7 BMbi2/
i?2 "2?H2`@S``BM2HHQ 7mM+iBQMb ;Bp2  T`BpBH2;2/ Q` QTiBKH `2T`2b2MiiBQM Q7 i?2 HQ+H
bi`m+im`2X hQ ;BM bQK2 BMbB;?i- r2 ?p2 +QMbi`m+i2/ Hi2`Mi2 +?QB+2b 7Q` i?2 #Qi?
i?2 `/BH M/ M;mH` bi`m+im`2 7mM+iBQMbX
M Hi2`Mi2 `2T`2b2MiiBQM Q7 i?2 `/BH 2MpB`QMK2Mi Bb  HQ+H p2`bBQM Q7 i?2 +m@





1, Rij < µ. U8X3V
h?i Bb- GYcdf (i;µ) bBKTHv +QmMib i?2 MmK#2` Q7 T`iB+H2b Q7 bT2+B2b Y i?i `2 rBi?BM
µ Q7 T`iB+H2 iX b #27Q`2 r2 p`v Y Qp2` #Qi? bT2+B2b Q7 T`iB+H2b- M/ r2 +?QQb2 i?2
µ iQ #2 2p2MHv bT+2/ /BbiM+2b #2ir22M y M/ jX8σAA rBi?  bT+BM; Q7 0.1σAAX
6Q` i?2 M;mH` 7mM+iBQMb r2 brBi+?2/ iQ bi`m+im`2 7mM+iBQMb #b2/ QM i?2 bT?2`B@
+H ?`KQMB+b- Ylm(r⃗)X 6QHHQrBM; ai2BM?`/i 2i HXR33 r2 /2}M2 i?2 7QHHQrBM; M;mH`
7mM+iBQMb,














Ylm(R⃗ij), rmin < Rij < rmax. U8XRyV
⟨Qlm(r⃗)⟩ Bb i?mb i?2 p2`;2 pHm2 Q7 i?2 Ylm(r⃗) 7Q` 2p2`v T`iB+H2 j BM  b?2HH M2`
T`iB+H2 i- M/ Ql(i; rmin, rmax) 7Q`Kb  `QiiBQMHHv BMp`BMi +QK#BMiBQM Q7 i?2
QlmǶbX 6Q` Qm` bi`m+im`2 7mM+iBQMb r2 +?Qb2 rmin M/ rmax iQ #2 b?2HHb Q7 rB/i? 0.5σAA
r?2`2 i?2 BMM2` `/Bmb bi`i2/ i RXy- RX8- kXy- kX8- M/ jXy UHH BM mMBib Q7 σAAVX q2
+?Qb2 l T`K2i2`b BM i?2 b2i l ∈ {2, 4, 6, 8, 10, 12, 14}X
hQ i2bi i?2b2 Hi2`Mi2 bi`m+im`2 7mM+iBQMb- r2 +?Qb2  Ryyyy@T`iB+H2 i`BMBM; b2i
i ρ = 1.15- T = 0.37 M/  eyyy@T`iB+H2 i`BMBM; b2i i ρ = 1.2- T = 0.47X q2
TTHB2/ 2+? TB`rBb2 +QK#BMiBQM 7Q` i?2 `/BH Ug(r)@HBF2 Q` *.6@HBF2V M/ M;mH`
U"2?H2`@S``BM2HHQ Q` QlV bi`m+im`2 7mM+iBQMb M/ K2bm`2/ i?2 +`Qbb@pHB/iBQM +@
+m`+v Q#iBM2/ #v bm#/BpB/BM; i?2 i`BMBM; b2ib BMiQ bBt bKHH2` b2ibX AM HH +b2b r2
7QmM/ +`Qbb@pHB/iBQM ++m`+B2b i?i r2`2 rBi?BM 2% Q7 i?Qb2 7QmM/ BM a2+iBQM 8X9X
h?mb- Qm` Q`B;BMH b2i Q7 bi`m+im`2 7mM+iBQMb Bb +QKTH2i2 2MQm;? iQ T`QpB/2 ?B;? +@
+m`+vX Ai Bb MQi QTiBKH- #2+mb2 Hi2`Mi2 b2ib Q7 bi`m+im`2 7mM+iBQMb rQ`F 2[mHHv
r2HHX
*?QQbBM;  H`;2` bT+BM; 7Q` i?2 GYcdf KQ/2biHv /2;`/2b i?2 +`Qbb@pHB/iBQM +@
+m`+v- #mi r2 7QmM/ MQ ;BMb #v ;QBM; iQ  }M2` `2bQHmiBQMX q2 HbQ BMp2biB;i2/ i?2
2z2+ib Q7 b2T`i2Hv /2}MBM; i?2 Ql 7mM+iBQMb 7Q` A@ivT2 M/ B@ivT2 T`iB+H2b- #mi
7QmM/ MQ bm#biMiBH BKT`Qp2K2Mi BM Qm` ++m`+vX 6Q` i?2 M;mH` 7mM+iBQMb r2 HbQ













⎛⎜⎝ l l l
m1 m2 m3
⎞⎟⎠ (⟨Qlm1(r⃗)⟩⟨Qlm2(r⃗)⟩⟨Qlm3(r⃗)⟩) U8XRkV
M/ i?2 +Q2{+B2Mib ⎛⎜⎝ l l l
m1 m2 m3
⎞⎟⎠ U8XRjV
`2 i?2 qB;M2` 3j bvK#QHbX >Qr2p2`- r2 ;BM 7QmM/ i?i 7Q` Qm` i`BMBM; b2ib BM@
+Hm/BM; i?2 WlǶb UQp2` i?2 bK2 `M;2 Q7 l b BM i?2 QlǶbV /B/ MQi K2bm`#Hv +?M;2
Qm` +`Qbb@pHB/iBQM ++m`+vX
AM //BiBQM- r2 i`B2/ brBi+?BM; Q` m;K2MiBM; Qm` `/BH bi`m+im`2 7mM+iBQMb rBi?
i?2 Q`B;BMH `/BH bvKK2i`v 7mM+iBQMbe8X 6m`i?2`KQ`2- r2 i`B2/ m;K2MiBM; Qm` 72@
im`2b rBi? Q`/2`2/ /BbiM+2b Q7 i?2 M2`2bi Rey M2B;?#Q`b Q7  T`iB+H2X LQM2 Q7 i?2b2
Hi2`Mi2 72im`2b K2bm`#Hv BKT`Qp2/ i?2 +`Qbb@pHB/iBQM ++m`+v- r?B+? H2/b mb
iQ #2HB2p2 i?i Qm` b2i Q7 bi`m+im`2 7mM+iBQMb T`QpB/2b  `2bQM#Hv +QKTH2i2 /2b+`BT@
iBQM Q7 i?2 HQ+H bi`m+im`H 2MpB`QMK2MiX
8Xe .Bb+mbbBQM
8XeXR h?2 `2HiBQMb?BT #2ir22M PR M/ i?2 Qp2`HT







Θ(|ri(t)− ri(0)|− a)δ(Si(0)− S) U8XR9V
3N
r?2`2 NS Bb i?2 MmK#2` Q7 T`iB+H2b Q7 bQ7iM2bb S i t = 0X b MQi2/ BM i?2 #Qp2- B7
HH `2``M;2K2Mib `2 B``2p2`bB#H2- i?Bb Qp2`HT rBHH #2 B/2MiB+HHv 2[mH iQ i?2 7`+@
iBQM Q7 T`iB+H2b i?i ?p2 MQi `2``M;2/ 7i2`  iBK2 tX q2 +QMbB/2`  /Bb+`2i2 KQ/2H
r?2`2 iBK2 /pM+2b BM mMBib Q7 τR(T ) bQ i?i i 2+? iBK2bi2T T`iB+H2b Kv 2Bi?2`
`2``M;2 Q` MQi `2``M;2 M/ 2+? `2``M;2K2Mi Bb +QKTH2i2/ BM TT`QtBKi2Hv QM2
iBK2bi2TX aBM+2 PR(S) TQi2MiBHHv BM+Hm/2b `2``M;2K2Mib i?i `2 `2p2`bB#H2 Q` `2@
bmHi BM T`iB+H2 /BbTH+2K2Mib r?Qb2 K;MBim/2b `2 H2bb i?M a- r2 mb2  `2b+HBM;
PR(S)→ c(T )PR(S)X >2`2 c(T ) Bb  7mM+iBQM i?i `2T`2b2Mib i?2 7`+iBQM Q7 `2``M;2@
K2Mib i?i +QMi`B#mi2 T`Q/m+iBp2Hv iQ `2HtiBQM i i?2 H2M;i?b+H2 a M/ Bb ;Bp2M #v
TT`QtBKi2Hv c(T ) = cafBrrev(T ) r?2`2 ca Bb i?2 7`+iBQM Q7 `2``M;2K2Mib i?i
`2bmHi BM /BbTH+2K2Mib ;`2i2` BM K;MBim/2 i?M a M/ fBrrev(T ) Bb i?2 7`+iBQM Q7
B``2p2`bB#H2 `2``M;2K2Mib /Bb+mbb2/ #Qp2X
lbBM; i?2 bQ7iM2bb T`QT;iQ` G(S, S0, t)- r2 r`Bi2 i?2 7`+iBQM Q7 T`iB+H2b i?i
bi`i rBi?  bQ7iM2bb S0 i t = 0 M/ `2``M;2 7i2`  iBK2 t b
ft =
∫
dSG(S, S0, t)PR(S). U8XR8V
Ai 7QHHQrb i?i i?2 7`+iBQM Q7 T`iB+H2b i?i ?p2 MQi `2``M;2/ mT iQ  iBK2 t − 1













h?2 7`+iBQM Q7 T`iB+H2b i?i ?p2 MQi `2``M;2/ 7i2`  iBK2 t Ĝ M/ ?2M+2 i?2 pHm2
Ny
Q7 i?2 Qp2`HT 7mM+iBQM Ĝ rBHH #2 ;Bp2M #v-











h?Bb ;Bp2b  bQ7iM2bb /2T2M/2Mi T`2/B+iBQM 7Q` i?2 Qp2`HT i?i +M #2 +QKTmi2/ M@




dSq(S, t)P (S). U8XR3V
AM 6B;X 8XR3 UV r2 b22 i?2 Qp2`HT b  7mM+iBQM Q7 iBK2 7Q` /Bz2`2Mi bQ7iM2bb2b i irQ
`2T`2b2MiiBp2 i2KT2`im`2bX AM #Qi? +b2b r2 b22 ;QQ/ ;`22K2Mi #2ir22M i?2 T`2@
/B+i2/ M/ K2bm`2/ pHm2b Q7 q(S, t)X aBKBH`Hv BM 6B;X 8XR3 U#V r2 b22 i?2 p2`;2
Qp2`HT 7Q` HH i2KT2`im`2b +QMbB/2`2/ M/ }M/ bBKBH`Hv ;QQ/ ;`22K2MiX

















6B;m`2 8XR3, h?2 MQM@2tTQM2MiBH /2+v Q7 Qp2`HTX UV i?2 bQ7iM2bb@/2T2M/2Mi Qp2`HT q(S, t) 7Q`
irQ `2T`2b2MiiBp2 i2KT2`im`2b T = 0.47 UHQM; iBK2V M/ T = 0.58 Ub?Q`i iBK2V i 7Qm` bQ7iM2bb2b
7`QK −4 U#Hm2V iQ 4 U`2/VX U#V i?2 p2`;2 Qp2`HT i HH i2KT2`im`2b 7`QK T = 0.45 U#Hm2V iQ
T = 0.70 U`2/VX
q?2M +QKTmiBM; q(S, t) r2 TT`QtBKi2 G(S, S0, t) #v  :mbbBM #2+mb2 Bi HHQrb
mb iQ +QMpQHp2 i?2 T`Q##BHBiv Q7 `2``M;2K2Mi- PR(S)- rBi? i?2 T`QT;iQ` MHvi@
NR
B+HHvX h?Bb Bb BKTQ`iMi ;Bp2M i?i Bi +M #2 /B{+mHi iQ ;2i 2MQm;? /i iQ MmK2`@
B+HHv BMi2;`i2 G(S, S0, t) ;BMbi PR(S) bBM+2 G(S, S0, t) Bb /2}M2/ QMHv 7Q` i?Qb2
T`iB+H2b i?i ?p2 MQi v2i `2``M;2/X
>Qr2p2`- BMbi2/ Q7 +QKTmiBM; i?2 bQ7iM2bb /2T2M/2Mi Qp2`HT- q(S, t)- M/ i?2M













r?2`2 r2 /2}M2 P (S, t) = ∫ dS0G(S, S0, t)P (S0)X >2`2 P (S, t) Bb 7mHH bQ7iM2bb /Bbi`B@
#miBQM 7Q` T`iB+H2b i?i ?p2 MQi `2``M;2/ 7i2`  iBK2 tX q?BH2 i?Bb 7Q`KmHiBQM
Q#b+m`2b i?2 /vMKB+b Q7 i?2 bQ7iM2bb }2H/- r2 ?p2 bm{+B2Mi /i iQ `2+QMbi`m+i i?2
7mHH /Bbi`B#miBQM Q7 P (S, t) 7`QK bBKmHiBQM- i?mb pQB/BM; i?2 :mbbBM TT`QtBK@
iBQMX h?2 `2bmHib Q7 i?Bb /B`2+i +H+mHiBQM ;`22 r2HH rBi? i?Qb2 +H+mHi2/ mbBM; i?2
:mbbBM TT`QtBKiBQM- bQ r2 +QM+Hm/2 i?i i?2 :mbbBM TT`QtBKiBQM /Q2b MQi
bF2r /vMKB+b Q7 i?2 p2`;2 Qp2`HT bm#biMiBHHvX >Qr2p2`- BM/BpB/mH Qp2`HTb-
q(S, t)- KB;?i #2 mM/2`@ Q` Qp2`@2biBKi2/ #v i?2 :mbbBM TT`QtBKiBQM B7 i?2 i`m2
T`QT;iQ` ?b  bm#biMiBH KQmMi Q7 bF2rX
8XeXk Pi?2` +HbbB7B+iBQM b+?2K2b
h?2 `2bmHib BM i?Bb +?Ti2` r2`2 Q#iBM2/ mbBM;  HBM2` aoJ F2`M2HX >Qr2p2`- r2
HbQ i`BM2/ aoJ +HbbB}2`b mbBM; i?2 `/BH #bBb 7mM+iBQM U_"6V F2`M2HX h?2`2 `2
irQ T`K2i2`b bbQ+Bi2/ rBi? i?Bb F2`M2H- γ M/ CX q2 b2`+? Qp2` i?2 QTiBKH T@
`K2i2`b Qp2`  }M2 ;`B/- mbBM;  i`BMBM; b2i Q7 Ry-yyy TQBMibX HH Q7 i?2 bi`m+im`2



















6B;m`2 8XRN, *`Qbb@pHB/iBQM ++m`+v b  7mM+iBQM Q7 γ M/ *X
/`/Bx2/ #27Q`2 i`BMBM;X
h?2 +`Qbb@pHB/iBQM ++m`+v mbBM; i?2 QTiBKH T`K2i2`b rb NyX9W U6B;X 8XRNV-
r?B+? Bb 2[mH iQ i?2 +`Qbb@pHB/iBQM ++m`+v +?B2p2/ mbBM; i?2 HBM2` F2`M2HX 6Q`
i?Bb `2bQM- r2 mb2 i?2 HBM2` F2`M2H 7Q` Bib bBKTHB+BivX
AM //BiBQM- r2 i`BM2/ M2m`H M2irQ`F +HbbB}2`b 7Q` bQ7iM2bbX lbBM;  i`BMBM; b2i
Q7 Ry-yyy TQBMib- r2 i`BM2/ M2irQ`Fb rBi? QM2 Q` irQ ?B//2M Hv2`b M/ QM2 iQ }7iv
?B//2M MQ/2b BM 2+? Hv2`X HH Q7 i?2 M2irQ`Fb ?/  pHB/iBQM ++m`+v #2HQr NyW-
#2HQr i?2 ++m`+v Q#iBM2/ rBi? i?2 bBKTH2 HBM2` aoJ F2`M2HX
8XeXj LQMHBM2` bQ7iM2bb /2T2M/2M+2 Q7 ∆E M/ logP0
AM a2+iBQM 8X9 r2 b?Qr i?i i?2 2M2`;v b+H2 M/ i?2 2Mi`QTv /2T2M/ M2`Hv HBM2`Hv
QM bQ7iM2bbX i H`;2 pHm2b Q7 S- ?Qr2p2`- #Qi? i?2 2M2`;v M/ i?2 2Mi`QTv /2pB@
i2 bHB;?iHv 7`QK i?2 HBM2` T`2/B+iBQMX h?Bb 2z2+i Bb b?QrM BM 6B;X 8XkyX AMimBiBp2Hv-
i?Bb Kmbi #2 i?2 +b2 b i?2`2 Kmbi #2  HQr2bi 2M2`;v #``B2` BM i?2 bvbi2K M/ i?Bb
Nj
2M2`;v #``B2` Kmbi #2 TQbBiBp2 #v +QMbi`m+iBQMX Ji?2KiB+HHv- i?Bb Kmbi HbQ #2
i?2 +b2 bBM+2 i?2 T`Q##BHBiv Q7  `2``M;2K2Mi +M M2p2` 2t+22/ QM2X h?Bb 2z2+i
#2+QK2b BKTQ`iMi- BM T`iB+mH`- r?2M r2 +QKTmi2 i?2 p2`;2 T`Q##BHBiv Q7 `2`@
`M;2K2Mi #v BMi2;`iBM; i?2 T`Q/m+i Q7 PR(S) M/  :mbbBM /Bbi`B#miBQMX AM i?Bb
+b2- B7 i?2 /2pBiBQM 7`QK HBM2` b+HBM; Bb M2;H2+i2/- i?2 BMi2;`H +M #2+QK2 /QKB@

























6B;m`2 8Xky, h?2 /2pBiBQM Q7 i?2 2M2`;v b+H2 ∆E(S) 7`QK HBM2` #2?pBQ` BM S i T = 0.47 M/
ρ = 1.20X
+Q``2+i i?Bb T`Q#H2K r2 /Q MQi KF2 Mv bbmKTiBQMb #Qmi i?2 7mM+iBQMH 7Q`K Q7
∆E(S) M/ logP0(S) i H`;2 SX q2 BMbi2/ }i i?2 /i BM+Hm/BM;  [m/`iB+ i2`K-
E(S) = E0 + E1S + E2S2 iQ 2Mbm`2 +QMp2`;2M+2 Q7 BMi2;`HbX hvTB+HHv E2 Bb #Qmi M
Q`/2` Q7 K;MBim/2 bKHH2` i?M E1X
8XeX9 h?2 7`+iBQM Q7 B``2p2`bB#H2 `2``M;2K2Mib
LQr r2 2tKBM2 ?Qr i?2 7`+iBQM Q7 B``2p2`bB#H2 `2``M;2K2Mib +?M;2b rBi? i2K@
T2`im`2X hQ +QKTmi2 i?2 7`+iBQM Q7 `2``M;2K2Mib Q7  b+H2 a = 0.5 i?i `2 B``2@
N9
p2`bB#H2 r2 #2;BM #v +QKTmiBM;  `mMMBM; p2`;2 Q7 T`iB+H2 /BbTH+2K2Mib 7`QK i?2B`
t = 0 TQbBiBQMbX q2 +?QQb2 i?2 p2`;BM; rBM/Qr bm+? i?i Bi Bb H`;2 +QKT`2/ iQ
τR(T ) #mi Bib bBx2 ?b  p2`v r2F BKT+i QM i?2 `2bmHibX q2 i?2M +QmMi r?i 7`+@
iBQM Q7 T`iB+H2bǶ p2`;2 /BbTH+2K2Mib 2t+22/ a M/ i?2M `2im`M iQ rBi?BM  /BbiM+2
b = 0.2 Q7 i?2B` bi`iBM; TQbBiBQMX ;BM- i?2 `2bmHib /2T2M/ p2`v r2FHv QM i?2 +?QB+2
Q7 bX h?2b2 `2 i?2 `2p2`bB#H2 `2``M;2K2MibX
AM 6B;X 8XkR UV r2 b?Qr i?2 7`+iBQM Q7 `2``M;2K2Mib i?i `2 B``2p2`bB#H2- fBrrev
b  7mM+iBQM Q7 bQ7iM2bb i /Bz2`2Mi i2KT2`im`2bX q2 b22 i?i i HH i2KT2`im`2b
fBrrev Bb TT`QtBKi2Hv BM/2T2M/2Mi Q7 bQ7iM2bbX 6B;X 8XkR U#V b?Qrb i?i b i2KT2`@
im`2 Bb HQr2`2/ iQr`/b i?2 ;Hbb- fBrrev /2+`2b2b K`F2/HvX h?2b2 `2bmHib `2 +QM@
bBbi2Mi rBi? i?2 Q#b2`piBQMb Q7 oQHHKv`@G22R3N r?Q br  bBKBH` /2+`2b2 BM fBrrev
mTQM +QQHBM;X


















6B;m`2 8XkR, h?2 7`+iBQM Q7 `2``M;2K2Mib i?i `2 B``2p2`bB#H2- fBrrev UV b  7mM+iBQM Q7 bQ7i@
M2bb 7Q` i2KT2`im`2b 7`QK T = 0.47 U#Hm2V iQ T = 0.63 U`2/Vc U#V b  7mM+iBQM Q7 i2KT2`im`2X
8Xd *QM+HmbBQM
Pm` `2bmHib b?Qr i?i i?2`2 Bb bi`m+im`2 ?B//2M BM i?2 /BbQ`/2` Q7 ;Hbbv HB[mB/bX h?Bb
bi`m+im`2 +M #2 [mMiB}2/ #v bQ7iM2bb- r?B+? +QMi`QHb ;Hbbv /vMKB+b i i2KT2`@
N8
im`2b #2HQr T0X ++Q`/BM; iQ Qm` MHvbBb- bBKTH2 ``?2MBmb `2HtiBQM 7Q` 2+? bQ7i@
M2bb- +QmTH2/ rBi? i?2 iBK2 2pQHmiBQM Q7 bQ7iM2bb- H2/b iQ i?2 Q#b2`p2/ bHQr- MQM@
2tTQM2MiBH `2HtiBQM /vMKB+b Q7 ;Hbbv HB[mB/b #2HQr T0X h?mb- Qm` `2bmHib bm;;2bi
i?i i?2 +?HH2M;2 Q7 mM/2`biM/BM; ;Hbb i`MbBiBQM /vMKB+b +M #2 `27`K2/ b i?2
+?HH2M;2 Q7 mM/2`biM/BM; i?2 2pQHmiBQM Q7 bQ7iM2bbX
Ne
6
ai`m+im`H S`QT2`iB2b Q7 .272+ib BM
:Hbbv GB[mB/b
i x2`Q i2KT2`im`2  /BbQ`/2`2/ bQHB/ +Q``2bTQM/b iQ  HQ+H KBMBKmK BM i?2 2M2`;v
HM/b+T2X b i?2 i2KT2`im`2 Bb `Bb2/ Q` i?2 bvbi2K Bb /`Bp2M rBi?  K2+?MB+H
HQ/- i?2 bvbi2K 2tTHQ`2b /Bz2`2Mi KBMBK pB /vMKB+H 2p2Mib BM r?B+? T`iB+H2b
`2``M;2 i?2B` `2HiBp2 TQbBiBQMbX q2 ?p2 b?QrM BM i?2 T`2pBQmb +?Ti2`b i?i i?2
/vMKB+b Q7 T`iB+H2 `2``M;2K2Mib `2 bi`QM;Hv +Q``2Hi2/ rBi?  bi`m+im`H [mM@
iBiv bbQ+Bi2/ rBi? 2+? T`iB+H2ĜǳbQ7iM2bbǴĜr?B+? r2 +M B/2MiB7v mbBM; bmT2`pBb2/
K+?BM2 H2`MBM;X S`iB+H2b Q7  ;Bp2M bQ7iM2bb ?p2  r2HH@/2}M2/ 2M2`;v b+H2 i?i
Nd
;Qp2`Mb HQ+H `2``M;2K2Mibc #2+mb2 Q7 i?Bb T`QT2`iv- bQ7iM2bb ;`2iHv bBKTHB}2b Qm`
mM/2`biM/BM; Q7 ;Hbbv /vMKB+bX >2`2 r2 BMp2biB;i2 i?2 +Q``2HiBQM Q7 bQ7iM2bb rBi?
Qi?2` +QKKQMHv mb2/ bi`m+im`H [mMiBiB2b- bm+? b +QQ`/BMiBQM MmK#2` M/ HQ+H
TQi2MiBH 2M2`;vX q2 b?Qr i?i Hi?Qm;? bQ7iM2bb bi`QM;Hv +Q``2Hi2b rBi? i?2b2 T`QT@
2`iB2b- Bib T`2/B+iBp2 TQr2` 7Q` `2``M;2K2Mi /vMKB+b Bb Km+? ?B;?2`X q2 BMi`Q/m+2
 mb27mH K2i`B+ 7Q` [mMiB7vBM; i?2 [mHBiv Q7 bi`m+im`H [mMiBiB2b b T`2/B+iQ`b Q7 /v@
MKB+bX q2 ?QT2 i?i BM i?2 7mim`2- mi?Q`b BMi`Q/m+BM; M2r bi`m+im`H K2bm`2b Q7
/vMKB+b rBHH +QKT`2 i?2B` T`QTQbHb [mMiBiiBp2Hv iQ bQ7iM2bb mbBM; i?Bb K2i`B+X
q2 HbQ b?Qr ?Qr bQ7iM2bb +Q``2HiBQMb ;Bp2 BMbB;?i BMiQ `2``M;2K2MibX 6BMHHv- r2
2tTHQ`2 i?2 T?vbB+H K2MBM; Q7 bQ7iM2bb mbBM; mMbmT2`pBb2/ /BK2MbBQMHBiv `2/m+iBQM
M/ `2/m+2/ +m`p2@}iiBM; KQ/2Hb- M/ b?Qr i?i bQ7iM2bb +M #2 `2+bi BM  7Q`K i?i
Bb K2M#H2 iQ MHviB+H i`2iK2MiX
eXR AMi`Q/m+iBQM
AM  +`vbiH- `2``M;2K2Mib Q7 i?2 +QMbiBim2Mi T`iB+H2b /m2 iQ i?2`KH ~m+imiBQMb
Q` M TTHB2/ K2+?MB+H HQ/ Q++m` HKQbi 2t+HmbBp2Hv i bi`m+im`H /272+ib bm+? b
/BbHQ+iBQMbX AM  ?B;?@i2KT2`im`2 HB[mB/- #v +QMi`bi- i?2`2 `2 MQ bT2+BH bi`m+@
im`H /272+ib M/ Mv Q7 i?2 +QMbiBim2Mi T`iB+H2b +M `2``M;2 i Mv iBK2X Ai ?b
i?2`27Q`2 MQi #22M Q#pBQmb r?2i?2` `2``M;2K2Mib BM ;Hbb2b Q` BM HB[mB/b M2` i?2
;Hbb i`MbBiBQM Q++m` i bi`m+im`H /272+ib Q7 bQK2 FBM/X h?2 +H2` ;BM BM bBKTHB}@
+iBQM T`QpB/2/ #v  /272+i /2b+`BTiBQM ?b /`Bp2M bm++2bb7mH T?2MQK2MQHQ;B+H T@
T`Q+?2bR93-RNy i?i ?p2 TQbBi2/ i?2 2tBbi2M+2 Q7 /272+ib +Q``2Hi2/ rBi? `2``M;2@
K2MibX Ai Bb QMHv BM i?2 Hbi b2p2`H v2`b- ?Qr2p2`- i?i bm+? /272+ib ?p2 #22M B/2M@
iB}2/ mMK#B;mQmbHv9j-R8N-RNR-RNkX AM i?2 T`2pBQmb irQ +?Ti2`b- r2 ?p2 b?QrM i?i
K+?BM2 H2`MBM; UJGV K2i?Q/b T`QpB/2 M 2{+B2Mi K2Mb 7Q` B/2MiB7vBM; bi`m+im`H
N3
/272+ib bbQ+Bi2/ rBi? `2``M;2K2Mib rBi? `2K`F#Hv ?B;? ++m`+vX lbBM; JG- r2
B/2MiB7v  b+H` [mMiBiv- ǳbQ7iM2bb-Ǵ 7Q` 2+? T`iB+H2 i?i Bb  7mM+iBQM Q7 Bib HQ+H
bi`m+im`H 2MpB`QMK2Mi M/ Bb bi`QM;Hv +Q``2Hi2/ rBi? i?2 T`Q##BHBiv i?i i?2 T`@
iB+H2 rBHH 2t?B#Bi  `2``M;2K2MiX h?2 +QM+2Ti Q7 bQ7iM2bb ?b H`2/v T`Qp2M p2`v
mb27mH BM bBKTHB7vBM; Qm` mM/2`biM/BM; Q7 /vMKB+b Q7 ;Hbbv HB[mB/bX Ai Bb i?2`27Q`2
BKTQ`iMi iQ mM/2`biM/ i?2 T?vbB+H BMi2`T`2iiBQM Q7 bQ7iM2bb BM ;`2i2` /2Ti?X
AM i?Bb +?Ti2` r2 2tTHQ`2 i?2 T`QT2`iB2b Q7 bQ7iM2bb BM  MmK#2` Q7 rvbX q2 #2;BM
#v +QMbB/2`BM; i?2 `2HiBQMb?BT #2ir22M bQ7iM2bb M/ Qi?2` +QKKQMHv mb2/ K2bm`2b
Q7 HQ+H bi`m+im`2 BM+Hm/BM; HQ+H TQi2MiBH 2M2`;v- +QQ`/BMiBQM MmK#2`- M/ iQTQHQ;@
B+H +Hmbi2`BM;X q2 }M/ i?i r?BH2 i?2b2 [mMiBiB2b +Q``2Hi2 r2HH rBi? bQ7iM2bb- i?2v
`2 TQQ` T`2/B+iQ`b Q7 /vMKB+b- 2Bi?2` HQM2 Q` BM +QK#BMiBQMX
L2ti r2 im`M iQ bQ7iM2bb KQ`2 /B`2+iHv M/ BMp2biB;i2 bTiBH +Q``2HiBQMb Q7 bQ7i@
M2bb M/ b?Qr i?i bQ7iM2bb Bb +Q``2Hi2/ QMHv QM i?2 b+H2 Q7 i?2 T`iB+H2 bBx2 M/ i?i
~m+imiBQMb BM bQ7iM2bb `2 bi`QM;Hv +Q``2Hi2/ rBi? T`iB+H2 KQiBQM /m`BM; `2``M;2@
K2MibX
q2 i?2M KMBTmHi2 i?2 /2}MBiBQM Q7 bQ7iM2bb Ki?2KiB+HHv iQ b?2/ HB;?i QM Bib
T?vbB+H BMi2`T`2iiBQMX >2`2 r2 b?Qr i?i bQ7iM2bb +M #2 r`Bii2M b  bmK Qp2` TB`@
rBb2 +QMi`B#miBQMbX q2 HbQ B/2MiB7v b2p2`H TT`QtBKiBQMb iQ bQ7iM2bb i?i BMpQHp2
7` 72r2` p`B#H2b M/ `2 2bB2` iQ rQ`F rBi? 7`QK  i?2Q`2iB+H biM/TQBMi- M/ v2i
`2 M2`Hv b ++m`i2 b bQ7iM2bb BM T`2/B+iBM; `2``M;2K2MibX
6BMHHv- r2 mb2  +Hbb Q7 JG i2+?MB[m2b iQ T2`7Q`K bQ@+HH2/ ǳmMbmT2`pBb2/ /B@
K2MbBQMHBiv `2/m+iBQMǴX lMHBF2 i?2 K2i?Q/b i?i r2 2KTHQv iQ +QMbi`m+i bQ7iM2bb-
i?2b2 i2+?MB[m2b bBKTHv i`v iQ +Hmbi2` bi`m+im`HHv bBKBH` TQBMib iQ;2i?2` BM  irQ@
/BK2MbBQMH bT+2X .2bTBi2 i?Bb `2HiBp2Hv ;2M2`H Mbix- r2 }M/ i?i i?Bb +Hmbi2`BM;




h?2 rQ`F T`2b2Mi2/ ?2`2 Bb #b2/ QM bim/B2b Q7 irQ bvbi2Kb,  irQ@/BK2MbBQMH b?2`2/
EQ#@M/2`b2M G2MM`/@CQM2b ;Hbb #2HQr i?2 ;Hbb i`MbBiBQM i2KT2`im`2 M/ 
i?`22@/BK2MbBQMH [mB2b+2Mi EQ#@M/2`b2M G2MM`/@CQM2b bmT2`+QQH2/ HB[mB/X .2@
iBH2/ i`2iK2Mib Q7 i?2b2 bvbi2Kb Kv #2 7QmM/ BM _27bXR-R3k-RNjX h?`Qm;?Qmi i?2
+?Ti2`- /BbiM+2b `2 K2bm`2/ BM mMBib Q7 i?2 H`;2 T`iB+H2 /BK2i2`- σAA- 2M2`@
;B2b BM mMBib Q7 ϵAA M/ Kbb BM i2`Kb Q7 i?2 +QKKQM Kbb Q7 i?2 irQ T`iB+H2b- mX
h?2 irQ@/BK2MbBQMH bvbi2K Bb i  i2KT2`im`2 Q7 kT/ϵ = 0.1 M/ b?2` bi`BM `i2
γ˙ = 10−4 r?BH2 i?2 i?`22@/BK2MbBQMH bvbi2K Bb i  i2KT2`im`2 Q7 kT/ϵ = 0.47X
"Qi? bvbi2Kb ?p2 Ry-yyy T`iB+H2b M/ `2 i MmK#2` /2MbBiv ρ = 1.2X AM #Qi? +b2b
i?2 bvbi2Kb r2`2 bim/B2/ mbBM; KQH2+mH` /vMKB+b bBKmHiBQMb M/  LQbû@>QQp2`
i?2`KQbii rb mb2/ iQ +QMi`QH i?2 i2KT2`im`2X 6Q` i?2 d = 3 bvbi2K- i?2 +QM};m`@
iBQM Q7 i?2 bvbi2K rb `2+Q`/2/ M/ i?2 bvbi2K rb [m2M+?2/ iQ Bib M2`2bi BM?2`2Mi
bi`m+im`2 mbBM; i?2 6A_1 H;Q`Bi?KRN9 2p2`v τ - r?2`2 τ =
√
mσ2AA/ϵAA Bb i?2 iBK2
BM bBKmHiBQM mMBibX h?2 +QM};m`iBQM rb bp2/ M/ [m2M+?2/ 2p2`v 2τ 7Q` i?2 /4k
bvbi2KX
S`iB+H2 /vMKB+b +QMbBbi Q7 bKHH ǳ+;2/Ǵ ~m+imiBQMb TmM+imi2/ #v H`;2` +QQT@
2`iBp2 `2``M;2K2MibX hQ B/2MiB7v `2``M;2K2Mib BM i?2 i?`22@/BK2MbBQMH [mB2b+2Mi
bvbi2K r2 mb2  ǳ?QTǴ BM/B+iQ` 7mM+iBQM- p?QT- i?i rb BMi`Q/m+2/ #v *M/2HB2` 2i
HXR88-RN8X hQ /2}M2 p?QT i  iBK2 t r2 }`bi bT2+B7v  /m`iBQM- ∆t- b r2HH b irQ BM@
i2`pHb A = [t−∆t/2, t] M/ B = [t, t+∆t/2]X q2 Kv i?2M r`Bi2-
p?QT(t) =
√
⟨(ri − ⟨ri⟩B)2⟩A⟨(ri − ⟨ri⟩A)2⟩B UeXRV
Ryy
r?2`2 ⟨⟩A M/ ⟨⟩B /2MQi2 p2`;2b Qp2` i?2 A M/ B BMi2`pHb `2bT2+iBp2HvX .m`BM;
+;2/ KQiBQM ⟨ri⟩A = ⟨ri⟩B M/ p?QT rBHH #2 +QKK2Mbm`i2 rBi? i?2 p`BM+2 BM i?2
T`iB+H2 TQbBiBQM /m2 iQ MQBb2 BM i?2 BM?2`2Mi bi`m+im`2 +H+mHiBQMX .m`BM; `2``M;2@
K2Mib i?2 K2M TQbBiBQM rBHH +?M;2 K`F2/Hv M/ p?QT rBHH iiBM bB;MB}+MiHv H`;2`
pHm2bX q2 iF2 `2``M;2K2Mib iQ #2 i?Qb2 2p2Mib rBi? p?QT > pc = 0.2X h?Bb +?QB+2
Bb /Bb+mbb2/ i H2M;i? BM i?2 T`2pBQmb +?Ti2`X
AM i?2 irQ@/BK2MbBQMH b?2`2/ bvbi2Kb  H`;2 {M2 #+F;`QmM/ KF2b p?QT M
mM`2HB#H2 BM/B+iQ` Q7 `2``M;2K2MibX AM i?Bb bvbi2K r2 i?2`27Q`2 mb2 i?2 iQiH MQM@
{M2 /BbTH+2K2Mi Q7  `2;BQM `QmM/  T`iB+H2 iX h?Bb K2bm`2- }`bi BMi`Q/m+2/ BM





r?2`2 Λ Bb i?2 #2bi }i {M2 i`Mb7Q`KiBQMX >2`2 r2 iF2 Rc = 2.5σ M/ ∆t = 5τ c
r2 MQi2- ?Qr2p2`- i?i Qm` `2bmHib `2 [mHBiiBp2Hv BMb2MbBiBp2 iQ i?2b2 +?QB+2bX Ai ?b
#22M b?QrM i?i D2KBM Bb  `2HB#H2 BM/B+iQ` Q7 THbiB+ `2``M;2K2Mib BM /BbQ`/2`2/
bvbi2Kb mM/2` TTHB2/ bi`BMX ;BM r2 b22  +H2` b2T`iBQM Q7 b+H2b #2ir22M i?2
MQM@{M2 /BbTH+2K2Mi Q7 +;2/ KQiBQM M/ `2``M;2K2MibX
AM *?Ti2` 8 r2 b?Qr2/ i?i i?2 bQ7iM2bb S +M #2 /B`2+iHv `2Hi2/ iQ i?2 T`Q##BH@







r?2`2 Σ(S) = Σ0 − Σ1S M/ ∆E(S) = e0 − e1SX h?mb- i?2`2 Bb  r2HH@/2}M2/ 2M2`;v
#``B2` bbQ+Bi2/ rBi? `2``M;2K2Mib Q7 T`iB+H2b Q7  ;Bp2M bQ7iM2bbc BM Qi?2` rQ`/b-
RyR
bQ7iM2bb Bb  K2bm`2 Q7 i?2 2M2`;v #``B2` i?i ;Qp2`Mb `2``M;2K2Mib Q7 T`iB+H2
iX 6`QK Σ(S) M/ ∆E(S) QM2 +M +H+mHi2 i?2 QMb2i i2KT2`im`2- T0- #2HQr r?B+?
 HB[mB/ /2p2HQTb bi`m+im`H /272+ib bbQ+Bi2/ rBi? `2``M;2K2MibX h?Bb Bb HbQ i?2
i2KT2`im`2 #2HQr r?B+? i?2 HB[mB/ /2p2HQTb ;Hbbv bB;Mim`2b bm+? b bi`2i+?2/ 2tTQ@
M2MiBH `2HtiBQM-  MQM@``?2MBmb /2T2M/2M+2 Q7 `2HtiBQM iBK2 QM i2KT2`im`2 M/
FBM2iB+ ?2i2`Q;2M2BiB2bX
eXj aQ7iM2bb M/ `2Hi2/ [mMiBiB2b
AM *?Ti2` 8 r2 b?Qr2/ i?i 7Q` i?2 d = 3 EQ#@M/2`b2M HB[mB/ r2 +QmH/ HBKBi Qm`










rBi? HKQbi MQ HQbb BM T`2/B+iBp2 ++m`+vX >2`2- Rij Bb i?2 /BbiM+2 #2ir22M T`iB+H2b
i M/ jX 6mM+iBQMb Q7 i?Bb 7Q`K +QmMi i?2 MmK#2` Q7 T`iB+H2b  /BbiM+2 r ± σ rv
7`QK  i`;2i T`iB+H2 iX h?mb- r?i Kii2`b iQ bQ7iM2bb BM i?Bb bvbi2K Bb i?2 pHm2 Q7
i?2 TB` +Q``2HiBQM 7mM+iBQM g(r) i /Bz2`2Mi pHm2b Q7 r- 2bT2+BHHv i i?2 T2Fb M/
pHH2vb U*?Ti2` 8X8VX
>2`2 r2 HQQF i i?2 +Q``2HiBQM #2ir22M bQ7iM2bb M/ Qi?2` rB/2Hv@mb2/ +?`+@
i2`BxiBQMb Q7 i?2 bi`m+im`2 Q7 i?2 HQ+H 2MpB`QMK2Mi Q7  T`iB+H2X Ai im`Mb Qmi i?i
bQ7iM2bb +Q``2Hi2b rBi? KMv T?vbB+H [mMiBiB2b- bm+? b i?2 HQ+H TQi2MiBH 2M2`;v-
MmK#2` Q7 T`iB+H2b BM i?2 }`bi M2B;?#Q` b?2HH- M/ ;2QK2i`B+H K2bm`2b Q7 i?2 M2B;?@
#Q`?QQ/X >Qr2p2`- r2 }M/ i?i MQM2 Q7 i?2b2 [mMiBiB2b Bb M2`Hv b T`2/B+iBp2 Q7 `2@
``M;2K2Mib b bQ7iM2bb- 2Bi?2` QM i?2B` QrM Q` BM +QK#BMiBQM rBi? 2+? Qi?2`X
q2 +`2i2/  /i b2i Q7 Rey-yyy T`iB+H2b- `M/QKHv +?Qb2M 7`QK  KQH2+mH` /v@
Ryk
MKB+b bBKmHiBQM i`D2+iQ`v Q7 i?2 ;Hbbv d = 3 EQ#@M/2`b2M HB[mB/X 6Q` 2+? T`iB@
+H2 BM i?Bb b2i- r2 +H+mHi2/ i?2 bQ7iM2bb- i?2 MmK#2` Q7 T`iB+H2b BM i?2 }`bi M2B;?#Q`
b?2HH M/ i?2 HQ+H TQi2MiBH 2M2`;vX h?2 HQ+H TQi2MiBH 2M2`;v 7Q`  T`iB+H2 Bb /2@
}M2/ b i?2 bmK Q7 i?2 G2MM`/@CQM2b BMi2`+iBQMb Q7 i?2 T`iB+H2 rBi? Bib M2B;?#Q`b-
+H+mHi2/ mbBM; i?2 bK2 +miQz- kX8σAA- i?i rb mb2/ 7Q` i?2 +H+mHiBQM Q7 bi`m+@
im`2 7mM+iBQMbX b b22M BM 6B;X eXRUV- bQ7iM2bb Bb MiB@+Q``2Hi2/ rBi? i?2 MmK#2` Q7
M2B;?#Q`b BM i?2 }`bi b?2HHX h?Bb Bb 2tT2+i2/- bBM+2 r2 7QmM/ BM *?Ti2`b 9 M/ 8 i?i
bQ7i T`iB+H2b ?p2 KQ`2 HB[mB/@HBF2 TB` +Q``2HiBQM 7mM+iBQMbX S`iB+H2b rBi? 72r2`
i?M Rj M2B;?#Q`b `2 bQ7i QM p2`;2- r?BH2 T`iB+H2b rBi? KQ`2 i?M Rj M2B;?#Q`b
`2 ?`/ QM p2`;2X >Qr2p2`- QMHv eyW Q7 `2``M;BM; T`iB+H2b ?p2 72r2` i?M Rj
M2B;?#Q`bX h?mb- +QQ`/BMiBQM BM i?2 }`bi b?2HH HQM2 Bb MQi M 2z2+iBp2 T`2/B+iQ` Q7
`2``M;2K2MibX
(a) (b)
6B;m`2 eXR, UV p2`;2 bQ7iM2bb pbX +QQ`/BMiBQM MmK#2` Bb b?QrM rBi? #H+F b[m`2b- rBi? i?2
+Q``2bTQM/BM; t tBb i i?2 iQTX p2`;2 bQ7iM2bb b  7mM+iBQM Q7 HQ+H 2M2`;v Bb +H+mHi2/ rBi?
 }t2/ #BM bBx2 Q7 3yyy TQBMib- /`rM rBi?  bQHB/ `2/ HBM2- rBi? i?2 t tBb i i?2 #QiiQKX h?2
`2/ M/ #H+F 2``Q` #`b `2T`2b2Mi i?2 biM/`/ /2pBiBQM Q7 bQ7iM2bb 7Q` +Q``2bTQM/BM; TQBMib b 
7mM+iBQM Q7 HQ+H 2M2`;v M/ +QQ`/BMiBQM MmK#2`- `2bT2+iBp2HvX U#V GQ+H 2M2`;v pbX +QQ`/BMiBQM
MmK#2`X h?2 2``Q` #`b `2T`2b2Mi i?2 biM/`/ /2pBiBQM Q7 HQ+H 2M2`;v Q7 T`iB+H2b rBi? +Q``2@
bTQM/BM; +QQ`/BMiBQM MmK#2`X
aBKBH`Hv- 6B;X eXRUV HbQ b?Qrb i?2 +Q``2HiBQM Q7 bQ7iM2bb rBi? i?2 HQ+H TQi2M@
Ryj
iBH 2M2`;vX 1pB/2MiHv bQ7iM2bb Bb HBM2`Hv +Q``2Hi2/ rBi? HQ+H 2M2`;vX h?Bb rb HbQ
Q#b2`p2/ #v _QvHH 2i HX- r?Q 7QmM/ i?i 2M2`;2iB+HHv HQ+HHv 7pQm`2/ bi`m+im`2b
`2 HQM;2` HBp2/R3RX q2 b22 i?i i?Bb TQbBiBp2 +Q``2HiBQM #2ir22M HQ+H 2M2`;v M/
bQ7iM2bb ?QH/b 7Q` HH HQ+H TQi2MiBH 2M2`;B2b M/ i?i T`iB+H2b rBi? HQ+H 2M2`;B2b
EL > −18 `2 bQ7i QM p2`;2X >Qr2p2`- QMHv e8W Q7 `2``M;2K2Mib Q++m` i T`@
iB+H2b rBi? EL > −18X h?2 HQ+H TQi2MiBH 2M2`;v Bb MQi M2`Hv b T`2/B+iBp2 Q7 `2`@
`M;2K2Mib b bQ7iM2bbX





























6B;m`2 eXk, h?2 T`Q##BHBiv Q7 `2``M;2K2Mi pbX +QQ`/BMiBQM MmK#2`- HQ+H 2M2`;v M/ bQ7iM2bbX
p2`;2 T`Q##BHBiB2b `2 +H+mHi2/ rBi?  }t2/ #BM bBx2 Q7 106 TQBMibX
 MmK#2` Q7 K2bm`2b Q7 HQ+H bi`m+im`2 ?p2 #22M T`QTQb2/ iQ +Q``2Hi2 rBi? /v@
MKB+bR3R-RNk-RNeĜkyRX q2 ?p2 Dmbi b?QrM i?i irQ Q7 i?2b2 [mMiBiB2b- HQ+H 2M2`;v
M/ +QQ`/BMiBQM MmK#2`- +Q``2Hi2 rBi? /vMKB+b #mi `2 QMHv r2FHv T`2/B+iBp2 Q7
`2``M;2K2MibX Ai Bb i?2`27Q`2 BKTQ`iMi iQ +QKT`2 M/ +QMi`bi /Bz2`2Mi 7mM+iBQMb
Q7 HQ+H bi`m+im`2 #b2/ QM i?2B` #BHBiv iQ T`2/B+i THbiB+ +iBpBiv  T`BQ`B U6B;X eXkVX
>2`2 r2 BMi`Q/m+2  K2i`B+ iQ 2pHmi2 ?Qr r2HH  ;Bp2M bi`m+im`H [mMiBiv bbQ+B@
i2/ rBi? T`iB+H2 i- Xi- T`2/B+ib `2``M;2K2MibX AM i?Bb /2b+`BTiBQM r2 bbmK2 i?i
X +Q``2Hi2b `2bQM#Hv r2HH rBi? `2``M;2K2Mib- bQ i?i i?2 T`Q##BHBiv i?i  T`@
iB+H2 `2``M;2b- PR(Xi)- Bb KQMQiQMB+HHv BM+`2bBM; BM XiX LQi2 i?i i?2`2 Bb  /Bb@
Ry9
i`B#miBQM Q7 Xi pHm2bc r2 /2}M2 Bib K2M iQ #2 µX M/ Bib biM/`/ /2pBiBQM iQ #2
σX X
h?2 T`2/B+iBp2 TQr2` Q7  K2bm`2 Bb `2Hi2/ iQ ?Qr Km+? KQ`2 HBF2Hv ǳ?B;?Ǵ Xi
T`iB+H2b `2 iQ `2``M;2 i?M i?2B` HQr Xi +QmMi2`T`ibX q2 i?2`27Q`2 T`QTQb2 i?2
K2bm`2-
Q =
PR(Xi > µX + σX)
PR(Xi < µX − σX) UeX8V
r?B+? Bb i?2 `iBQ Q7 i?2 T`Q##BHBiv Q7 `2``M;2K2Mi 7Q` ?B;? Xi T`iB+H2b rBi? i?i
Q7 HQr Xi T`iB+H2bX h?2 ?B;?2` i?2 pHm2 Q7 Z- i?2 #2ii2` X /Bb+`BKBMi2b #2ir22M
T`iB+H2b HBF2Hv iQ `2``M;2 M/ i?Qb2 mMHBF2Hv iQ `2``M;2- M/ i?2`27Q`2 i?2 #2ii2`
X Bb b  T`2/B+iQ` Q7 `2``M;2K2MibX q2 }M/ i?i 7Q` +QQ`/BMiBQM MmK#2`- Q =
6.2- M/ HQ+H 2M2`;v- Q = 5.0- r?BH2 7Q` bQ7iM2bb Q = 165X h?mb- bQ7iM2bb HHQrb 7Q`
irQ Q`/2`b Q7 K;MBim/2 KQ`2 +QMi`bi #2ir22M bQ7i M/ ?`/ T`iB+H2b i?M 2Bi?2`
Q7 i?2 Qi?2` K2bm`2bX q2 bm;;2bi i?i Q #2 mb2/ BM 7mim`2 bim/B2b BMi`Q/m+BM; M2r
K2bm`2b Q7 HQ+H bi`m+im`2 b T`2/B+iQ`b Q7 `2``M;2K2MibX hQ b22 i?Bb BM T`+iB+2-
r2 2biBKi2 i?i 7Q` i?2 K2i?Q/ BMi`Q/m+2/ BM uM; 2i HXRNe Q ≈ 20X q2 MQi2 i?i
Q rBHH #2 i2KT2`im`2 /2T2M/2Mi- M/  7B` +QKT`BbQM Q7 /Bz2`2Mi T`2/B+iQ`b b?QmH/
#2 /QM2 7Q` bvbi2Kb mM/2` bBKBH` T?vbB+H +QM/BiBQMbX q2 +M +?2+F i?2 bBx2 Q7 i?Bb
i2KT2`im`2 /2T2M/2M+2 #v `2T2iBM; i?2 K2bm`2K2Mi Q7 Q i T = 0.35. q2 }M/
i?i Q ! 500 7Q` bQ7iM2bb r?BH2 Q = 7.6 7Q` +QQ`/BMiBQM MmK#2` M/ Q = 9.9 7Q` HQ+H
2M2`;vX h?mb- r?BH2 Q rBHH BM ;2M2`H #2 T`QiQ+QH /2T2M/2Mi- Bi b22Kb b i?Qm;? Q`/2`
Q7 K;MBim/2 +QKT`BbQMb Kv biBHH #2 K/2 +`Qbb /Bz2`2Mi bvbi2KbX
PM2 KB;?i bF r?2i?2` T`2/B+iBQM ++m`+v BKT`Qp2b B7 r2 mb2 #Qi? HQ+H 2M2`;v
M/ +QQ`/BMiBQM MmK#2` BM7Q`KiBQMX q2 +M +?`+i2`Bx2 i?2 HQ+H 2MpB`QMK2Mi
rBi? irQ /2b+`BTiQ`b- i?2 HQ+H TQi2MiBH 2M2`;v M/ MmK#2` Q7 T`iB+H2b BM i?2 }`bi
Ry8
+QQ`/BMiBQM b?2HH- M/ +H+mHi2 i?2 HBM2 b2T`iBM; `2``M;BM; T`iB+H2b 7`QK MQM@
`2``M;BM; T`iB+H2b BM i?Bb irQ@/BK2MbBQMH bT+2X q?2M r2 /Q i?Bb- r2 }M/ i?i
i?2 ++m`+v `2KBMb e8WX h?2 7+i i?i i?2 T`2/B+iBQM ++m`+v /Q2b MQi BKT`Qp2
BKTHB2b i?i i?2 HQ+H 2M2`;v M/ +QQ`/BMiBQM MmK#2` `2 ?B;?Hv +Q``2Hi2/ rBi? QM2
MQi?2` bQ i?i MQ M2r BM7Q`KiBQM Bb //2/ r?2M #Qi? [mMiBiB2b `2 +QMbB/2`2/ BM@
bi2/ Q7 Dmbi QM2 Q7 i?2 irQX h?2 +Q``2HiBQM Q7 HQ+H 2M2`;v rBi? +QQ`/BMiBQM MmK#2`
Bb b?QrM BM 6B;X eXRU#VX
h?2 bBimiBQM Bb p2`v /Bz2`2Mi B7 irQ mM+Q``2Hi2/ /2b+`BTiQ`b `2 mb2/X b b?QrM
BM *?Ti2` 8X8- i?2 #2bi ++m`+v i?i +M #2 +?B2p2/ rBi? QM2 `/BH bi`m+im`2 7mM+@
iBQM UBX2X i?2 pHm2 Q7 i?2 HQ+H TB` +Q``2HiBQM 7mM+iBQM g(r) i QM2 pHm2 Q7 rV Bb e9WX
>Qr2p2`- B7 i?2 #2bi irQ bi`m+im`2 7mM+iBQMb `2 mb2/- i?2 ++m`+v BM+`2b2b iQ ddWX
qBi? QMHv Ry `/BH bi`m+im`2 7mM+iBQMb- Bi Bb TQbbB#H2 iQ `2+? 39W ++m`+v Ua2+@
iBQM 8X8VX h?Bb Bb M 2tKTH2 Q7  +HbbB+ T`Q#H2K i?i `Bb2b BM JG r?2M i?2`2 `2
+Q``2HiBQMb BM i?2 b2i Q7 /2b+`BTiQ`b mb2/X AM T?vbB+b- Bi Bb 7`2[m2MiHv i?2 +b2 i?i /2@
b+`BTiQ`b +?Qb2M 7Q` i?2B` T?vbB+H bB;MB}+M+2 `2 +Q``2Hi2/ rBi? QM2 MQi?2`- M/
i?mb `2 HBF2Hv iQ #2 #Bb2/ BM i2`Kb Q7 i?2 T?vbB+H BM7Q`KiBQM i?2v T`QpB/2X
6BMHHv- r2 bim/v i?2 `2HiBQMb?BT #2ir22M bQ7iM2bb M/ ;2QK2i`B+H T`QT2`iB2b Q7
i?2 HQ+H M2B;?#Q`?QQ/bX q2 }`bi +QMbi`m+i i?2 .2HmMv i`BM;mHiBQM Q7 i?2 TQbB@
iBQMb Q7 i?2 T`iB+H2bX h?2M r2 B/2MiB7v i?2 i2i`?2/` i?i +M #2 +QMbB/2`2/  `2;@
mH` i2i`?2/`QM Q`  `2;mH` [m`i2`@Q+i?2/`QM- /2iBHb Q7 r?B+? `2 /2b+`B#2/ BM
_27XeN-kykX AM 6B;X eXj- r2 THQi i?2 p2`;2 bQ7iM2bb Q7 T`iB+H2b i?i #2HQM; iQ  +Q``2@
bTQM/BM; MmK#2` Q7 `2;mH` i2i`?2/` M/ `2;mH` [m`i2`@Q+i?2/`X h?2 biM/`/
/2pBiBQM Q7 2+? TQBMi Bb +QKT`#H2 iQ i?2 2``Q` #`b BM 6B; eXRX h?2 p2`;2 bQ7i@
M2bb Q7  T`iB+H2 ;Q2b /QrM B7 i?2 i2i`?2/` Bi #2HQM;b iQ `2 `2;mH`X PM i?2 Qi?2`
?M/- i?2 p2`;2 bQ7iM2bb Q7  T`iB+H2 ;Q2b mT rBi? i?2 MmK#2` Q7 ;QQ/ [m`i2`@
Rye
6B;m`2 eXj, p2`;2 bQ7iM2bb 7Q` T`iB+H2b i?i `2 QM NT `2;mH` i2i`?2/`X h?2 p2`;2b `2
b?QrM 7Q` T`iB+H2b i?i `2 QM /Bz2`2Mi MmK#2`b Q7 `2;mH` [m`i2`@Q+i?2/` NOX
Q+i?2/` i?i Bi #2HQM;b iQX h?2 p2`;2 bQ7iM2bb Q7  T`iB+H2 i?i Bb QM MQ ;QQ/
i2i`?2/`- #mi KQ`2 i?M 9 ;QQ/ [m`i2`@Q+i?2/`- Bb #Qmi RX S`iB+H2b i?i `2
MQi QM Mv ;QQ/ [m`i2`@Q+i?2/`- #mi QM 3 ;QQ/ i2i`?2/`- ?p2 M p2`;2 bQ7i@
M2bb Q7 @yX3X Ai rQmH/ #2 BMi2`2biBM; iQ +QMbB/2` i?2 bQ7iM2bb Q7 T`iB+H2b BM H`;2` ;2Q@
K2i`B+H +Hmbi2`b- b i?2v ?p2 #22M b?QrM iQ #2 HQM;@HBp2/R3RX
eX9 S`2/B+iBM; T`QT2`iB2b Q7 `2``M;2K2Mib
AM //BiBQM iQ T`2/B+iBM; i?2 T`Q##BHBiv Q7 `2``M;2K2Mi- PR(S)- bQ7iM2bb +QMiBMb
//BiBQMH T`2/B+iBp2 BM7Q`KiBQM #Qmi `2``M;2K2MibX q2 }`bi b?Qr i?i i?2`2 Bb
bTiBH bi`m+im`2 BM i?2 bQ7iM2bb }2H/ M/ i?i i?2b2 bTiBH +Q``2HiBQMb TT2` iQ #2
`2Hi2/ iQ i?2 bBx2 Q7 `2``M;2K2Mib BM i?2 bvbi2KX AMbTB`2/ #v i?2b2 `2bmHib- r2 i?2M
b?Qr i?i bTiBH ;`/B2Mib BM bQ7iM2bb +Q``2Hi2 rBi? i?2 /B`2+iBQM Q7 KQiBQM Q7 T`iB@
Ryd
+H2b /m`BM; `2``M;2K2MibX












6B;m`2 eX9, >2`2 r2 THQi i?2 bTiBH +Q``2HiBQM 7mM+iBQMb 7Q` bQ7iM2bb U#Hm2V M/ `2``M;2K2Mib
U;`22MVX q2 Qp2`Hv i?2 #2bi 2tTQM2MiBH }ib rBi? ξ = 1.2 7Q` bQ7iM2bb M/ ξ = 1.1 7Q` `2``M;2@
K2MibX
hQ BMp2biB;i2 i?2 bTiBH +Q``2HiBQMb Q7 i?2 bQ7iM2bb }2H/ r2 +QMbB/2` MQ`KHBx2/
~m+imiBQMb BM i?2 }2H/-
δSi =
Si − ⟨S⟩√⟨(S − ⟨S⟩)2⟩ . UeXeV
q2 i?2M +QKTmi2 i?2 +Q``2HiBQM 7mM+iBQM ⟨δS(0)δS(r)⟩ r?B+? Bb p2`;2/ Qp2` HH
T`iB+H2b b2T`i2/ #v  /BbiM+2 rX h?Bb +Q``2HiBQM 7mM+iBQM Bb b?QrM BM 6B;X eX9 BM
#Hm2X q2 b22 i?i i?2 bQ7iM2bb }2H/ 2t?B#Bib TT`QtBKi2Hv 2tTQM2MiBH bTiBH +Q``2H@
iBQMb bQ i?i-
⟨δS(0)δS(r)⟩ = Ae−r/ξ. UeXdV
a?QrM BM /b?2/ Qp2`Hv Bb  #2bi@}i iQ i?2 +Q``2HiBQM 7mM+iBQM rBi? ξ ≈ 1.2X h?mb-
Qm` `2bmHib b?Qr i?i i?2 bTiBH 2ti2Mi Q7 ?`/ Q` bQ7i `2;BQMb Bb Q7 Q`/2`  bBM;H2 T`@
iB+H2 /BK2i2`X h?Bb H2M;i? b+H2 Bb +QKK2Mbm`i2 rBi? bi`m+im`H +Q``2HiBQM H2M;i?b
T`2pBQmbHv B/2MiB}2/ BM ;Hbbv bvbi2KbkyjX
Ry3
hQ K2bm`2 i?2 bTiBH 2ti2Mi Q7 `2``M;2K2Mib r2 +QMbB/2` i?2 bTiBH +Q``2HiBQM
Q7 p?QT- ⟨δp(0)δp(r)⟩X b rBi? bQ7iM2bb r2 }M/ i?i i?2 +Q``2HiBQMb /2+v 2tTQM2M@
iBHHv rBi? ξ ≈ 1.1X h?mb- i?2 +?`+i2`BbiB+ bBx2 Q7 HQ+HBx2/ `2``M;2K2Mib BM i?2
bvbi2K Bb Q7 Q`/2` i?2 T`iB+H2 /BK2i2`- `2~2+iBM; i?2 b+H2 Q7 bTiBH +Q``2HiBQMb Q7
bQ7iM2bbX
q2 M2ti /2}M2  ǳ;`/B2MiǴ Q7 bQ7iM2bb Qp2` i?2 b2i Q7 #QM/b BM  M2B;?#Q`?QQ/







q2 +?QQb2 i?2 M2B;?#Q`?QQ/b Q7 bBx2 Rc = 2.5σAAc ?Qr2p2`- Qm` `2bmHib `2 [mHBi@
iBp2Hv BMb2MbBiBp2 iQ i?Bb +?QB+2X
6Q` 2+? `2``M;2K2Mi- α- BMpQHpBM;  T`iB+H2 i r2 /2}M2 tbi`iα M/ t2M/α iQ #2 i?2
bi`i iBK2 M/ 2M/ iBK2 7Q` i?2 `2``M;2K2Mi `2bT2+iBp2HvX q2 Kv i?2M +QKTmi2 
/BbTH+2K2Mi p2+iQ` 7Q` i?2 `2``M;2K2Mi-
∆riα = ri(t
2M/
α )− ri(tbi`iα ). UeXNV
hQ b?Qr i?i `2``M;2K2Mib +Q``2Hi2 rBi? i?2 ;`/B2Mi Q7 i?2 bQ7iM2bb }2H/ r2 +QM@
bB/2` i?2 +QbBM2 Q7 i?2 M;H2 #2ir22M i?2 ;`/B2Mi Q7 bQ7iM2bb i  T`iB+H2 i `B;?i #2@




AM //BiBQM iQ +QMbB/2`BM; cos θ r2 MQi2 i?i |∆r||∇S| rBHH #2 H`;2 r?2M #Qi? i?2
/BbTH+2K2Mi /m`BM;  `2``M;2K2Mi Bb H`;2 M/ i?2 T`iB+H2 `2``M;2b BM  `2;BQM
RyN
Q7 ?B;? bQ7iM2bb ;`/B2MiX q2 7Q+mb QM ?B;? pHm2b Q7 |∆r||∇S| bBM+2 r2 rQmH/ MQi
2tT2+i p2`v bKHH /BbTH+2K2Mib Q` `2``M;2K2Mib BM `2;BQMb Q7 +QMbiMi bQ7iM2bb iQ






























0  | r||rS| < 1
1  | r||rS| < 2
2  | r||rS| < 3















6B;m`2 eX8, UV h?2 p2`;2 M;H2 #2ir22M i?2 `2``M;2K2Mi p2+iQ` 7Q`  T`iB+H2 i- ∆ri M/
i?2 ;`/B2Mi Q7 Bib bQ7iM2bb ∇Si b  7mM+iBQM Q7 i?2 T`Q/m+i Q7 i?2 MQ`Kb |∆r||∇S|X q2 b22 i?i
T`iB+H2b i?i 2t?B#Bi bB;MB}+Mi `2``M;2K2Mib BM  `2;BQM Q7 ?B;? ;`/B2Mi i2M/ iQ KQp2 BM i?2
/B`2+iBQM Q7 i?2 ;`/B2MiX U#V h?2 /Bbi`B#miBQM- P (cos θ)- Q7 i?2 M;H2 #2ir22M `2``M;2K2Mib M/
i?2 bQ7iM2bb ;`/B2Mi i i?2 `2``M;BM; T`iB+H2X q2 THQi /Bz2`2Mi /Bbi`B#miBQMb 7Q` T`iB+H2b rBi?
/Bz2`2Mi |∆r||∇S| 7`QK HQr U#Hm2V iQ ?B;? U`2/VX
q2 THQi BM 6B;X eX8 UV ⟨cos θ⟩ b  7mM+iBQM Q7 |∆r||∇S|X q2 }M/ i?i ⟨cos θ⟩ Bb 
bi`QM; 7mM+iBQM Q7 |∆r||∇S| BM+`2bBM; 7`QK y i bKHH |∆r||∇S| iQ #Qmi yX98 i H`;2
|∆r||∇S|X i ?B;? |∆r||∇S|- r2 b22 i?i /BbTH+2K2Mib i2M/ iQ Q++m` BM i?2 /B`2+iBQM
Q7 BM+`2bBM; bQ7iM2bb BM  +QM2 Q7 ≈ 60 deg #Qmi ∇SX h?Bb `2bmHi Bb bmTTQ`i2/ BM
6B;X eX8 U#V r?2`2 r2 THQi i?2 /Bbi`B#miBQM Q7 cos θ 7Q` /Bz2`2Mi pHm2b Q7 |∆r||∇S|X
ai`BFBM;Hv r2 }M/ i?i i H`;2 |∆r||∇S| p2`v 72r `2``M;2K2Mib i2M/ iQ #2 BM i?2
/B`2+iBQM Q7 /2+`2bBM; bQ7iM2bbX h?2b2 `2bmHib Kv ;Bp2 BMbB;?i BMiQ r?v `2``M;2@
K2Mib BM bmT2`+QQH2/ HB[mB/b i2M/ iQ #2 bi`BM;HBF2ky9X
RRy
eX8 aBKTHB7vBM; bQ7iM2bb
>2`2 r2 mb2 i?2 7+i i?i 7Q` i?2 d = 3 EQ#@M/2`b2M KQ/2H- Bi bm{+2b iQ mb2 QMHv
`/BH bi`m+im`2 BM7Q`KiBQMX h?Bb HHQrb mb iQ `2+bi bQ7iM2bb BM  7Q`K BM r?B+? T@
T`QtBKiBQMb #2+QK2 TT`2Mi i?i KB;?i H2/ i?2 rv iQ MHviB+ T`Q;`2bb QM bQ7i@
M2bb BM i?2 7mim`2X q2 bi`i rBi?  /2`BpiBQM 7Q`  bBM;H2 +QKTQM2Mi bvbi2K- MQi@
BM; i?i i?2 2ti2MbBQM iQ  bvbi2K Q7 b2p2`H +QKTQM2Mib Ub BM i?2 E KBtim`2V Bb
bi`B;?i7Q`r`/X
b /2b+`B#2/ #Qp2- bQ7iM2bb Bb /2}M2/ BM i?2 +QMi2ti Q7  ?vT2`THM2- /2}M2/ #v 
ǳr2B;?iǴ p2+iQ` w M/  #Bb b b r2HH b  p2+iQ` Q7 bi`m+im`2 7mM+iBQMb Gi 7Q` 2+?
T`iB+H2- iX AM i?Bb +QMi2ti i?2 bQ7iM2bb Bb /2}M2/ iQ #2 Si = w · Gi + bX q2 +M
2tTHQ`2 i?2 T?vbB+H K2MBM; Q7 bQ7iM2bb #v +QMbB/2`BM; i?2 r2B;?ib Q7 i?2 /Bz2`2Mi
bi`m+im`2 7mM+iBQMb- wαX ai`m+im`2 7mM+iBQMb i?i /BbiBM;mBb? KQ`2 2z2+iBp2Hv #2ir22M
`2``M;BM; M/ MQM@`2``M;BM; T`iB+H2b ?p2 H`;2` T`QD2+iBQMb QMiQ i?2 ?vT2`THM2-
M/ i?2`27Q`2 H`;2` pHm2b Q7 wX //BiBQMHHv 7Q` i?2 `2KBM/2` Q7 i?Bb /Bb+mbbBQM r2
rBHH b2i i?2 Qp2`HH b?B7i b = 0 bBM+2 T?vbB+H [mMiBiB2b bm+? b i?2 T`Q##BHBiv Q7
`2``M;2K2Mi /Q MQi /2T2M/ QM BiX
hQ #2;BM bmTTQb2 i?i r2 +?QQb2 `/BH 7mM+iBQMb bQ i?i Giµ = G(i;µσ,σ)X h?mb-
i?2 +QKTQM2Mib Q7 Qm` 72im`2 p2+iQ` `2 bi`m+im`2 7mM+iBQMb +?Qb2M bm+? i?i i?2 µi?
+QKTQM2Mi Bb +2Mi2`2/ i  `/Bmb Q7 rµ = µσX A7 r2 rQmH/ iQ +QMbB/2` i?2 HQ+H bi`m+@
im`2 Qmi iQ  /BbiM+2 Rc i?2M r2 rBHH M22/ i H2bi Nσ = Rc/σ bi`m+im`2 7mM+iBQMbX A7



























6B;m`2 eXe, h?2 r2B;?ib b  7mM+iBQM Q7 `/BmbX UV@U#V i?2 `/BH /Bbi`B#miBQM 7mM+iBQMb 7Q` i?2
i?`22@/BK2MbBQMH EQ#@M/2`b2M bvbi2K- gAA(r) M/ gAB(r) `2bT2+iBp2HvX U+V@U/V i?2 r2B;?ib b 
7mM+iBQM Q7 `/Bmb 7Q` i?2b2 irQ TB`b Q7 bT2+B2b U#Hm2V b r2HH b 2tTQM2MiBH }ib iQ i?2b2 r2B;?ib
U;`22MVX
















r2 = δ(r) UeXRjV









q2 MQi2 i?i i?2 2tT`2bbBQM BM #`+2b Bb i?2 HQ+H /2MbBiv Q7 T`iB+H2b  /BbiM+2 r
RRk
rv 7`QK  +2Mi`H T`iB+H2 iX Ai 7QHHQrb i?i r2 Kv `2;`/ bQ7iM2bb b i?2 7mM+@
iBQMH Q7 HQ+H /2MbBiv i?i #2bi +Q``2Hi2b rBi? `2``M;2K2Mi /vMKB+bX h?2 TT`Qt@
BKiBQM iQ i?2 r2B;?i 7mM+iBQM i?i r2 Q#iBM 7`QK JG Bb b?QrM BM 6B;X eXeX b M
bB/2- MQi2 i?i 2[XUeXR9V BKTHB2b i?i QM+2 i?2 r2B;?i 7mM+iBQM Bb FMQrM- i?2 bQ7iM2bb
Kv Hi2`MiBp2Hv #2 +QKTmi2/ b Si =
∑
j w(Rij)X q2 ?p2 +QM}`K2/ i?i i?Bb /Q2b
BM/22/ ;Bp2  T`2/B+iBp2 ++m`+v i?i Bb B/2MiB+H iQ i?i Q7 i?2 mbmH K2i?Q/X
Ai Bb rQ`i?r?BH2 iQ +QMbB/2` BM KQ`2 /2iBH i?2 7Q`K Q7 i?2 r2B;?i 7mM+iBQM M/ Ĝ
BM T`iB+mH` Ĝ TT`QtBKiBQMb iQ i?2 r2B;?i 7mM+iBQM i?i bBKTHB7v MHviB+ +H+mH@
iBQMbX 6B;X eXeU+V@U/V b?Qrb i?2 r2B;?i 7mM+iBQMb 7Q` bT2+B2b  T`iB+H2b 7`QK i?2 j.
E KBtim`2X LQi2 i?i bBM+2 i?2`2 `2 MQr irQ bT2+B2b 2+? bT2+B2b rBHH ?p2 irQ
r2B;?i 7mM+iBQMb- QM2 7Q` 2+? ivT2 Q7 BMi2`+iBQMX q2 }`bi MQi2 i?i i?2 r2B;?i 7mM+@
iBQMb `2 r2HH@TT`QtBKi2/ #v i?2 2tTQM2MiBH 7Q`KX q2 b?Qr 2tTQM2MiBH }ib iQ i?2
r2B;?i 7mM+iBQMb BM ;`22M BM 6B;X eXeU+V@U/VX lbBM; i?Bb TT`QtBKiBQM r2 }M/ i?i r2
`2 #H2 iQ bm++2bb7mHHv T`2/B+i 82.5% Q7 `2``M;2K2Mib U/QrM 7`QK 88% mbBM; i?2
7mHH r2B;?i 7mM+iBQMXV Hi?Qm;? r2 ?p2 HQbi bQK2 ++m`+v BM i?Bb TT`Q+? r2 MQi2










>Qr2p2`- r2 MQi2 i?i i?2 Qi?2` T`QT2`iv Q7 i?2 r2B;?i 7mM+iBQM Bb i?i Bi Bb TQbBiBp2




CXY r < σHSXY
AXY e−αXY r r > σHSXY .
UeXReV
RRj
lbBM; i?Bb TT`QtBKiBQM r2 `2 #H2 iQ T`2/B+i 85% Q7 i?2 `2``M;2K2Mib +Q``2+iHvX
h?mb- r2 b22 i?i r2 Kv mb2 `2HiBp2Hv bBKTH2 TT`QtBKiBQMb iQ i?2 `i?2` +QK@
THB+i2/ r2B;?i 7mM+iBQMb r?BH2 `2iBMBM; bi`QM; +Q``2HiBQMb rBi? /vMKB+bX h?2b2
TT`QtBKiBQMb ?p2 i?2 //2/ #2M2}i i?i i?2v `2 KQiBpi2/ #v /i b QTTQb2/
iQ KQ`2 /@?Q+ TT`QtBKiBQMb bm+? b HQ+H TQi2MiBH 2M2`;v M/ 7`22@pQHmK2 r?B+?
+Q``2Hi2 Km+? H2bb r2HH rBi? /vMKB+bX
eXe lMbmT2`pBb2/ /BK2MbBQMHBiv `2/m+iBQM
h?2 bmTTQ`i p2+iQ` K+?BM2b K2i?Q/ mb2/ iQ +QMbi`m+i bQ7iM2bb- b /2b+`B#2/ #Qp2-
Bb  ǳbmT2`pBb2/ H2`MBM;Ǵ i2+?MB[m2X amT2`pBb2/ H2`MBM; `2[mB`2b  i`BMBM; b2i- r?B+?
+QMbBbib Q7 /2b+`BTiQ`b Ui?2 bi`m+im`2 7mM+iBQMb +H+mHi2/ 7Q` 2+? T`iB+H2V- M/ H#2Hb
Ur?2i?2`  T`iB+H2 Bb #Qmi iQ `2``M;2- Q` r?2i?2` Bi ?b MQi `2``M;2/ 7Q`  HQM;
iBK2VX
6Q` mMbmT2`pBb2/ JG i2+?MB[m2b- H#2Hb `2 MQi M22/2/X h?2 bbmKTiBQM Bb i?i
i?2`2 Bb  i`m2 bi`m+im`H /Bz2`2M+2 #2ir22M T`iB+H2b i?i `2 #Qmi iQ `2``M;2
M/ i?Qb2 i?i `2 MQi- r?B+? +QmH/ #2 /Bb+2`M2/  T`BQ`BX AM mMbmT2`pBb2/ H2`M@
BM;- i?2 JG KQ/2H Bb BMbi2/ TTHB2/ /B`2+iHv iQ i?2 bi`m+im`2 7mM+iBQMb i?i KF2
mT i?2 i`BMBM; b2iX q2 mb2 i?2 i@/Bbi`B#mi2/ biQ+?biB+ M2B;?#Q` 2K#2//BM; Ui@aL1V
K2i?Q/- r?B+? Bb  bii2@Q7@i?2@`i i2+?MB[m2 7Q` /BK2MbBQMHBiv `2/m+iBQM- QM i?2 M @
/BK2MbBQMH bi`m+im`2 7mM+iBQM bT+2- RM X i@aL1 ?b #22M TTHB2/ bm++2bb7mHHv iQ
pBbmHBxBM; +QKTH2t /i b2ib- 2X;X ?M/r`Bii2M MmK#2`bRj9- M/ ;K2 bii2b Q7 M2m`H
M2irQ`Fb b i?2v THv i`B ;K2bky8X Ai T`QD2+ib  ?B;? /BK2MbBQMH /i b2i QMiQ
irQ Q` i?`22 /BK2MbBQMb #v i`vBM; iQ TH+2 TQBMib i?i `2 bBKBH` iQ 2+? Qi?2` BM i?2
?B;? /BK2MbBQMH bT+2 +HQb2` iQ 2+? Qi?2` BM i?2 HQr /BK2MbBQMH T`QD2+iBQMX i@aL1
Bb  MQM@T`K2i`B+ KTTBM;- r?B+? K2Mb i?i i?2 /BK2MbBQMb BM i?2 `2/m+2/ bT+2
RR9
`2 MQi 2tTHB+Bi 7mM+iBQMb Q7 i?2 /BK2MbBQMb BM i?2 Q`B;BMH ?B;?@/BK2MbBQMH bT+2X
h?Bb T`2p2Mib mb 7`QK BMi2`T`2iBM; i?2 T?vbB+H bB;MB}+M+2 Q7 i?2 `2/m+2/ /BK2MbBQMbX
>Qr2p2`- bBKBH` HQ+H bi`m+im`2b `2 KTT2/ QMiQ TQBMib i?i `2 +HQb2` iQ;2i?2` BM
i?2 HQr@/BK2MbBQMH bT+2c i?Bb HHQrb mb iQ BM72` i?2 T`QT2`iB2b Q7 i?2 /i i?i +Q``2@
bTQM/ iQ bQ7iM2bbX
q2 TTHv i@aL1- mbBM; i?2 "`M2b@>mi TT`QtBKiBQMkye-kyd- iQ /i 7`QK i?2 irQ
/Bz2`2Mi bvbi2Kb bim/B2/, i?2 d = 2 GC bmT2`+QQH2/ HB[mB/ mM/2` b?2`- M/ d = 3
GC bmT2`+QQH2/ HB[mB/ BM 2[mBHB#`BmKX 1+? /i b2i +QMbBbib Q7 Re-yyy T`iB+H2b i?i
`2 #Qmi iQ `2``M;2 M/ Re-yyy T`iB+H2b i?i `2 MQiX qBi?Qmi i?2 bmT2`pBbBQM Q7
H#2Hb- i?2 `2bmHib `2 b2MbBiBp2 iQ i?2 b2H2+iBQM Q7 /2b+`BTiQ`bX 6Q` i?Bb `2bQM- r2 2t@
+Hm/2/ i?2 }`bi e `/BH bi`m+im`2 7mM+iBQMbX h?2b2 2t+Hm/2/ 7mM+iBQMb /2b+`B#2 i?2
M2B;?#Q`b 7Q`  T`iB+H2 i?i `2 +HQb2` i?M 0.3σAAX q2 mb2 HH i?2 `2KBMBM; /2b+`BT@
iQ`b UN9 `/BH M/ ee M;mH` bi`m+im`2 7mM+iBQMbV 7Q` /BK2MbBQMHBiv `2/m+iBQMX h?2
`2bmHiBM; irQ /BK2MbBQMH KTb `2 THQii2/ BM 6B;X eXdX q2 +QHQ` TQBMib `2/ B7 i?2v
+Q``2bTQM/ iQ T`iB+H2b #Qmi iQ `2``M;2- M/ #Hm2 B7 i?2v +Q``2bTQM/ iQ T`iB+H2b
i?i `2 MQiX h?2b2 H#2Hb `2 MQi mb2/ BM i?2 TTHB+iBQM Q7 i?2 i@aL1 H;Q`Bi?Kc
i?2v `2 TTHB2/ 7i2`r`/b- QMHv 7Q` pBbmHBxiBQM Tm`TQb2bX 6Q` #Qi? bvbi2Kb- i?2`2
Bb  +H2` b2T`iBQM Q7 `2/ TQBMib 7`QK #Hm2 TQBMib- BM/B+iBM; i?i i?2`2 Bb i`mHv 
bi`m+im`H /Bz2`2M+2 #2ir22M T`iB+H2b i?i `2 HBF2Hv iQ `2``M;2 M/ i?Qb2 i?i `2
MQiX q2 ?p2 HbQ TTHB2/ i?2 7Q`+2 /B`2+i2/ ;`T? /`rBM; H;Q`Bi?Kky3 QM i?2 bK2
/i- BM r?B+? bT`BM;b `2 BMi`Q/m+2/ #2ir22M TQBMib BM i?2 ?B;?@/BK2MbBQMH bT+2
M/ i?2 iQiH 2M2`;v biQ`2/ BM i?2 bT`BM;b Bb KBMBKBx2/ b i?2 bvbi2K Bb +QHHTb2/ QMiQ
i?2 HQr@/BK2MbBQMH bT+2X h?Bb TT`Q+? H2/b iQ i?2 bK2 [mHBiiBp2 `2bmHibX
aBM+2 i@aL1 M/ 7Q`+2 /B`2+i2/ ;`T? /`rBM; H;Q`Bi?K `2 MQM@T`K2i`B+ K2i?@
Q/b- Bi Bb /B{+mHi iQ BMi2`T`2i ?Qr i?2 T`QD2+iBQM /2T2M/b QM /Bz2`2Mi bi`m+im`2 7mM+@
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iBQMb Ur?2`2b 7i2` i?2 TTHB+iBQM Q7 aoJ- QM2 +M +QKT`2 i?2 r2B;?ib +Q``2bTQM/@
BM; iQ 2+? bi`m+im`2 7mM+iBQMVX q2 Q#b2`p2/ i?i i?2 `/BH bi`m+im`2 7mM+iBQMb 7`QK
0.3σAA mT iQ 2.5σAA M/ HH Q7 i?2 M;mH` 7mM+iBQMb `2 `2[mB`2/ iQ Q#iBM i?2 `2@
bmHib `2TQ`i2/ ?2`2X
LQi2 HbQ i?i i?2 b?2`2/ d = 2 bvbi2K b?Qrb irQ /BbiBM+i TQTmHiBQMb Q7 T`iB+H2b
U#Hm2V i?i `2 MQi `2``M;BM;X h?Bb /Bz2`2M+2 #2ir22M i?2b2 irQ bvbi2Kb rb T`2pB@
QmbHv Q#b2`p2/c i?2 aoJ K2i?Q/ HbQ b?Qrb i?i i?2`2 `2 irQ bi`m+im`HHv /BbiBM+i
TQTmHiBQMb Q7 ?`/ T`iB+H2b BM i?2 d = 2 b?2`2/ GC HB[mB/X "v +QMi`bi- i?2 d = 3
bvbi2K b22Kb iQ ?p2 QMHv QM2 TQTmHiBQM Q7 `2``M;BM; M/ M/ QM2 TQTmHiBQM Q7
MQM@`2``M;BM; T`iB+H2bX q2 bT2+mHi2 i?i i?2 /Bz2`2M+2 #2ir22M d = 2 M/ d = 3
`Bb2b 7`QK i?2 `2HiBp2Hv 72r QTiBQMb 7Q` HQ+H T+FBM; ;2QK2i`v BM d = 2X
eXd *QM+HmbBQM
q2 ?p2 BMp2biB;i2/ /Bz2`2Mi K2i?Q/b 7Q` 2Hm+B/iBM; i?2 `2HiBQMb?BT #2ir22M bi`m+@
im`2 M/ /vMKB+b BM /BbQ`/2`2/ bQHB/b- mbBM; d = 2 M/ d = 3 GC bmT2`+QQH2/ HB[mB/b
b KQ/2H bvbi2KbX q2 }M/ i?i r?BH2 KMv 2bBHv@+H+mHi2/ bi`m+im`H [mMiBiB2b-
bm+? b HQ+H TQi2MiBH 2M2`;v M/ +QQ`/BMiBQM MmK#2`- +Q``2Hi2 bi`QM;Hv rBi? bQ7i@
M2bb M/ /vMKB+b- i?2v +M QMHv T`2/B+i `2``M;2K2Mib rBi? M ++m`+v Q7 ey@e8W-
2p2M r?2M mb2/ BM iM/2KX "v +QMi`bi- bmTTQ`i p2+iQ` K+?BM2b HHQr mb iQ T`2/B+i
`2``M;2K2Mib mbBM;  7mM+iBQM Q7 Rey /Bz2`2Mi `/BH M/ M;mH` bi`m+im`2 7mM+@
iBQMb rBi? M ++m`+v Q7 NyWX q2 b?Qr2/ i?i 7Q` i?2 GC bvbi2Kb bim/B2/- bBKTH2`
KQ/2Hb rBi? QMHv 3 T`K2i2`b +M #2 mb2/ rBi? QMHv  bHB;?i HQbb Q7 ++m`+v U38W
BMbi2/ Q7 NyWVX
q2 `2+bi bQ7iM2bb iQ Tp2 i?2 rv 7Q` 7mim`2 MHviB+H TT`Q+?2b iQ ;Hbbv /v@
MKB+b #b2/ QM bi`m+im`2X 6BMHHv- r2 b?Qr i?i Bi Bb TQbbB#H2 iQ +Tim`2 +2`iBM b@
RRe
6B;m`2 eXd, lMbmT2`pBb2/ H2`MBM; QM /4k UH27iV M/ /4j U`B;?iV G2MM`/ CQM2b HB[mB/b, iQT TM@
2Hb `2T`2b2Mi i?2 bi`m+im`2 7mM+iBQMb 7i2` /BK2MbBQMHBiv `2/m+iBQMX S`iB+H2b i?i `2 #Qmi iQ `2@
``M;2 Q` MQi #Qmi iQ `2``M;2 `2 +QHQ`2/ `2/ M/ #Hm2- `2bT2+iBp2HvX "QiiQK TM2Hb `2T`2b2Mi
i?2 T`Q##BHBiv Q7 `2``M;2K2Mi- 7Q` #BMb Q7 }t2/ bBx2 U8yy TQBMibV bTMMBM; i?2 irQ@/BK2MbBQMH
bT+2b b?QrM BM i?2 mTT2` TM2HbX _2/ T`iB+H2b `2 HQ+HBx2/ iQ i?2 +2Mi2` BM i?2 iQT H27i TM2Hc
i?2b2 T`iB+H2b ?p2  ?B;?2` T`Q##BHBiv Q7 `2``M;BM; U#QiiQK H27iVX aBKBH`Hv- i?2 T`Q##BHBiv Q7 
`2``M;2K2Mi Bb +H2`Hv /Bz2`2Mi 7Q` /Bz2`2Mi `2;BQMb Q7 i?2 irQ@/BK2MbBQMH bT+2X
T2+ib Q7 bQ7i T`iB+H2b mbBM; mMbmT2`pBb2/ H2`MBM;- r?2`2  H#2HH2/ i`BMBM; b2i Bb MQi
`2[mB`2/X >Qr2p2`- i?2b2 BM/BpB/mH bi`m+im`H [mMiBiB2b M/ i?2 mMbmT2`pBb2/ KQ/2Hb
RRd




(R) X aX E2vb- GX PX >2/;2b- CX SX :``?M- aX *X :HQix2`- M/ .X *?M/H2`X 1t@
+BiiBQMb `2 HQ+HBx2/ M/ `2HtiBQM Bb ?B2``+?B+H BM ;Hbb@7Q`KBM; HB[mB/bX
S?vbX _2pX sX- R,ykRyRj- kyRRX
(k) Mm#?p CBM- a?vm2 SBM; PM;- :2Qz`Qv >miB2`- q2B *?2M- qBHHBK .pB/bQM
_B+?`/b- ai2T?2M .+2F- a?`2vb *?QHB- .M :mMi2`- .pB/ aFBMM2`- :2`@
#`M/ *2/2`- 2i HX *QKK2Mi`v, h?2 Ki2`BHb T`QD2+i,  Ki2`BHb ;2MQK2
TT`Q+? iQ ++2H2`iBM; Ki2`BHb BMMQpiBQMX TH Ji2`BHb- RURV,yRRyyk- kyRjX
(j) :2`#`M/ *2/2`X PTTQ`imMBiB2b M/ +?HH2M;2b 7Q` }`bi@T`BM+BTH2b Ki2`BHb
/2bB;M 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`2TQbBiQ`v 7`QK ?B;?@i?`Qm;?Tmi # BMBiBQ +H+mHiBQMbX *QKTmiiBQMH Ji2`BHb
a+B2M+2- 83,kkdĜkj8- kyRkX
(e9) CQ?MM2b >+?KMM- _Q#2`iQ PHBp`2b@Kv- amH2 i?M@1p`2MF- *`HQb
K/Q`@"2/QHH- _Q2H a aM+?2x@*``2`- `v2? :QH/@S`F2`- G2bHB2 oQ;i-
MM J "`Q+Frv- M/ HM bTm`m@:mxBFX h?2 ?`p`/ +H2M 2M2`;v T`QD2+i,
H`;2@b+H2 +QKTmiiBQMH b+`22MBM; M/ /2bB;M Q7 Q`;MB+ T?QiQpQHiB+b QM i?2
Rk9
rQ`H/ +QKKmMBiv ;`B/X h?2 CQm`MH Q7 S?vbB+H *?2KBbi`v G2ii2`b- kURdV,kk9RĜ
kk8R- kyRRX
(e8) Cƺ`; "2?H2` M/ JB+?2H2 S``BM2HHQX :2M2`HBx2/ M2m`H@M2irQ`F `2T`2b2MiiBQM
Q7 ?B;?@/BK2MbBQMH TQi2MiBH@2M2`;v bm`7+2bX S?vbX _2pX G2iiX- N3UR9V,R9e9yR-
kyydX
(ee) H#2`i S "`iƦF- JBF2 * SvM2- _BbB EQM/Q`- M/ :#Q` *bMvBX :mbbBM
TT`QtBKiBQM TQi2MiBHb, h?2 ++m`+v Q7 [mMimK K2+?MB+b- rBi?Qmi i?2
2H2+i`QMbX S?vbX _2pX G2iiX- Ry9URjV,Rje9yj- kyRyX
(ed) ibmiQ a2FQ- FB` hF?b?B- M/ AbQ hMFX aT`b2 `2T`2b2MiiBQM 7Q` 
TQi2MiBH 2M2`;v bm`7+2X S?vbX _2pX "- NyUkV,yk9RyR- kyR9X
(e3) CQ?M * aMv/2`- Jii?Bb _mTT- EiD >Mb2M- EHmb@_Q#2`i JɃHH2`- M/
EB2`QM "m`F2X 6BM/BM; /2MbBiv 7mM+iBQMHb rBi? K+?BM2 H2`MBM;X S?vbB+H
`2pB2r H2ii2`b- Ry3Uk8V,k8jyyk- kyRkX
(eN) 1FBM . *m#mF M/ 17i?BKBQb EtB`bX h?2Q`v Q7 bi`m+im`H i`Mb7Q`KiBQM BM
HBi?Bi2/ KQ`T?Qmb bBHB+QMX LMQ G2iiX- R9UdV,9ye8Ĝ9ydy- kyR9X
(dy) 1FBM .Q;mb *m#mF- aKm2H ai2`M a+?Q2M?QHx- C2MMB72` JX _B2b2`- "`/ .2M
JHQM2- CQ2`; _QiiH2`- .Qm;Hb CX .m`BM- 17i?BKBQb EtB`b- M/ M/`2 CX
GBmX A/2MiB7vBM; bi`m+im`H ~Qr /272+ib BM /BbQ`/2`2/ bQHB/b mbBM; K+?BM2 H2`M@
BM; K2i?Q/bX S?vbX _2pX G2iiX- RR9URyV,Ry3yyR- kyR8X
(dR) aKm2H ai2`M a+?Q2M?QHx- 1FBM .Q;mb *m#mF- .MB2H JX ambbKM- 17i?BKBQb
EtB`b- M/ M/`2 CX GBmX LiX S?vbX- kyReX
(dk) 1FBM .Q;mb *m#mF- aKm2H ai2`M a+?Q2M?QHx- 17i?BKBQb EtB`b- M/ M/`2 C
GBmX ai`m+im`H T`QT2`iB2b Q7 /272+ib BM ;Hbbv HB[mB/bX CX S?vbX *?2KX- kyReX
(dj) JX `KM/ M/ CX JX h`b+QMX "mBH/BM; #2ii2` #ii2`B2bX Lim`2-
98RUdRdNV,e8kĜe8d- kyy3X
(d9) JX aX q?BiiBM;?KX Ji2`BHb +?HH2M;2b 7+BM; 2H2+i`B+H 2M2`;v biQ`;2X J_a
"mHHX- jjU9V,9RRĜ9RN- kyy3X
Rk8
(d8) lX EbpDDmH- *X aX qM;- M/ X CX TTH2#vX LMQ@ M/ #mHF@bBHB+QM@#b2/
BMb2`iBQM MQ/2b 7Q` HBi?BmK@BQM b2+QM/`v +2HHbX CX SQr2` aQm`+2b- RejUkV,RyyjĜ
RyjN- kyydX
(de) qX CX w?M;X  `2pB2r Q7 i?2 2H2+i`Q+?2KB+H T2`7Q`KM+2 Q7 HHQv MQ/2b 7Q`
HBi?BmK@BQM #ii2`B2bX CX SQr2` aQm`+2b- RNeURV,RjĜk9- kyRRX
(dd) *X EX *?M- >X GX S2M;- :X GBm- EX J+AHr`i?- sX 6X w?M;- _X X >m;;BMb-
M/ uX *mBX >B;?@T2`7Q`KM+2 HBi?BmK #ii2`v MQ/2b mbBM; bBHB+QM MMQrB`2bX
LiX LMQi2+?MQHX- jURV,jRĜj8- kyy3X
(d3) *X CX q2M M/ _X X >m;;BMbX *?2KB+H /BzmbBQM BM BMi2`K2/Bi2 T?b2b BM i?2
HBi?BmK@bBHB+QM bvbi2KX CX aQHB/ aii2 *?2KX- jdUjV,kdRĜkd3- RN3RX
(dN) GX uX "2mHB2m- hX .X >i+?`/- X "QMF/`TQm`- JX .X 6H2Bb+?m2`- M/ CX _X
.?MX _2+iBQM Q7 HB rBi? HHQv i?BM }HKb bim/B2/ #v BM bBim 7KX CX 1H2+@
i`Q+?2KX aQ+X- R8yURRV,R98dĜR9e9- kyyjX
(3y) Jii?2r h J+.Qr2HH- a2QF qQQ G22- CmbiBM h >``Bb- "`BM  EQ`;2H- *?QM;@
KBM qM;- qBHHBK . LBt- M/ uB *mBX AM bBim i2K Q7 irQ@T?b2 HBi?BiBQM Q7
KQ`T?Qmb bBHB+QM MMQbT?2`2bX LMQ G2iiX- RjUkV,d83Ĝde9- kyRjX
(3R) 1FBM . *m#mF- q2B G qM;- E2DB2 w?Q- CQQbi C oHbbF- w?B;M; amQ- M/
17i?BKBQb EtB`bX JQ`T?QHQ;B+H 2pQHmiBQM Q7 bB MMQrB`2b mTQM HBi?BiBQM, 
}`bi@T`BM+BTH2b KmHiBb+H2 KQ/2HX LMQ G2iiX- RjU8V,kyRRĜkyR8- kyRjX
(3k) J`B EX uX *?M- *X qQHp2`iQM- M/ C2z`2v SX :`22H2vX 6B`bi T`BM+BTH2b bBK@
mHiBQMb Q7 i?2 2H2+i`Q+?2KB+H HBi?BiBQM M/ /2HBi?BiBQM Q7 7+2i2/ +`vbiHHBM2
bBHB+QMX CX KX *?2KX aQ+X- Rj9Uj8V,R9jekĜR9jd9- kyRkX
(3j) amM; *?mH CmM;- CM; qQQF *?QB- M/ uQmM;@Evm >MX MBbQi`QTB+ pQHmK2
2tTMbBQM Q7 +`vbiHHBM2 bBHB+QM /m`BM; 2H2+i`Q+?2KB+H HBi?BmK BMb2`iBQM, M
iQKB+ H2p2H `iBQMH2X LMQ G2iiX- RkURyV,8j9kĜ8j9d- kyRkX
(39) JX CX *?QM- oX X a2i?m`KM- X J+*Q`KB+F- oX a`BMBpbM- M/ SX _X
:m/m`mX _2H@iBK2 K2bm`2K2Mi Q7 bi`2bb M/ /K;2 2pQHmiBQM /m`BM; BMBiBH
HBi?BiBQM Q7 +`vbiHHBM2 bBHB+QMX S?vbX _2pX G2iiX- Ryd,y988yj- CmH kyRRX
Rke
(38) aXqX G22- GXX "2`H- JXhX J+.Qr2HH- qX.X LBt- M/ uX *mBX _2+iBQM 7`QMi
2pQHmiBQM /m`BM; 2H2+i`Q+?2KB+H HBi?BiBQM Q7 +`vbiHHBM2 bBHB+QM MMQTBHH`bX Ab`X
CX *?2KX- 8k,RRR3ĜRRkj- kyRkX
(3e) aXqX G22- JXhX J+.Qr2HH- GXX "2`H- qX.X LBt- M/ uX *mBX 6`+im`2 Q7 +`vb@
iHHBM2 bBHB+QM MMQTBHH`b /m`BM; 2H2+i`Q+?2KB+H HBi?BmK BMb2`iBQMX S`Q+X LiHX
+/X a+BX- RyNURRV,9y3yĜ9y38- kyRkX
(3d) sX>X GBm- CXqX qM;- aX >mM;- 6X 6M- sX >mM;- uX GBm- aX E`vHvmF- CX uQQ-
aXX .v2?- JQ aXsX .pv/Qp- XoX- aXhX SB+`mt- aX w?M;- CX GB- hX w?m-
M/ >mM; CXuX AM bBim iQKB+@b+H2 BK;BM; Q7 2H2+i`Q+?2KB+H HBi?BiBQM BM
bBHB+QMX LiX LMQi2+?MQHX- d,d9NĜd8e- kyRkX
(33) Jii S?``- E2DB2 w?Q- sBMr2B qM;- w?B;M; amQ- M/ CQQbi CX oHbbFX EB@
M2iB+b Q7 BMBiBH HBi?BiBQM Q7 +`vbiHHBM2 bBHB+QM 2H2+i`Q/2b Q7 HBi?BmK@BQM #ii2`B2bX
LMQ G2iiX- RkUNV,8yjNĜ8y9d- kyRkX
(3N) JXhX J+.Qr2HH- AX _vm- aXqX G22- *X qM;- qX.X LBt- M/ uX *mBX aim/vBM;
i?2 FBM2iB+b Q7 +`vbiHHBM2 bBHB+QM MMQT`iB+H2 HBi?BiBQM rBi? BM bBim i`MbKBbbBQM
2H2+i`QM KB+`Qb+QTvX /pX Ji2`X- k9,eyj9Ĝey9R- kyRkX
(Ny) ZBM7M w?M;- q2MtBM; w?M;- q2M?mB qM- uB *mB- M/ 1M;2 qM;X
GBi?BmK BMb2`iBQM BM bBHB+QM MMQrB`2b, M # BMBiBQ bim/vX LMQ G2iiX-
RyUNV,jk9jĜjk9N- kyRyX
(NR) EX CX w?Q- qX GX qM;- CX :`2;QB`2- JX S?``- wX :X amQ- CX CX oHbbF- M/
1X EtB`bX GBi?BmK@bbBbi2/ THbiB+ /27Q`KiBQM Q7 bBHB+QM 2H2+i`Q/2b BM HBi?BmK@
BQM #ii2`B2b,  }`bi@T`BM+BTH2b i?2Q`2iB+H bim/vX LMQ G2iiX- RRUdV,kNekĜkNed-
kyRRX
(Nk) CBM; q2B qM;- um >2- 62B72B 6M- sBQ >m GBm- a?mKM sB- uM; GBm-
*X h?QKb >``Bb- >QM; GB- CBM um >mM;- a+Qii sX JQ- M/ hBM; w?mX hrQ@
T?b2 2H2+i`Q+?2KB+H HBi?BiBQM BM KQ`T?Qmb bBHB+QMX LMQ G2iiX- RjUkV,dyNĜ
dR8- kyRjX
(Nj) o G *?2p`B2` M/ C _ .?MX 6B`bi T`BM+BTH2b KQ/2H Q7 KQ`T?Qmb bBHB+QM HBi?B@
iBQMX CX 1H2+i`Q+?2KX aQ+X- R8eUeV,989Ĝ983- kyyNX
Rkd
(N9) >vmMrQQ EBK- *?B@umM *?Qm- CQ?M : 1F2`/i- M/ :v2QM; a >rM;X ai`m+@
im`2 M/ T`QT2`iB2b Q7 HB@ bB HHQvb,  }`bi@T`BM+BTH2b bim/vX CX S?vbX *?2KX *-
RR8U8V,k8R9Ĝk8kR- kyRRX
(N8) a?M >mM; M/ hBM; w?mX iQKBbiB+ K2+?MBbKb Q7 HBi?BmK BMb2`iBQM BM KQ`@
T?Qmb bBHB+QMX CX SQr2` aQm`+2b- RNeUdV,jee9Ĝjee3- kyRRX
(Ne) w?Br2B *mB- 62M; :Q- w?B?m *mB- M/ CBMKBM ZmX  b2+QM/ M2`2bi@M2B;?#Q`
2K#2//2/ iQK K2i?Q/ BMi2`iQKB+ TQi2MiBH 7Q` HBĜbB HHQvbX CX SQr2` aQm`+2b-
kyd,R8yĜR8N- kyRkX
(Nd) 62B72B 6M- a?M >mM;- >mB uM;- Jm`HBF`Bb?M _Dm- .B#F` .ii- oBp2F "
a?2MQv- /`B * h pM .mBM- amHBM w?M;- M/ hBM; w?mX J2+?MB+H T`QT2`iB2b
Q7 KQ`T?Qmb HB t bB HHQvb,  `2+iBp2 7Q`+2 }2H/ bim/vX JQ/2HHX aBKmHX Ji2`X
a+BX 1M;X- kRUdV,yd9yyk- kyRjX
(N3) HB`2x Pbi/?Qbb2BM- 1FBM . *m#mF- :2Q`;BQb  h`Bib`Bb- 17i?BKBQb EtB@
`b- amHBM w?M;- M/ /`B *h pM .mBMX ai`2bb 2z2+ib QM i?2 BMBiBH HBi?BiBQM
Q7 +`vbiHHBM2 bBHB+QM MMQrB`2b, `2+iBp2 KQH2+mH` /vMKB+b bBKmHiBQMb mbBM;
`2tzX S?vbB+H *?2KBbi`v *?2KB+H S?vbB+b- RdU8V,j3jkĜj39y- kyR8X
(NN) HB`2x Pbi/?Qbb2BM- amM;@umT EBK- 1FBM .Q;mb *m#mF- um2 ZB- M/ /`B *h
pM .mBMX iQKB+ BMbB;?i BMiQ i?2 HBi?BmK biQ`;2 M/ /BzmbBQM K2+?MBbK
Q7 bBQkfHkQj 2H2+i`Q/2b Q7 HB@BQM #ii2`B2b, _2tz `2+iBp2 7Q`+2 }2H/ KQ/2HBM;X
h?2 CQm`MH Q7 S?vbB+H *?2KBbi`v - kyReX
(Ryy) CX JX aQH2`- 1X `i+?Q- CX .X :H2- X :`+B- CX CmM[m2`- SX P`/2DQM- M/
.X aM+?2x@SQ`iHX h?2 bB2bi K2i?Q/ 7Q` # BMBiBQ Q`/2`@M Ki2`BHb bBKmHiBQMX
C S?vbX, *QM/2MbX Jii2`- R9URRV,kd98ĜkddN- kyykX
(RyR) CQ?M S S2`/2r- EB2`QM "m`F2- M/ Jii?Bb 1`Mx2`?Q7X :2M2`HBx2/ ;`/B2Mi
TT`QtBKiBQM K/2 bBKTH2X S?vbX _2pX G2iiX- ddUR3V,j3e8- RNNeX
(Ryk) J`iBM w "xMi- 17i?BKBQb EtB`b- M/ C 6 CmbiQX 1MpB`QMK2Mi@/2T2M/2Mi
BMi2`iQKB+ TQi2MiBH 7Q` #mHF bBHB+QMX S?vbX _2pX "- 8eUR9V,389k- RNNdX
(Ryj) uBM JQ- J`iBM w "xMi- M/ 17i?BKBQb EtB`bX amH7m` TQBMi /272+ib BM +`vb@
iHHBM2 M/ KQ`T?Qmb bBHB+QMX S?vbX _2pX "- dyUkyV,ky8kRy- kyy9X
Rk3
(Ry9) o G *?2p`B2` M/ C _ .?MX 6B`bi T`BM+BTH2b bim/B2b Q7 /BbQ`/2`2/ HBi?Bi2/
bBHB+QMX CX 1H2+i`Q+?2KX aQ+X- R8dU9V,jNkĜjN3- kyRyX
(Ry8) . a 6`Mx#HmX *QKTmiiBQM Q7 `BM; biiBbiB+b 7Q` M2irQ`F KQ/2Hb Q7 bQHB/bX
S?vbX _2pX "- 99URyV,9Nk8- RNNRX
(Rye) C . CQMMQTQmHQb M/ J`pBM G *Q?2MX h?2Q`v Q7 b?Q`i@`M;2 Q`/2` M/ /Bb@
Q`/2` BM i2i`?2/`HHv #QM/2/ b2KB+QM/m+iQ`bX aQHB/ aii2 S?vbX- jR,dRĜR93-
RNdeX
(Ryd) L L J2/p2/2p- um A L#2`mF?BM- M/ o  Gm+?MBFQpX S2`72+i bi`m+im`2 `2;BQMb
BM KQ`T?Qmb `;QMX CX ai`m+iX *?2K- j8URV,9dĜ8e- RNN9X
(Ry3) L L J2/p2/2pX ;;`2;iBQM Q7 i2i`?2/`H M/ [m`iQ+i?2/`H /2HmMv
bBKTHB+2b BM HB[mB/ M/ KQ`T?Qmb `m#B/BmKX CX S?vbX, *QM/2MbX Jii2`-
kU9eV,NR98- RNNyX
(RyN) LBFQHB L J2/p2/2p- H7QMb :2B;2`- M/ qBiQH/ "`QbiQrX .BbiBM;mBb?BM; HB[mB/b
7`QK KQ`T?Qmb bQHB/b, S2`+QHiBQM MHvbBb QM i?2 pQ`QMQB M2irQ`FX CX *?2KX
S?vbX- Nj,3jjd- RNNyX
(RRy) o  Gm+?MBFQp- L L J2/p2/2p-  TT2H?;2M- M/  :2B;2`X J2/BmK@`M;2
bi`m+im`2 Q7 KQ`T?Qmb bBHB+QM bim/B2/ #v i?2 pQ`QMQBǯ/2HmMv K2i?Q/X JQHX
S?vbX- 33U8V,RjjdĜRj93- RNNeX
(RRR) H2t2v o MBF22MFQ- J`BM G :p`BHQp- M/ LBFQHB L J2/p2/2pX  MQp2H
/2HmMv bBKTH2t i2+?MB[m2 7Q` /2i2+iBQM Q7 +`vbiHHBM2 Mm+H2B BM /2Mb2 T+FBM;b
Q7 bT?2`2bX G2+iX LQi2b *QKTmiX a+X- T;2b 3ReĜ3keX aT`BM;2`- kyy8X
(RRk) J L P#`Qp+ M/ G2B7 *?`Bbi2Mb2MX ai`m+im`H +?M;2b BM bBHB+QM MQ/2b /m`@
BM; HBi?BmK BMb2`iBQMf2ti`+iBQMX 1H2+i`Q+?2KX aQHB/@aii2 G2iiX- dU8V,NjĜNe-
kyy9X
(RRj) J2M; :m- w?B;mQ qM;- CmbiBM : *QMM2HH- .MB2H 1 S2`2- GBM+QHM C Gm?QM-
62B :Q- M/ *?QM;KBM qM;X 1H2+i`QMB+ Q`B;BM 7Q` i?2 T?b2 i`MbBiBQM 7`QK
KQ`T?Qmb HB t bB iQ +`vbiHHBM2 HBR8bB9X *a LMQ- dUdV,ejyjĜejyN- kyRjX
(RR9) uQb?BvmFB Em#Qi- J`v *H`2 aBbQM 1b+ƢQ- >B`Qb?B LFMBb?B- M/ >B/2FB
EbBX *`vbiH M/ 2H2+i`QMB+ bi`m+im`2 Q7 HBR8bB9X CX TTHX S?vbX- RykU8V,y8jdy9-
kyydX
RkN
(RR8) _ CQ?MbQM M/ .C P?X MHviB+ 2K#2//2/ iQK K2i?Q/ KQ/2H 7Q` #++ K2i@
HbX CX Ji2`X _2bX- 9Uy8V,RRN8ĜRkyR- RN3NX
(RRe) :#Q` *bMvB- h H#`2i- J* SvM2- M/  .2 oBiX  H2`M QM i?2 ~v ,  ?v@
#`B/ +HbbB+H M/ [mMimK@K2+?MB+H KQH2+mH` /vMKB+b bBKmHiBQMX S?vbX
_2pX G2iiX- NjURdV,Rd88yj- kyy9X
(RRd) w?2Mr2B GB- CK2b _ E2`KQ/2- M/ H2bbM/`Q .2 oBiX JQH2+mH` /vMKB+b
rBi? QM@i?2@~v K+?BM2 H2`MBM; Q7 [mMimK@K2+?MB+H 7Q`+2bX S?vbX _2pX
G2iiX- RR9UNV,yNe9y8- kyR8X
(RR3) KQb qi2`HM/- 1HBM2 M;2HBMQ- 1FBM . *m#mF- 17i?BKBQb EtB`b- _vM S
/Kb- CQMi?M TTpQQ- M/ J`;Q a2Hix2`X *QKTmiiBQMH ++?2bX AM
S`Q+22/BM;b Q7 i?2 ei? AMi2`MiBQMH avbi2Kb M/ aiQ`;2 *QM72`2M+2- T;2 3X
*J- kyRjX
(RRN) .MMv S2`2x- 1FBM .X *m#mF- KQb qi2`HM/- 17i?BKBQb EtB`b- M/
`i?m` 6X oQi2`X GQM;@iBK2 /vMKB+b i?`Qm;? T`HH2H i`D2+iQ`v bTHB+BM;X CX
*?2KX h?2Q`v *QKTmiX- RkURV,R3Ĝk3- kyReX
(Rky) _mbiK w E?HBmHHBM- >;B 1b?2i- h?QKb . EɃ?M2- Cƺ`; "2?H2`- M/ JB+?2H2
S``BM2HHQX Lm+H2iBQM K2+?MBbK 7Q` i?2 /B`2+i ;`T?Bi2@iQ@/BKQM/ T?b2
i`MbBiBQMX LiX Ji2`X- RyUNV,eNjĜeNd- kyRRX
(RkR) Cƺ`; "2?H2`- _QKM J`iQƚF- .pB/2 .QM/BQ- M/ JB+?2H2 S``BM2HHQX J2i@
/vMKB+b bBKmHiBQMb Q7 i?2 ?B;?@T`2bbm`2 T?b2b Q7 bBHB+QM 2KTHQvBM;  ?B;?@
/BK2MbBQMH M2m`H M2irQ`F TQi2MiBHX S?vbX _2pX G2iiX- RyyUR3V,R388yR- kyy3X
(Rkk) LQM;Mm+? `i`Bi? M/ Cƺ`; "2?H2`X >B;?@/BK2MbBQMH M2m`H M2irQ`F TQi2MiBHb
7Q` K2iH bm`7+2b,  T`QiQivT2 bim/v 7Q` +QTT2`X S?vbX _2pX "- 38U9V,y989jN-
kyRkX
(Rkj) LQM;Mm+? `i`Bi? M/ H2tB2 J EQHTFX lM/2`biM/BM; i?2 +QKTQbBiBQM M/
+iBpBiv Q7 2H2+i`Q+iHviB+ MMQHHQvb BM [m2Qmb bQHp2Mib,  +QK#BMiBQM Q7 /7i
M/ ++m`i2 M2m`H M2irQ`F TQi2MiBHbX LMQ G2iiX- R9U8V,kedyĜkede- kyR9X
(Rk9) am`2b? EQM/iB Li`DM- hQ#Bb JQ`rB2ix- M/ Cƺ`; "2?H2`X _2T`2b2MiBM;
i?2 TQi2MiBH@2M2`;v bm`7+2 Q7 T`QiQMi2/ ri2` +Hmbi2`b #v ?B;?@/BK2MbBQMH
M2m`H M2irQ`F TQi2MiBHbX S?vbX *?2KX *?2KX S?vbX- kyR8X
Rjy
(Rk8) CɃ`;2M >7M2`X #@BMBiBQ bBKmHiBQMb Q7 Ki2`BHb mbBM; pbT, .2MbBiv@7mM+iBQMH
i?2Q`v M/ #2vQM/X CX *QKTmiX *?2KX- kNURjV,ky99Ĝkyd3- kyy3X
(Rke) :2Q`; E`2bb2 M/ CɃ`;2M >7M2`X # BMBiBQ KQH2+mH` /vMKB+b 7Q` HB[mB/ K2i@
HbX S?vbX _2pX "- 9dURV,883- RNNjX
(Rkd) :2Q`; E`2bb2 M/ CɃ`;2M 6m`i?KɃHH2`X 1{+B2M+v Q7 #@BMBiBQ iQiH 2M2`;v +H@
+mHiBQMb 7Q` K2iHb M/ b2KB+QM/m+iQ`b mbBM;  THM2@rp2 #bBb b2iX *QKTmiX
Ji2`X a+BX- eURV,R8Ĝ8y- RNNeX
(Rk3) LQM;Mm+? `i`Bi?- "Dƺ`M >BHH2`- M/ Cƺ`; "2?H2`X L2m`H M2irQ`F TQi2MiBHb
7Q` K2iHb M/ QtB/2bĜ}`bi TTHB+iBQMb iQ +QTT2` +Hmbi2`b i xBM+ QtB/2X S?vbX
aiimb aQHB/B U#V- k8yUeV,RRNRĜRkyj- kyRjX
(RkN) uQb?m "2M;BQ- `QM *Qm`pBHH2- M/ Sb+H oBM+2MiX _2T`2b2MiiBQM H2`MBM;,
 `2pB2r M/ M2r T2`bT2+iBp2bX Sii2`M MHvbBb M/ J+?BM2 AMi2HHB;2M+2-
A111 h`Mb+iBQMb QM- j8U3V,RdN3ĜR3k3- kyRjX
(Rjy) _QMM *QHHQ#2`i- EQ`v EpmF+mQ;Hm- M/ *HûK2Mi 6`#2iX hQ`+?d,  KiH#@
HBF2 2MpB`QMK2Mi 7Q` K+?BM2 H2`MBM;X AM "B;G2`M- LASa qQ`Fb?QT- MmK#2`
1S6G@*PL6@RNkjde- kyRRX
(RjR) apMi2 qQH/- EBK 1b#2Mb2M- M/ SmH :2H/BX S`BM+BTH +QKTQM2Mi MHvbBbX
*?2KQK2i`X AMi2HHX G#X- kURV,jdĜ8k- RN3dX
(Rjk) o Gm+?MBFQp- LL J2/p2/2p-  TT2H?;2M- M/  :2B;2`X J2/BmK@`M;2
bi`m+im`2 Q7 KQ`T?Qmb bBHB+QM bim/B2/ #v i?2 pQ`QMQB /2HmMv K2i?Q/X JQHX
S?vbX- 33U8V,RjjdĜRj93- RNNeX
(Rjj) "`/ . JHQM2- Cv . am- M/ J`pBM G *Q?2MX # BMBiBQ bm`p2v Q7 i?2
2H2+i`QMB+ bi`m+im`2 Q7 i2i`?2/`HHv #QM/2/ T?b2b Q7 bBHB+QMX S?vbX _2pX "-
d3UjV,yj8kRy- kyy3X
(Rj9) Gm`2Mb oM /2` Ji2M M/ :2Qz`2v >BMiQMX oBbmHBxBM; /i mbBM; i@aL1X CX
J+?X G2`MX _2bX- NUk8dN@key8V,38- kyy3X
(Rj8) M/`û >2/H2`- aB2;7`B2/ Gm/rB; EHmKɃMx2`- M/ q2`M2` q2b+?X KQ`T?Qmb
bBHB+QM 2t?B#Bib  ;Hbb i`MbBiBQMX LiX Ji2`X- jURRV,3y9Ĝ3yN- kyy9X
RjR
(Rje) .pB/ C qH2bX .2+Q/BM; i?2 2M2`;v HM/b+T2, 2ti`+iBM; bi`m+im`2- /vMKB+b
M/ i?2`KQ/vMKB+bX S?BHX h`MbX _X aQ+X - jdyURNeNV,k3ddĜk3NN- kyRkX
(Rjd) .pB/ C qH2b- J`F  JBHH2`- M/ hBzMv _ qHb?X `+?2ivTH 2M2`;v HM/@
b+T2bX Lim`2- jN9UeeN8V,d83Ĝdey- RNN3X
(Rj3) CQ?M * CKB2bQMX *`vbiH bi`m+im`2b i ?B;? T`2bbm`2b Q7 K2iHHB+ KQ/B}+iBQMb
Q7 bBHB+QM M/ ;2`KMBmKX a+B2M+2- RjNUj88eV,dekĜde9- RNejX
(RjN) Cw >m M/ AG aTBMX S?b2b Q7 bBHB+QM i ?B;? T`2bbm`2X aQHB/ aii2 *QKKmMX-
8RU8V,kejĜkee- RN39X
(R9y) "2`M/ : S7`QKK2`- JB+?2H *Ƭiû- ai2p2M : GQmB2- M/ J`pBM G *Q?2MX #
BMBiBQ bim/v Q7 bBHB+QM BM i?2 ` 3 T?b2X S?vbX _2pX "- 8eURRV,eeek- RNNdX
(R9R) Jii?Bb _mTT- H2tM/`2 hFi+?2MFQ- EHmb@_Q#2`i JɃHH2`- M/ P MiQH2
pQM GBHB2M72H/X 6bi M/ ++m`i2 KQ/2HBM; Q7 KQH2+mH` iQKBxiBQM 2M2`;B2b
rBi? K+?BM2 H2`MBM;X S?vbX _2pX G2iiX- Ry3U8V,y83jyR- kyRkX
(R9k) EQDB 6mDBKm`- ibmiQ a2FQ- umFBMQ`B EQvK- FB?B/2 Emr#`- ATT2B
EBb?B/- ExmFB a?Bi`- *`B; C 6Bb?2`- >B`QFB JQ`BrF2- M/ AbQ hMFX
++2H2`i2/ Ki2`BHb /2bB;M Q7 HBi?BmK bmT2`BQMB+ +QM/m+iQ`b #b2/ QM }`bi@
T`BM+BTH2b +H+mHiBQMb M/ K+?BM2 H2`MBM; H;Q`Bi?KbX /pM+2/ 1M2`;v Ji2@
`BHb- jU3V,N3yĜN38- kyRjX
(R9j) ai27MQ *m`i`QHQ- :mb Gq >`i- J`+Q "mQM;BQ`MQ L`/2HHB- LiHBQ JBM;Q-
ai27MQ aMpBiQ- M/ P?/ G2pvX h?2 ?B;?@i?`Qm;?Tmi ?B;?rv iQ +QKTmi@
iBQMH Ki2`BHb /2bB;MX LiX Ji2`X- RkUjV,RNRĜkyR- kyRjX
(R99) *?`BbiQT?2` * 6Bb+?2`- E2pBM C hB##2iib- .M2 JQ`;M- M/ :2`#`M/ *2/2`X
S`2/B+iBM; +`vbiH bi`m+im`2 #v K2`;BM; /i KBMBM; rBi? [mMimK K2+?MB+bX
LiX Ji2`X- 8U3V,e9RĜe9e- kyyeX
(R98) :X AX hvHQ`X h?2 K2+?MBbK Q7 THbiB+ /27Q`KiBQM Q7 +`vbiHbX T`i BX i?2Q`2iB@
+HX S`Q+X _X aQ+X GQM/X  Ji?X S?vbX a+BX- R98,jek- RNj9X
(R9e) X J Hbv2/- JX 6X AbHK- CX w?M;- SX CX *QHHBM;b- M/ X :X uQ/?X a+B2M+2-
jyN,Rkyd- kyy8X
Rjk
(R9d) X aX `;QM M/ >X uX EmQX SHbiB+ ~Qr BM  /BbQ`/2`2/ #m##H2 `7i UM MHQ;
Q7  K2iHHB+ ;HbbVX Ji2`BHb b+B2M+2 M/ 1M;BM22`BM;- jNURV,RyRĜRyN- RNdNX
(R93) X aX `;QMX SHbiB+ /27Q`KiBQM BM K2iHHB+ ;Hbb2bX +i Ji2`X- kdURV,9dĜ83-
RNdNX
(R9N) JX GX 6HF M/ CX aX GM;2`X .vMKB+b Q7 pBb+QTHbiB+ /27Q`KiBQM BM KQ`@
T?Qmb bQHB/bX S?vbX _2pX 1- 8dUeV,dRNk- RNN3X
(R8y) GX "Q+[m2i- X *QHBM- M/ X D/`BX EBM2iB+ i?2Q`v Q7 THbiB+ ~Qr BM bQ7i ;Hbbv
Ki2`BHbX S?vbX _2pX G2iiX- RyjUjV,yjeyyR- kyyNX
(R8R) Cƺ`; _QiiH2`- aKm2H aX a+?Q2M?QHx- M/ M/`2 CX GBmX S`2/B+iBM; THbiB+@
Biv rBi? bQ7i pB#`iBQMH KQ/2b, 6`QK /BbHQ+iBQMb iQ ;Hbb2bX S?vbX _2pX 1-
3N,y9kjy9- T` kyR9X
(R8k) *X "`BiQ M/ JX qv`iX CX aiiX J2+?X- T;2 Gy3yyj- kyydX
(R8j) X qB/K2`@*QQT2`- >X S2``v- SX >``Qr2HH- M/ .X _X _2B+?KMX LiX S?vbX-
9,dRR- kyy3X
(R89) bT? qB/K2`@*QQT2`- >2B/B S2``v- S2i2` >``Qr2HH- .pB/ _ _2B+?KM- 2i HX
GQ+HBx2/ bQ7i KQ/2b M/ i?2 bmT2`+QQH2/ HB[mB/Ƕb B``2p2`bB#H2 Tbb;2 i?`Qm;?
Bib +QM};m`iBQM bT+2X CX *?2KX S?vbX- RjRURNV,RN98y3- kyyNX
(R88) _X *M/2HB2`- X qB/K2`@*QQT2`- CX EX EmKK2`72H/- PX .m+?Qi- :X "B`QHB-
SX >``Qr2HH- M/ .X _X _2B+?KMX aTiBQi2KTQ`H ?B2``+?v Q7 `2HtiBQM
2p2Mib- /vMKB+H ?2i2`Q;2M2BiB2b- M/ bi`m+im`H `2Q`;MBxiBQM BM  bmT2`@
+QQH2/ HB[mB/X S?vbX _2pX G2iiX- Ry8,Rj8dyk- kyRyX
(R8e) EX *?2M- JX GX JMMBM;- SX CX umMF2`- qX :X 1HH2M#`Q2F- wX w?M;- X CX GBm-
M/ X :X uQ/?X S?vbX _2pX G2iiX- Ryd,Ry3jyR- kyRRX
(R8d) :X JX >Q+Fv M/ .X _X _2B+?KMX CX *?2KX S?vbX- Rj3,Rk8jd- kyRjX
(R83) EX *?2M- hX aiBHH- aX a+?Q2M?QHx- EX "X TiQrB+x- JX a+?BM/H2`- X *X J;;b-
X CX GBm- M/ X :X uQ/?X S?vbX _2pX 1X- 33,ykkjR8- kyRjX
Rjj
(R8N) aX aX a+?Q2M?QHx- X CX GBm- _X X _B;;H2KM- M/ CX _QiiH2`X lM/2`biM/BM;
THbiB+ /27Q`KiBQM BM i?2`KH ;Hbb2b 7`QK bBM;H2@bQ7i@bTQi /vMKB+bX S?vbX
_2pX s- 9,yjRyR9- CmH kyR9X
(Rey) _X GX C+F- X CX .mMH2pv- M/ *X SX _QvHHX AM7Q`KiBQM@i?2Q`2iB+ K2bm`2@
K2Mib Q7 +QmTHBM; #2ir22M bi`m+im`2 M/ /vMKB+b BM ;Hbb@7Q`K2`bX S?vbX _2pX
G2iiX- RRj,yN8dyj- kyR9X
(ReR) CX :BHKMX J2iHHB+ ;Hbb2bX S?vbX hQ/v- k3U8V,9eĜ8j- RNd8X
(Rek) SX *?m/?`B- X G2pB- M/ SX ai2BM?`/iX S?vbX _2pX G2iiX- 9j,R8Rd- RNdNX
(Rej) X qB/K2`@*QQT2`- SX >``Qr2HH- M/ >X 6vM2r2p2`X S?vbX _2pX G2iiX-
Nj,Rj8dyR- kyy9X
(Re9) X qB/K2`@*QQT2` M/ SX >``Qr2HHX CX *?2KX S?vbX- Rke,R898yj- kyydX
(Re8) .X *QbHQpB+? M/ :X SbiQ`2X CX *?2KX S?vbX- d8,d39- kyyeX
(Ree) .X *QbHQpB+? M/ :X SbiQ`2X CX *?2KX S?vbX- Rkd,Rk98y9- kyydX
(Red) X JHBMb- CX 1;;2`b- >X hMF- M/ *X SX _QvHHX 6`/v .Bb+mbbX- Red,9y8-
kyRjX
(Re3) *Q`BMM *Q`i2b M/ oH/BKB` oTMBFX amTTQ`i@p2+iQ` M2irQ`FbX J+?X G2`MX-
kyUjV,kdjĜkNd- RNN8X
(ReN) *?B?@*?mM; *?M; M/ *?B?@C2M GBMX GA"aoJ,  HB#``v 7Q` bmTTQ`i p2+iQ`
K+?BM2bX *J h`Mb+iBQMb QM AMi2HHB;2Mi avbi2Kb M/ h2+?MQHQ;v- k,kd- kyRRX
(Rdy) _X "`ɃMBM;- .X X ai@PM;2- aX Sii2`bQM- M/ qX EQ#X CX S?vbX, *QM/2MbX
Jii2`- kR,yj8RRd- kyyNX
(RdR) aX SHBKTiQMX CX *QKTX S?vbX- RRd,RĜRN- RNN8X
(Rdk) JX GX 6HF M/ CX aX GM;2`X MMX _2pX Q7 *QM/X JiiX S?vbX- k,j8j- kyRRX
(Rdj) oX JMb`/- X *QHBM- SX *?m/m`B- M/ GX "Q+[m2iX aQ7i Jii2`- dU88k9V- kyRRX
(Rd9) CB2 GBM- H a/2- 1/M G2`M2`- H#2`iQ _QbbQ- M/ Jii?B2m qv`iX PM
i?2 /2MbBiv Q7 b?2` i`Mb7Q`KiBQMb BM KQ`T?Qmb bQHB/bX 1m`QT?vbX G2iiX-
Ry8UkV,keyyj- kyR9X
Rj9
(Rd8) :mb Gq >`i- oQHF2` "HmK- JB+?2H C qHQ`bFB- M/ H2t wmM;2`X 1pQHmiBQM`v
TT`Q+? 7Q` /2i2`KBMBM; }`bi@T`BM+BTH2b ?KBHiQMBMbX LiX Ji2`X- 9U8V,jNRĜ
jN9- kyy8X
(Rde) *?`Bb C SB+F`/ M/ _C L22/bX HmKBMBmK i i2`Tb+H T`2bbm`2bX LiX Ji2`X-
NU3V,ek9Ĝekd- kyRyX
(Rdd) "`BM >mbFBMbQM- JB+?2H S J`b?F- *?M;rQM am?- aɃH2vKM 1`- JB+?2H _
:2`?`/i- *QQT2` C :HpBM- sm/QM; *?2M- HM bTm`m@:mxBF- _Qv : :Q`/QM-
M/ JB+?2H C xBxX  K2iH@7`22 Q`;MB+@BMQ`;MB+ [m2Qmb ~Qr #ii2`vX Lim`2
UGQM/QMV- 8y8Ud93kV,RN8ĜRN3- kyR9X
(Rd3) * mbi2M M;2HHX 6Q`KiBQM Q7 ;Hbb2b 7`QK HB[mB/b M/ #BQTQHvK2`bX a+B2M+2-
kedU8kyeV,RNk9ĜRNj8- RNN8X
(RdN) Gm/QpB+ "2`i?B2`- :BmHBQ "B`QHB- C2M@S?BHBTT2 "Qm+?m/- Gm+ *BT2HH2iiB- M/
qBK pM a`HQQbX .vMKB+H >2i2`Q;2M2BiB2b BM :Hbb2b- *QHHQB/b- M/ :`Mm@
H` J2/BX Pt7Q`/ a+?QH`b?BTb PMHBM2- kyRRX
(R3y) Gm/QpB+ "2`i?B2` M/ _Q#2`i G C+FX ai`m+im`2 M/ /vMKB+b Q7 ;Hbb 7Q`K2`b,
S`2/B+i#BHBiv i H`;2 H2M;i? b+H2bX S?vbX _2pX 1- deU9V,y9R8yN- kyydX
(R3R) * Si`B+F _QvHH- ai2T?2M _ qBHHBKb- hF2?B`Q P?ibmF- M/ >DBK2 hMFX
.B`2+i Q#b2`piBQM Q7  HQ+H bi`m+im`H K2+?MBbK 7Q` /vMKB+ ``2biX LiX
Ji2`X- dUdV,88eĜ8eR- kyy3X
(R3k) qHi2` EQ# M/ >Mb * M/2`b2MX a+HBM; #2?pBQ` BM i?2 β@`2HtiBQM `2;BK2
Q7  bmT2`+QQH2/ H2MM`/@DQM2b KBtim`2X S?vbX _2pX G2iiX- djURyV,Rjde- RNN9X
(R3j) ai2p2M SHBKTiQMX 6bi T`HH2H H;Q`Bi?Kb 7Q` b?Q`i@`M;2 KQH2+mH` /vMKB+bX
CX *QKTX S?vbX- RRdURV,RĜRN- RNN8X
(R39) Gm/QpB+ "2`i?B2` M/ :BmHBQ "B`QHBX h?2Q`2iB+H T2`bT2+iBp2 QM i?2 ;Hbb i`MbB@
iBQM M/ KQ`T?Qmb Ki2`BHbX _2pX JQ/X S?vbX- 3jU83dV,83dĜe98- kyRRX
(R38) C2`QK2 EX S2`+mb M/ :2Q`;2 CX u2pB+FX MHvbBb Q7 +HbbB+H biiBbiB+H K2+?M@
B+b #v K2Mb Q7 +QHH2+iBp2 +QQ`/BMi2bX S?vbX _2pX- RRyURV,RĜRj- RN83X
Rj8
(R3e) MiQM aK2bb2`i M/ CQ`; _QiiH2`X ai`m+im`H `2HtiBQM BM ;Hbbv TQHvK2`b
T`2/B+i2/ #v bQ7i KQ/2b,  [mMiBiiBp2 MHvbBbX aQ7i Jii2`- Ry,38jjĜ389R-
kyR9X
(R3d) X aX E2vb- X _X #i2- aX *X :HQix2`- M/ .X CX .m`BMX J2bm`2K2Mi Q7
;`QrBM; /vMKB+H H2M;i? b+H2b M/ T`2/B+iBQM Q7 i?2 DKKBM; i`MbBiBQM BM
 ;`MmH` Ki2`BHX LiX S?vbX- j,keyĜke9- kyydX
(R33) SmH C ai2BM?`/i- .pB/ _ L2HbQM- M/ J`+Q _QM+?2iiBX "QM/@Q`B2MiiBQMH
Q`/2` BM HB[mB/b M/ ;Hbb2bX S?vbB+H _2pB2r "- k3UkV,d39- RN3jX
(R3N) Ei?`BM oQHHKv`@G22X aBM;H2 T`iB+H2 DmKTb BM  #BM`v H2MM`/@DQM2b bvbi2K
#2HQr i?2 ;Hbb i`MbBiBQMX CX *?2KX S?vbX- RkRU9d3RV- kyy9X
(RNy) JB+?2H G 6HF M/ CK2b a GM;2`X .27Q`KiBQM M/ 7BHm`2 Q7 KQ`T?Qmb
bQHB/HBF2 Ki2`BHbX MMmH _2pB2rb Q7 *QM/2Mb2/ Jii2` S?vbB+b- k,j8jĜjdj-
kyRyX
(RNR) CmM .BM;- avHpBM SiBM2i- JB+?2H G 6HF- uQM;[BM; *?2M;- M/ 1pM JX
aQ7i bTQib M/ i?2B` bi`m+im`H bB;Mim`2 BM  K2iHHB+ ;HbbX S`Q+X LiHX +/X
a+BX- RRRUjNV,R9y8kĜR9y8e- kyR9X
(RNk) ap2M qBDiKMb M/ J GBb JMMBM;X .Bb2MiM;HBM; /272+ib M/ bQmM/ KQ/2b BM
/BbQ`/2`2/ bQHB/bX `sBp T`2T`BMi `sBp,R8ykXyye38- kyR8X
(RNj) JB+?2H hbK/Qb- MM2 hM;mv- 6#B2M G2QM7Q`i2- M/ C G "``iX PM i?2
bim/v Q7 HQ+H@bi`2bb `2``M;2K2Mib /m`BM; [mbB@biiB+ THbiB+ b?2` Q7  KQ/2H
;Hbb, .Q HQ+H@bi`2bb +QKTQM2Mib +QMiBM 2MQm;? BM7Q`KiBQM\ h?2 1m`QT2M
S?vbB+H CQm`MH 1, aQ7i Jii2` M/ "BQHQ;B+H S?vbB+b- keUjV,k3jĜkNj- kyy3X
(RN9) 1X "Bix2F- SX EQbFBM2M- 6X : ?H2`- JX JQb2H2`- M/ SX :mK#b+?X S?vbX _2pX
G2iiX- Nd,RdykyR- kyyeX
(RN8) MiQM aK2bb2`i M/ C Q`; _QiiH2`X .Bbi`B#miBQM Q7 HQ+H `2HtiBQM 2p2Mib BM M
;BM; i?`22@/BK2MbBQMH ;Hbb, i2KTQ`H +Q``2HiBQM M/ /vMKB+H ?2i2`Q;2M2@
BivX S?vbX _2pX 1- 33UykkjR9V,ykkjR9- kyRjX
(RNe) sX uM;- _X GBm- JX uM;- qX@>X qM;- M/ EX *?2MX ai`m+im`2b Q7 HQ+H `2`@
`M;2K2Mib BM bQ7i +QHHQB/H ;Hbb2bX kyReX `sBp,ReyRXy8NRNX `sBpXQ`; 2@S`BMi
`+?Bp2X ?iiT,ff`tBpXQ`;f#bfReyRXy8NRN U++2bb2/ T` R3- kyReVX
Rje
(RNd) CX >2Hz2`B+?- AX Gvm#BKQp- .X _2B/- M/ CX CX /2 S#HQX AM?2`2Mi ai`m+@
im`2 1M2`;v Bb  :QQ/ AM/B+iQ` Q7 JQH2+mH` JQ#BHBiv BM :Hbb2bX kyReX
`sBp,Rey9XyRyddX `sBpXQ`; 2@S`BMi `+?Bp2X ?iiT,ff`tBpXQ`;f#bfRey9XyRydd
U++2bb2/ T` R3- kyReVX
(RN3) a2#biBM :QH/2- h?QKb SH#2`;- M/ >Mb CQ+?BK a+?QT2X *Q`@
`2HiBQM #2ir22M /vMKB+H M/ bi`m+im`H ?2i2`Q;2M2BiB2b BM +QH@
HQB/H ?`/@bT?2`2 bmbT2MbBQMbX LiX S?vbX (PMHBM2 2`Hv +@
+2bb)X .PA,RyXRyj3fMT?vbjdyN Sm#HBb?2/ PMHBM2, J` k3- kyReX
?iiT,ffrrrXMim`2X+QKfMT?vbfDQm`MHfpQTfM+m``2Mif7mHHfMT?vbjdyNX?iKH U+@
+2bb2/ T` R3-kyReVX
(RNN) MiQM aK2bb2`i M/ Cƺ`; _QiiH2`X ai`m+im`H `2HtiBQM BM ;Hbbv TQHvK2`b
T`2/B+i2/ #v bQ7i KQ/2b,  [mMiBiiBp2 MHvbBbX aQ7i Kii2`- RyU9kV,38jjĜ389R-
kyR9X
(kyy) aS SM- a. 62M;- Cq ZBQ- qJ qM;- M/ Cu ZBMX *Q``2HiBQM #2ir22M HQ+H
bi`m+im`2 M/ /vMKB+ ?2i2`Q;2M2Biv BM  K2iHHB+ ;Hbb@7Q`KBM; HB[mB/X CQm`MH
Q7 HHQvb M/ *QKTQmM/b- ee9,e8Ĝdy- kyReX
(kyR) C2MMB72` JX _B2b2`- *`H SX :QQ/`B+?- M/`2 CX GBm- M/ .Qm;Hb CX .m`BMX
.Bp2`;2M+2 Q7 pQ`QMQB +2HH MBbQi`QTv p2+iQ`,  i?`2b?QH/@7`22 +?`+i2`BxiBQM
Q7 HQ+H bi`m+im`2 BM KQ`T?Qmb Ki2`BHbX S?vbX _2pX G2iiX- RRe,y33yyR- 62#
kyReX
(kyk) LL J2/p2/2p M/ um A L#2`mF?BMX a?T2 Q7 i?2 /2HmMv bBKTHB+2b BM /2Mb2
`M/QK T+FBM;b Q7 ?`/ M/ bQ7i bT?2`2bX CX LQM@*`vbiX aQHB/b- N9UjV,9ykĜ9ye-
RN3dX
(kyj) qHi2` EQ#- aM/HQ _QH/M@o`;b- M/ Gm/QpB+ "2`i?B2`X LQM@KQMQiQMB+
i2KT2`im`2 2pQHmiBQM Q7 /vMKB+ +Q``2HiBQMb BM ;Hbb@7Q`KBM; HB[mB/bX Li
S?vb- 3UkV,Re9ĜRed- yk kyRkX
(ky9) qHi2` EQ#- *Hm/BQ .QMiB- ai2p2M C SHBKTiQM- S2i2` > SQQH2- M/ a?`QM *
:HQix2`X .vMKB+H ?2i2`Q;2M2BiB2b BM  bmT2`+QQH2/ H2MM`/@DQM2b HB[mB/X S?vbX
_2pX G2iiX- dNUR8V,k3kd- RNNdX
Rjd
(ky8) oQHQ/vKv` JMB?- EQ`v EpmF+mQ;Hm- .pB/ aBHp2`- M/`2B  _mbm- CQ2H o2@
M2bb- J`+ : "2HH2K`2- H2t :`p2b- J`iBM _B2/KBHH2`- M/`2b E 6B/D2HM/-
:2Q`; Pbi`QpbFB- 2i HX >mKM@H2p2H +QMi`QH i?`Qm;? /22T `2BM7Q`+2K2Mi H2`M@
BM;X Lim`2- 8R3Ud89yV,8kNĜ8jj- kyR8X
(kye) Gm`2Mb pM /2` Ji2MX "`M2b@?mi@bM2X `sBp T`2T`BMi `sBp,RjyRXjj9k- kyRjX
(kyd) CQb? "`M2b M/ SB2i >miX  ?B2``+?B+H PUL HQ; LV 7Q`+2@+H+mHiBQM H;Q@
`Bi?KX Lim`2- jk9UeyNeV,99eĜ99N- RN3eX
(ky3) h?QKb JC 6`m+?i2`KM M/ 1/r`/ J _2BM;QH/X :`T? /`rBM; #v 7Q`+2@
/B`2+i2/ TH+2K2MiX aQ7ir`2, S`+iB+2 M/ 2tT2`B2M+2- kRURRV,RRkNĜRRe9- RNNRX
Rj3
